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PREFACE 


This  report  represents  the  notes  of  an  advanced  course  which  the  writer  hoc  offered 
a?  the  Massachusetts  Institute  of  Technology  during  the  first  semester  of  the  academic  year 
1952-53.  A continuation  of  this  course  during  the  second  semester  will  deal  with  the  elec- 
tronic structure  of  solids,  treated  from  the  same  general  point  of  view,  and  it  is  hoped  that 
a companion  report  will  be  issued  later,  representing  the  notes  oi  the  second  term';  work. 
The  course  was  intended  for  students  who  had  already  taken  a first  course  in  the  quantum 
theory  of  atoms,  molecules,  and  solids,  and  has  carried  many  aspects  of  the  field  up  to  the 
limits  of  what  we  now  know.  It  was  designed  very  much  with  the  needs  of  tnose  going  into  the 
Solid-State  and  Molecular  Theory  Group  at  M.  1.  T.  in  mind,  and  the  notes  which  form  the 
present  report  are  Intended  for  guidance  of  those  starting  research  along  the  lines  now  being 
pursued  by  that  Group.  It  was  felt  that  the  readers  of  the  Quarterly  Progress  Reports  of  the 
Group  might  well  be  interested  in  this  material,  which  presents  in  a more  connected  fashion 
many  of  the  ideas  which  have  been  mentioned  In  s cursory  way  in  the  Progress  Reports,  and 
for  that  reason  these  notes  have  been  collected  into  a Technical  Report,  which  is  being  sent 
to  the  same  distribution  list  as  the  Quarterly  Progress  Reports. 

It  should  be  emphasized  that  this  does  not  in  any  way  represent  a finished  book  on  the 
subject.  The  typing  and  planographing  have  gone  ahead  in  parallel  with  the  writing,  so  that 
there  has  been  no  opportunity  to  revise  earlier  parts  of  the  notes  to  take  advantage  of  ideas 
presented  in  later  sections.  In  many  cases  the  writer's  ideas  have  become  changed  or  clari- 
fied as  the  writing,  and  the  giving  of  the  course,  have  proceeded.  In  many  cases  problems 
have  been  talked  over  with  rr  *-  rs  of  the  Solid-State  and  Molecular  Theory  Group,  and  a 
great  deal  of  thanks  is  due  to  many  of  them  for  help  in  clarifying  or  in  originating  some  of 
the  ideas.  In  spite  of  the  preliminary  nature,  nevertheless,  the  subject  is  advancing  at  such 
a rate  that  the  writer  feels  that  a presentation  such  as  this  will  help  speed  up  the  progress, 
both  at  M.  I.  T. , and  at  other  places  where  similar  work  is  under  way. 

It  will  be  clear  to  the  reader  that  the  material  presented  here  is  not  in  any  sense  an 
explanation  of  mclecular  structure  on  the  basis  of  quantum  mechanics.  It  is  rather  an  ex- 
ploration of  the  methods  by  which  quat  turn  mechanics  can  hope  to  solve  the  problems  posed 
by  molecular  structure.  Only  when  these  methods  are  better  understood,  by  the  sluuy  of  the 
sort  of  simple  molecules  treated  here,  can  wc  hope  to  proceed  to  more  complicated  cases. 
The  writer  feels  that  the  understanding  of  chemical  problems  according  to  the  quantum  theory 
has  been  set  back,  rather  than  advanced,  by  the  great  desire  which  many  scientists  have  had 
to  derive  numerical  results  on  the  basis  of  inadequate  approximations  and  unjustified  use  of 
simplified  theories.  It  is  his  hope  that,  by  encouraging  a more  careful  study  along  the  lines 
of  those  outlined  here,  we  may  eventually  find  what  sort  of  simplifications  really  are  justi- 
fied, and  thus  be  led  eventually  to  a theory  of  the  more  complicated  molecules  which  is  at 
the  same  time  simple  enough  to  use  and  to  understand  in  a qualitative  way,  and  yet  accurate 
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enough  and  well  enough  based  on  the  quantum  theory  to  be  rei table.  He  does  not  feel  that  the 
theory  of  molecular  structure  has  yet  reached  that  fortunate  state. 


JotnC.  Slater 

Cambridge,  Mass. 

February,  1953 


CHAPTER  i 


THE  DETERMINANT AL  METHOD  FOR  ATOMS 

In  these  lectures  we  shall  treat  the  problem  of  ■‘.he  motion  of  n electro-.::,  under 
the  action  of  their  irutual  Coulomb  repulsions,  the  attractions  of  the  nuclei  of  the  atoms 
of  the  svstem,  and  such  mutual  magnetic  forces,  and  external  electric  and  magnetic 
fields,  as  may  be  pr.  se.-p.  Nuclei  will  be  assumed  to  be  fixed  in  position,  so  that  the 
energy  levels  cf  the  system  will  be  functions  of  the  nuclear  positions,  regarded  as  pa- 
rameters. According  to  the  fundamental  theorem  cf  Born  and  Oppenheimer,  ^ these 
energies  can  then  be  used  as  a potential  function  for  a treatment  of  the  motion  of  the 
nuclei  It  Is  justified  to  separate  electronic  and  nuclear  motion  in  this  way.  up  to  a 
certain  approximation.  The  approximation  breaks  down  where  the  nuclei  are  moving 
so  fast  that  their  Interaction  with  the  electrons  is  able  to  cause  electronic  transitions 
from  one  electronic  stationary  state  to  another;  but  w*  neglect  such  problems  In  these 
lectures. 

We  let  the  three  space  coordinates  of  the  i*^  electron  be  symbolized  by  x.,  and  its 

(21  1 
spin  coordinate  by  s-.  ' We  let  the  wave  function  of  the  n electrons  be  lUxjSjX^s^ 

xnsn)>  where  we  assume  that  the  time  has  already  been  eliminated.  Then,  if  we  disre- 
gard magnetic  terms  (as  we  shall  almost  always  do),  and  if  we  have  no  external  fields, 
the  Schrodinger  equation  for  U is 

{l<l)(-vf)  -I(i.a)(-^)  ♦ I(pairs  i,j)(j-)  ♦ £(Pairs  a.  b)(^^^)}ll  = EU.  (*  1) 

Here  we  have  used  atomic  units,  in  which  the  unit  of  length  is  the  Bohr  radius  of  hydrogen, 
and  the  unit  of  energy  is  the  Rydberg.  The  I.aplacian  operator  -Vf,  operating  on  the 

coordinates  x,  is  the  kinetic  energy  of  the  l electron.  The  tern  - 2Z  /r,  , where  Z 

* tH  ^ ^ 

is  the  charge  on  the  a nucleus,  in  electronic  units,  r.  is  the  distance  from  i electron 

th  tH  ^ tH 

to  a nucleus,  is  the  Coulomb  attraction  between  i electron  and  a nucleus.  The  fac- 
tor 2 arises  from  the  atomic  units.  The  summation  is  over  all  n electrons,  and  over  all 
nuclei.  The  next  term,  the  summation  of  2/r  ,.  represents  the  Coulomb  repulsions  be- 
tween  all  pairs  of  electrons.  The  final  term,  the  summation  of  2Z r represents 
the  Coulomb  repulsions  between  nuclei.  Since  the  nuclear  positions  are  regarded  as  fixed, 
it  is  a constant  as  far  as  Schrodinger ’**  equation  is  concerned,  but  we  shall  need  it  when 
we  consider  the  total  energy  of  the  system.  We  shall  call  the  complete  Hamiltonian  oper- 

*M.  Born  and  J.  R.  Oppenheimer,  Ann.  Physik  84,  457  (1927);  for  a simplified  treat- 
ment of  this  result,  see  J.  C.  Slater,  Quantum  Theory  of  Matter  (McGraw-Hill,  New 
York)  1951,  pp.  500-501.  Future  references  to  ihis  woTTt  will  be  merely  indicated  as 
QTM. 

2For  the  meaning  of  this  spin  coordinate,  see  QTM,  pp.  187-192. 

^Fnr  these  units,  see  QTM  p.  110.  Note  that  they  are  different  'rom  the  atomic  units 
jseo  by  hartree  and  his  school,  in  which  the  unit  of  energy  is  two  Rydbergs.  Hartree's 
choice  of  units  removes  l ie  factor  2 in  the  potential  energy  terms  n Eq.  (1.  1),  but  in- 
troduces a factor  1/2  in  'he  kinetic  energy  term. 
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ator  on  the  left  side  of  Eq.  (1.  i)  H. 

Our  whole  problem  in  these  lectures  is  the  solution  of  Ec.  (1.  I).  Except  in  the 
simplest  cases,  it  is  hopeless  to  consider  an  exact  solution,  and  we  are  forced  to  approxi- 
mations. The  determinantal  method,  th'-  subject  of  our  lectures,  represents  the  most 
generally  useful  of  such  approximations.  Before  we  introduce  u,  let  us  thoroughly  con- 
vince ourselves  that  an  exact  solution  is  impossible.  Surely  we  cannot  hope  for  an  analytic 
solution,  so  that  we  are  at  once  forced  to  consider  numerical  solutions.  Our  wave  func- 
tion, disregarding  spin,  is  a function  of  3n  variables.  But  no  one  of  the  high  speed  com- 
puting machines  now  available  or  contemplated  can  solve  partial  differential  equations 
with  more  than  two  variables.  Thus  no  such  machine  could  compute  our  function.  The 
limiting  factor  in  these  machines  is  storage  of  information,  and  this  same  factor  would 
limit  our  numerical  calculation  of  the  wave  function  U,  no  matter  what  method  of  com- 
putation were  used.  We  can  hardly  make  a usable  table  of  values  of  a function  of  one 
variable  with  less  than  100  entries.  For  a function  of  3n  variables,  then,  we  should  need 
a table  with  ( 1 00 > 3n  = 10^n  entries.  That  '.s  for  one  particle  we  should  need  a million 
entries,  for  two  particles  lO1^.  and  so  on.  All  the  books  in  the  world  would  not  be  enough 
to  write  down  the  wave  function  for  a single  heavy  atom,  and  all  the  magnetic  tape  we  can 
conceive  of  would  not  record  the  information.  The  direct  approach  to  a numerical  calcula- 
tion of  a Schrodinger  equation  for  an  atomic  or  molecular  system  is,  then  completely 
impossible.  Wc-  must  look  for  other  methods  of  handling  it. 

Our  best  hope  is  to  express  the  wave  junction  approximately,  in  terms  of  a number 
of  functions  of  c smaller  r umber  of  variables,  which  we  can  either  tabulate  or  express 
analytically.  The  determinantal  method  expresses  the  function  U in  terms  of  a number 
of  functions  u.  of  the  coordinates  of  a single  particle,  and  of  spin.  These  functions  u{  are 
called  one -electron  functions,  or  orbitals.  We  have  seen  that  a minimum  of  a million 
entries  ir.  a table  would  be  required  to  express  a function  of  three  variables,  and  while 
this  is  an  appalling  thing  t^  contemplate,  it  is  not  completely  out  of  the  question,  and  may- 
be someday  such  functions  will  be  handled  numerically.  For  the  present,  however,  we 
cannot  handle  them  numerically,  and  must  use  partly  analytical  methods.  The  thing  that 
is  almost  always  done  in  practice  is  to  assume  that  the  u^'s  are  linear  combinations  of 
solutions  of  a one-electron  Schrodinger  equation  for  a central  field  problem,  which  we 
know  by  elementary  methods  are  products  of  a spherical  harmonic  of  angle,  and  a func- 
tion of  the  radius  vector.  This  function  of  the  radius  vector  must  be  determined  numeri- 
cally, if  we  are  dealing  with  an  arbitrary  central  field  problem,  but  we  are  left  with  a 
function  of  only  one  variable  to  work  out  and  write  down  numerically,  and  this  can  be  done 
with  100  entr'es  in  a table,  or  actually  very  satistactorily  with  some  300  entries.  It  is 
then  no  problem  at  all  to  deal  with  a number  of  such  functions  of  radius.  Quite  a number 
of  si  eh  functions  'ire  needed,  but  'me  number  is  comparable  with  the  number  of  electrons 
in  tils  problem,  or  in  ti  c case  of  a large  sample  of  matter,  comparable  with  the  number 
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of  electrons  in  an  atom  rather  than  in  the  whole  sample.  The  necessary  numerical  In- 
formation to  express  an  approximate  solution  of  a problem  by  this  method  is  no  more 
than  can  go  into  a journal  article  of  moderate  size.  We  shall  now  go  on  to  st-  *e  the  de- 
terminants! met'iod,  which  leads  to  this  great  simplification,  but  at  the  expense  of  giving 
only  an  approximate  solution. 

1.  History  of  the  Determinantal  Method 

Before  staling  the  details  of  the  determinantal  method,  it  is  worthwhile  giving  a 
little  of  its  history,  and  of  the  history  of  the  whole  effort  to  solve  the  many-body  problem 
in  quantum  mechanics.  This  history  begins  in  the  time  of  the  older  quantum  mechanics, 
before  1926  when  the  wave  mechanics  was  developed.  After  Bohr's  success  in  1913  with 
the  theory  of  the  hydrogen  atom,  it  wvi  only  natural  that  the  thoughts  of  many  physicists 
turned  to  the  problem  of  heavier  atoms.  An  inherent  difficulty  arose  at  once.  The  older 
quantum  theory  was  based  entirely  on  classical  mechanics:  it  postulated  that  particles 
obeyed  classical  mechanics,  but  with  quantum  conditions  superposed  on  it.  These  quan- 
tum conditions  were  stated  in  a form  applicable  only  to  motions  of  a multiply  periodic 
character.  ^ And  yet  enough  was  known  about  classical  mechanics  to  realize  that  the 
many-body  problem  did  not  have  multiply  periodic  solutions,  aside  from  very  exceptional 
cases.  Fruitless  attempts  were  made  to  set  up  models  of  light  atoms,  particularly  helium, 
which  would  have  multiply  periodic  motion;  for  instance,  a model  of  helium  consisting  of 
two  electrons  rotating  at  opposite  ends  of  a diameter  In  the  Saute  circular  orbit.  A num- 
ber of  such  models  were  tried,  none  leading  to  anything  like  agreement  with  experiment. 

It  was  clear  that  something  radically  different  was  needed. 

The  radically  new  Idea  came  from  Bohr.  It  had  already  become  clear,  by  much 

(5) 

study  of  optical  and  x-ray  spectra  on  ihe  part  of  a great  many  workers, ' that  many  of 
the  facts  of  spectroscopy  could  be  interpreted  if  we  Identified  the  energy  levels  with  those 
of  a single  electron  moving  In  a central  field,  such  as  would  be  set  up  by  the  nucleus  and 
a collection  of  electrons  surrounding  it.  Boh r^)  took  the  radical  step  of  assuming  that 
an  electron  in  a penetrating  orbit  moved  all  the  wav  r-  om  the  outer  to  the  inner  part  of 
the  atom,  ploughing  its  way  through  Inner  electron,!,  orbits,  and  that  still  the  other  eltc- 

4These  quantum  conditions,  and  the  older  qur.ntum  mechanics,  are  developed  in  the  papers 
of  Bohr  and  Sommerfeld  in  the  l??.0’s.  A very  good  and  complete  account  of  the  theory, 
published  just  before  the  wave  mechanics  was  developed,  is  given  in  M.  Born,  Vorlesungen 
uber  AtommechariiU,  Vol.  1 (Springer,  Berlin)  1925. 

5This  development  is  well  described  by  A.  Sommerfeld,  Atombau  und  Spektrallimen, 

Fourth  Edition  (Vieweg,  Braunschweig)  1924.  The  Third  Edition,  V^ZT,  was  translated 
Into  English  and  published  by  Dutton  under  the  title  Atomic  airucture  and  Spectral  Lines- 

6N.  Bohr,  Z.  Physik  t»,  1 (1922);  Ann.  Physik  71,  228  (1923);  The  Theory  of  Spectra 
and  Atomic  Constitution  (Cambridge  Univcrri*y~Press)  1922  (Second- tic’.uonr  1924); 
fiT- SoITr'aiiii  07‘Ccster,  Z Phys.  12,  342  (i92  3). 
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trons  exerted  a field  or.  it  qualitatively  as  if  they  were  arranged  statically  around  the  nu- 
cleus. This  was  clearly  entirely  outside  the  framework  of  the  simple  multiply  periodic 
orbits  that  had  been  contemplated  by  the  quantum  theory  up  to  then,  and  from  the  time  ol 
these  suggestions  it  was  clear  to  physicists  that  the  older  quantum  theory  could  not  be 
correct  for  such  problems.  But  the  picture  qualitatively  led  to  many  valuable  results: 
the  structure  oi  the  periodic  table,  the  nature  of  the  x-ray  levels,  and  the  general  under- 
standing of  optical  spectra. 

Bohr  did  not  try  to  set  up  a self-consistent  field,  though  the  general  idea  was  plainly 
in  his  mind.  Several  other  workers  made  efforts  in  this  direction,  however,  during  the 

„ (7) 

period  of  the  older  quantum  theory.  Thus  calculations  were  made  by  Schrodtrger.  ' 

Fues,  ^ van  Urk,  ^ Hartree,  Sugiura  and  Urey,  and  Lindsay,  all  trying  to 
set  up  potentials  for  central  fields  in  which  a moving  electron  would  have  term  values 
agreeing  with  observed  values.  They  succeeded  very  well  for  several  simple  spectra, 
and  the  resulting  fields  are  close  to  those  which  we  now  know  as  self-consistent  fields  for 
the  same  atoms.  They  fully  realized  ♦he  desirability  of  self-consistency;  that  is,  of  de- 
riving the  potential  from  the  charge  distribution  of  the  electrons.  Fues  and  Lindsay  made 
some  efforts  to  carry  out  the  requirement  of  self-consistency.  However,  with  the  older 
quantum  mechanics,  in  which  the  electrons  moved  in  discrete  orbits,  it  was  obviously  a 
very  artificial  matter  to  average  out  to  get  a central  field,  and  this  made  all  efforts  at 
self-consistency  very  unsatisfactory. 

This  situation  was  entirely  changed,  however,  as  soon  as  Schrodinger^1 introduced 
the  wave  mechanics.  Then  it  became  clear  that  the  inner  electrons  really  had  ^ continu- 
ous charge  distribution,  and  it  was  a very  obvious  step  to  determine  the  potential  of  this 
charge  distribution,  and  to  assume  that  the  outer  electron  moved  in  this  potential  field. 
Hartree^1*^  returned  to  the  problem  immediately,  and  started  his  long  series  of  self- 
consistent  field  calculations,  assuming  that  each  electron  moved  in  the  field  of  all  other 
electrons  of  ‘lie  atom,  averaged  over  directions  to  gel  spherical  symmetry.  He  found, 
as  is  well  known,  one -electron  energy  levels  in  very  good  agreement  with  observed  term 

7E.  Schrodinger,  Z.  PhysU  4,  347  (1921). 

*E.  Fues,  Z.  Physik  U_,  3t>*i  ( 192Z);  J_2,  1 (1922);  £3,  211  (1923). 

^T.  van  Urk,  Z.  Physik  1_3.  268  (1923). 

10D.  R.  Hartree,  Proc.  Cambridge  Phi-.  Soc.  £L  625  (1923). 

•*Y.  Sugiura  and  H.  C.  Urey,  Kgl.  Dan.ike  Vldenskab.  Selskab,  Mat. -fys.  Medd.  7, 

No.  13  (192f>). 

12R.  B.  Lindsay,  J.  Math.  Phys. , M.I.T.,  X 191  (1924). 

i3E.  Schrodinger,  Ann.  Physik  79,  361,  489(1926);  80,  437  (1926);  81,  109  (192c); 

Phys.  Rev.  28,  1049  (1926). 

14D.  R.  Hartree,  Pvoc.  Cambridge  Phtl.  Soc.  £4,  89,  111  (1928).  ruid  many  further 
papers  which  will  be  referred  to  later. 
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vai. both  optical  and  x-ray.  and  wave  fjncttons  whose  correctness  could  be  checked 
by  computing  x-ray  form  factors  and  in  various  other  ways.  Hartree's  proceaure  was 
set  up  intuitively,  not  as  a result  of  any  straightforward  efiort  to  solve  the  many-body 
Schrodinger  equation,  but  it  was  clear  that  it  gave  one-electron  wave  functions  for  the 
various  electrons  which  had  some  very  close  connection  with  the  read  solution  of  the  prob- 
lem. 

The  present  writer^* ^ tried  to  investigate  this  connection  in  the  following  way. 
Hartret  had  found  one-electron  functions  u^  for  the  various  electrons.  The  present  writer 
set  up  a product  of  such  functions,  each  referring  to  a different  electron,  as  UjfcjJu^x^) 

. . un(*n).  to  represent  a many-dimensional  wave  function.  If  the  electrons  were  really 
statistically  independent  of  each  other,  acting  on  each  other  only  on  the  average,  this 
would  be  a correct  wave  function.  He  then  allowed  the  Hamiltonian  operator  H for  the 
atom,  as  given  in  Eq.  (1.1),  to  operate  on  this  wave  function,  and  found  the  diagonal 
energy,  the  Integral  J U*HUdx^  . . dx^  which  should  represent  the  energy  of  the  sys- 
tem. This  energy  cannot  be  checked  experimentally,  in  most  cases,  but  the  ionization 
potentials  can.  Thus  we  must  calculate  also  the  energy  of  the  ion  with  one  electron  re- 
moved. The  writer  used  the  same  orbitals  for  the  ions  as  for  the  atom,  simply  omitting 
the  function  uk(xjJ  referring  to  the  electron  removed,  and  calculated  the  energy  of  ‘.he  ion, 
making  an  estimate  of  the  error  Involved  in  using  the  same  functions  u^  for  the  ion  as  for 
the  atom,  in  spite  of  the  fact  that  there  should  really  be  some  rearrangement  of  ..narge 
in  going  from  the  atom  to  the  ion,  and  hence  some  modification  of  the  wave  functions. 

This  change,  being  a first-order  change  in  the  wave  functions,  makes  Only  a second -order 
change  in  the  energy,  by  elementary  principles  of  perturbation  theory,  and  these  second- 
order  corrections  were  estimated.  The  final  result  was  that  the  ionization  potential,  as 
calculated  by  this  correct  method  involving  the  wave  function  and  energy  operator  of  the 
whole  atom,  should  agree  closely  with  the  one -electron  energy  parameter,  as  Hartree 
had  found  that  it  did.  This  was  an  anticipation  of  the  result  of  Koopmans,  derived 
from  the  Hartree-Fock  method,  which  we  shall  discuss  later.  It  might  be  mentioned  that 
in  the  paper  by  the  writer  just  referred  to,  corrections  for  exchange  were  considered, 
as  derived  on  the  basis  of  the  group  theory,  though  they  dc  no!  follow  directly  from  the 
product  form  of  wave  function  Uj(Xj)  . . un(xn)*  and  though  the  determinantal  form  of 
function  was  not  yet  In  use  for  this  purpose. 

To  follow  our  history  of  the  determinantal  method,  we  must  now  go  back  and  con- 
sider another  development  which  started  out  quite  separately  from  the  sc-lf-consistent 
field  method,  namely  the  theory  of  complex  Spectra,  and  the  electron  spin  and  exclusion 
principle  which  were  closely  entwined  with  it.  During  the  time  up  to  1925,  the  theory  of 

'5J.  C.  Slater,  Phys.  Rev.  32,  339  (1928), 

Koop.nans.  Physical,  104  (1933). 
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complex  spectra,  as  described  for  Instance  in  the  work  of  Sommerfeld  referred  to  earlier, 
made  very  great  progress.  Regularities  were  discovered,  particularly  by  use  of  the  Zee- 
man  effect,  quantum  numbers  were  introduced,  the  Lande  interval  rule  and  various  other 
partial  formulations  of  the  problem  were  introduced,  on  the  basis  of  simple  ideas  of  space 
quantization.  But  up  until  1925,  great  puzzles  and  complications  were  present  in  the 
theory,  on  account  of  the  fact  that  the  electron  spin  had  not  been  discovered  and  the  ex- 
clusion principle  had  not  been  formulated.  Thus  Bohr,  in  his  theory  of  the  periodic  sys- 
tem given  in  the  papers  to  whicn  ,v®  have  referred,  did  not  have  the  exclusion  principle 
to  work  with,  and  in  fact  he  gave  an  incorrect  value  for  the  number  of  electrons  in  a 
closed  shell  of  any  particular  azimuthal  quantum  number,  and  did  not  have  any  convincing 
explanation  as  to  why  we  should  have  closed  shells  at  all.  The  incorrect  assignment  of 
electrons  to  shells  was  soon  removed  by  Stoner,  who  arrived  from  x-ray  evidence 
at  the  assignment  of  two  electrons  to  a shell  of  s electrons,  six  to  a p shell,  ten  to  a 
d shell,  and  so  on.  which  we  now  know  to  be  correct.  He  still  did  not  have  a convincing 
reason  for  these  numbers,  however,  and  it  remained  for  Pauli,  in  1925,  to  make  his 
famous  postulate  o'  the  exclusion  principle.  He  still  was  no*  working  with  the  theory  of 
the  spinning  electron,  however;  his  statement  of  the  exclusion  principle  Is  In  terms  of  a 
fourth  quantum  number,  in  addilion  to  the  ordinary  three  quantum  numbers  of  orbital  mo- 
tion, whose  significance  was  not  clear  at  the  time,  though  It  had  been  found  necessary  to 

f 1 91 

introduce  it  tc  describe  the  spectra-  Almost  simultaneously,  Uhlenbecx  and  Goudsmit'  ' 
Introduced  the  postulate  of  the  electron  spin,  and  the  basis  for  the  elementary  theory  of 
complex  spectra  was  laid. 

It  is  very  Interesting  to  see  how  rap  dly  and  completely  spectrum  theory  developed, 
once  it  had  these  foundations,  on  the  basis  of  the  vector  model,  but  without  wave  mechanics. 
Thus  Hund's^2^  book,  though  it  was  published  just  after  wave  mechanics  was  introduced, 
makes  almost  no  use  of  It;  but  it  contains  a description  of  the  theory  of  complex  spectra 
which  is  subsxcntially  like  that  in  use  at  present,  including  complete  discussion  of  the 
multlplets  forbidden  by  the  exclusion  principle,  and  such  matters,  but  not  including  the 
calculation  of  energy  levels,  li  was  a much  slower  process,  however  to  make  a synthesis 
of  this  theory  and  of  wave  mechanics.  The  first  very  Important  step  in  this  direction  was 
taken  by  Heisenberg.  ^21^  He  considered  the  behavior  of  a system  consisting  of  two  like 
particles.  If  tnesc  are  first  considered  independent  of  each  other,  one  will  be  described 

l7E.  C.  Stoner,  Phil.  Mag.  48,  719  (1924). 

18W.  Pauli,  Jr.,  Z.  Physik^L  '6=  (1925). 

E.  Uh’.er.fceck  and  S.  Goudsmit,  Naturwiss.  ^3,  953  (1925) 

2®F  Hund,  Linienspektren  und  pertodisenes  System  der  Elemente  (Springer,  Berlin) 

1927.  

2lW.  Heisenberg,  Z.  Physik  38,  41  1 (1926);  39,  49?  4_L  239  (1927). 
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by  £ wivs  function  u,(xj),  a function  of  the  coordinate  x.  of  this  particle,  and  tbe  other 
will  be  described  by  u2(x2).  The  product  cf  these  two  will  represent  a wave  function  for 
the  system.  Heisenberg  then  considered  the  effect  of  an  interaction  between  the  two  par- 
ticles, treated  as  a perturbation.  He  noted  that  there  are  two  unDcrturbed  functions, 

Uj(xj)  u2(x2)  an<*  u’ixl'  ui(x2^  which  on  account  of  the  identity  of  the  particles  are  de- 
generate with  each  other,  and  he  showed  by  the  theory  of  perturbations  of  degenerate 
systems  that  in  thi  perturbed  problem  the  correct  wave  functions  were  the  'yrr.inetric  and 
antisymmetric  combinations  Uj(Xjj  u2(x2)  * u2(Xj)  ul^x2^*  anc*  *kat  t*'e  energies  of  the 
two  resulting  functions  differed  by  an  amount  depending  on  the  exchange  integral 

Juf(x,)  u*(x2)  H u2fx1)  u,(x,)  dx1dx2  . 

where  H was  the  Hamiltonian  operator  of  the  problem.  He  also  showed,  but  by  s rather 
complicated  way,  that  the  symmetric  function  was  to  be  associated  with  a singlet  term 
in  the  spectrum  of  an  atom  containing  two  electrons,  and  the  antisymmetric  function  with 
a triplet. 

In  this  important  work,  Heisenberg  laid  the  foundations  for  three  later  developments: 
tn<  theory  of  complex  spectra,  which  we  shall  take  up  at  once;  the  theory  of  covalent  bind- 
ing. which  Helller  and  London^22)  were  soon  to  set  up  on  the  basis  of  Heisenberg's  funda- 
mental work;  and  the  theory  of  ferromagnetism,  ^23^  which  Heisenberg  himself  set  up. 

The  theory  of  complex  spectra,  on  the  basis  of  wave  mechanics,  however,  did  not  develop 
as  fast  as  one  might  have  hoped.  In  one  cf  Heisenberg's  papers,  quoted  above,  he  started 
the  generalization  of  the  problem  of  two  electrons  to  the  problem  of  many  electrons.  He 
had  realized  in  his  first  paper  the  relation  between  an  antisymmetric  function  and  the  ex  - 
clusion principle,  and  he  generalized  this  in  the  later  paper  by  setting  up  an  antisym- 
metric combination  of  the  orbitals  u,  . . of  an  n-electron  problem,  forming  a deter- 

1 n (24) 

mlnant  (though  he  did  not  write  it  in  determinantal  form).  At  the  same  tim'.-,  Dirac'  ' 

had  independently  arrived  at  the  same  results  as  Heisenberg  regarding  the  symmetric 

and  antlsymmetrtc  solutions  in  a problem  of  two  particles,  the  use  of  a determinantal 

function  tc  express  the  antisymmetric  combiiiai'on  in  a problem  of  n electrons,  and  Its 

relation  to  the  exclusion  principle.  But  the  reason  why  these  generalizations  did  not 

proceed  faster  was  the  complication  introduced  by  the  electron  spin. 

The  wave  functions  which  Heisenberg  and  Dirac  were  using  were  functions  of  co- 
ordinates alone,  not  of  spin;  Paull^25^  had  not  yet  introduced  his  spin  matrices,  which 
gave  a practical  method  of  setting  up  wave  functions  including  spin.  Heisenberg  realized 

22W.  Heitler  and  F.  London,  Z.  Physlk  44,  456(1927). 

23W.  Heisenberg,  Z.  Physik  49,  619  (1928). 

2*P.  A.  M.  Dirac,  Proc.  Roy.  Soc.  (London)  ^^l2.  661  (1926). 

2*W.  Pauli.  Jr.,Z.  PhyslW  43,  601  (1927). 
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that  in  a case  where  all  spins  were  parallel,  single  determinant  of  orbitals  formed  the 
v.orrect  antisymmetric  wave  ^unction;  but  the  idea  of  antisymmetry  in  cases  where  some 
spins  were  pointing  one  way,  some  the  other,  could  not  be  easily  introduced.  Lac-King 
thpt,  Heisenberg  was  forced  to  consider  the  general  behavior  c'  a combination  of  products 
of  orbitals  under  a permutation  operation;  the  antisymmetric  combination  changes  sign, 
the  symmetric  combination  is  unchanged,  but  other  combinations  can  be  transformed  into 
each  c-thcr.  This  led  naturally  to  a discussion  by  means  of  the  group  theory,  ati  applied 
to  the  permutation  group.  This  resulted  in  a great  development  of  the  group  theory,  in 
which  Wigner,  Hund,  Heltler,  and  others  took  part,  as  well  as  Heisenberg. 

The  development  was  complicated,  but  not  fruitful.  Those  engaged  in  it  became  Immersed 
in  their  mathematics,  and  failed  to  make  connections  with  the  theory  of  complex  spectra 
already  so  well  developed  from  the  vector  model  point  of  view.  The  step  which  iney  were 
missing  was  the  combination  of  Pauli's  treatment  of  the  spin,  and  the  determlnantal  meth- 
od of  setting  up  antisymmetric  wave  functions. 

(29) 

This  missing  step  was  supplied  by  the  present  writer  in  1929. ' ' In  this  paper, 

one -electron  wave  functions  were  set  up  which  involved  spin,  using  the  general  ideas  of 
Pauli,  as  well  as  coordinates.  Every  wave  function  allowed  by  the  Pauli  er^lu^on  prin- 
ciple then  had  to  be  an  antisymmetric  combination  of  one-electron  functions,  so  that  every 
such  function  could  be  written  as  a determinant, 


ul<xl*l>  ul<x2*2>  ’ • ’ ul<Vn> 

u2<xlal>  U2<X2S2>  * * ’ ’ u2(xnsn> 
un<xlV'un(x2s2>  • • • • un{xnsn> 


(1.2) 


Each  such  determlnantal  function  could  be  identified  with  one  of  the  assignments  of  quan- 
tum numbers  to  electrons,  which  was  the  basis  of  the  metnods  already  developed  for 
treating  complex  spectrum  theory,  and  it  was  possible  to  take  over  the  whole  cf  that 
theory  bodily  trio  the  framework  of  wave  mechanics.  It  was  also  possible,  in  addition, 
to  go  much  further,  tor  now  the  matrix  components  of  energy  with  respect  to  a set  of  de- 
termlnantal wave  functions  could  be  computed,  and  the  stcular  equations  solved,  yielding 
the  correct  combinations  of  determinants  to  represent  the  various  actual  stationary  states 
of  the  problem.  In  this  way  the  energy  separations  of  the  various  tei  r.is  could  be  computed. 

26E.  Wigner.  Z.  Fhyslk4C,  492  (1926);  40,  883  (1927). 

Z7F.  Hund,  Z.  Ph>sik  43,  788  (1927). 

28W\  Heltler,  Z.  Physik  *6,  47  (1928). 

2*J.  C.  Slater,  Phys.  Rev.  34,  1293  (1929). 

*°These  methods  are  described,  for  instance,  ir.  Hund’s  book  already  quoted;  they  arc 
taken  up  in  QTM,  pp.  '58-182. 
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The  connection  with  Hartree's  self -consistent  field  was  obvious:  the  cne-electron  func- 
tions aj  were  chosen  to  be  e pr  oduct  of  a Hartree  function  of  coordinates;  *nd  a Pauli 
function  of  spin.  With  this  development,  the  determinantpi  method  was  complete,  and  it 
has  formed  the  basis  of  most  subsequent  development  of  the  theory  of  atoms,  molecules, 
and  solids,  as  v.c  shall  later  desci  toe.  It  should  be  mentioned,  however,  that  at  about 
the  same  time,  Dirac^^  approached  similar  problems  from  a different  point  of  view, 
which  yielded  results  which  can  «dso  be  used  to  discuss  the  same  type  of  problem.  We 
shall  make  little  use  of  these  methods  of  Dirac  in  the  present  lectures,  but  they  have 
been  taken  up  to  a considerable  extent  by  the  workers  in  the  theory  of  magnetism. 

2.  The  Determinantal  Method 

The  determinantal  method  is  very  simple  in  principle.  We  set  up  a number  of  de- 
terminants of  the  nature  of  that  given  in  Eq.  (1.  2),  and  try  to  make  a linear  combination 
of  them  which  equals  the  correct  wave  function  of  the  problem,  or  solution  of  Eq.  (1.  1), 
to  an  adequate  approximation.  There  are  then  two  major  problems  connected  with  the 
method.  The  first  is  how  to  set  up  the  determinants  in  the  first  place;  that  Is,  what  or- 
bitals u.  to  use.  The  second  is,  having  set  up  the  determinants,  how  to  find  the  correct 
linear  combination  of  them.  This  second  question  Is  straightforward,  and  the  answer  is 
obvious  from  elementary  quantum  mechanics.  We  find  the  matrix  of  tne  energy  operator 
H,  of  Eq.  (1.  1),  between  the  various  determinantal  functions,  and  ihen  make  linear  com- 
binations of  these  functions  which  diagonalize  the  energy.  The  problem  is  only  to  com- 
pute the  matrix  components  of  energy;  then  the  rest  of  the  work  is  straightforward,  in- 
volving the  solution  of  a secular  equation.  The  first  question,  the  determination  of  the 
proper  orbitals  u^,  however,  is  much  more  subtle  and  difficult.  We  shall  have  a good 
deal  to  say  about  it  in  the  future.  Before  passing  on  to  the  second  question,  however,  it 

will  be  worthwhile  to  indicate  some  of  the  factors  underlying  the  choice  of  the  u,'s. 

1 

In  the  first  place  we  must  answer  the  questicn,  whether  to  approximate  our  solu  - 
tion  by  a single  determinant,  or  to  use  many  such  determinants.  For  a problem  in  which 
all  electrons  are  in  closed  shells,  a passably  good  approximation  can  be  made  using  only 
a single  determinant.  Foi  problems  in  which  therq  are  multiplets  arising  from  electrons 
outside  closed  shells,  this  cannot  be  done  at  all,  and  we  must  use  a combination  of  a 
number  cf  determinants.  In  any  cast,  a single  determinant,  or  a few  determinants,  will 
not  give  * good  approximation,  for  the  true  wave  function  certainly  does  not  take  this 
form,  on  account  of  the  large  interaction  between  electrons.  If  we  wish  to  do  our  best 
with  a single  determinant,  however,  then  we  have  a straightforward  way  to  choose  the 
Uj's:  we  make  use  of  the  variation  principle,  by  which  it  can  be  shown  that  the  true  wave 
functions  of  the  problem  are  those  for  which  the  energy  Integral  J U*  HU  dXj  . . dxn  is 

3‘P.  A.  f/  Dirac,  Proc.  Toy.  Soc.  (London)  12  3,  714  (1929). 
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stationary,  when  we  vary  U,  provided  U kept  ncirnalized.  We  can  Interpret  this  as 
meaning  that  If  we  start  with  a single  determinantal  function  for  U,  and  vary  the  u^'s,  we 
shall  get  the  best  approximation  to  the  true  wave  functions  if  we  make  the  energy  integral 
stationary  with  respect  to  variations  of  the  u^'s,  and  in  particular,  the  best  approximation 
to  the  ground  state  is  obtained  if  the  energy  integral  is  minimized.  This  condition  leads 
to  the  Hat  tree -Fork  equations,  which  we  shall  discuss  in  a later  section.  Since  they  deal 
with  only  a single  determinant  function,  containing  just  n orbitals  u^,  this  method  de- 
termines only  those  n orbitals,  and  does  not  lead  to  any  method  of  finding  additional  ones. 

Quite  a different  problem  arises  if  we  are  willing  to  use  a combination  of  many  de- 
terminants. We  can  see  this  by  considering  the  limiting  case,  where  we  are  willing  to 
use  an  infinite  number  of  determinants.  These  can  be  chosen  to  form  a complete  orthogo- 
nal set  of  n-electron  antisymmetric  functions  of  coordinates  and  spins.  This  can  be  ac- 
complished by  making  the  set  of  u^'s  a complete  orthogonal  set  of  one-electron  furctlons. 
Then  by  general  principles  of  quantum  mechanics  we  know  that  any  antisymmetric  function 
of  the  coordinates  and  spins  of  n electrons  can  be  expressed  as  a linear  combination  of 
such  a complete  orthogonal  set,  so  that  our  problem  can  be  solved  exactly,  and  It  makes 
no  difference  what  complete  orthogonal  set  we  use.  Of  course,  this  limiting  case  of  an 
infinite  number  of  determinants  does  not  concern  us  in  practice.  What  we  may  well  be 
interested  in,  however,  is  the  problem  of  finding  a finite  number  of  determinants,  such 
that  an  appropriately  chosen  linear  combination  of  them  forms  a very  good  approximation 
to  the  solution  of  the  problem. 

The  choice  of  this  finite  set  of  determinants  is  a matter  of  insight,  and  we  shall 
have  much  to  say  about  it  in  the  future.  Briefly,  however,  il  we  choose  the  u^'s  to  repre- 
sent solutions  for  the  occupied,  and  lower  unoccupied,  levels  of  the  atoms,  then  the  linear 
combination  of  determinants  will  represent  a problem  of  interaction  of  a few  lower  con- 
figurations of  the  problem,  ana  the  wave  function  arising  In  this  way  may  be  expected  to 
be  fairly  good,  at  least  when  our  major  interest  is  in  the  energy  differences  between  the 
states  of  these  configurations.  Let  us  suppose  that,  by  such  arguments,  we  have  set  up 
a number  oi  determinants.  Then  our  problem  is  to  solve  the  secular  equation  arising 
from  these  determlna-tal  functions.  We  may  reduce  the  order  of  this  equation  a good 
dead  by  taking  full  advantage  of  the  symmetry  ae^  multiplicity  properties  of  the  wave  func- 
tions; we  shall  find  In  many  cases  that  there  are  nq  non  diagonal  matrix  components  of 
energy  between  determlnantal  functions  of  different  symmetry  and  multiplicity  properties. 
But  we  are  still  likely  to  be  left  with  secular  equations  of  rather  high  ordar  to  be  solved. 

Three  methods  may  be  thought  of  for  solving  these  secular  equations.  In  the  first 
plc.ce,  In  the  orlgincl  paper  on  complex  spectra,  by  the  present  writer,  much  use  was 
made  of  the  diagonal  sun.  rule,  and  similar  subterfuges,  which  made  the  direct  solution 
of  the  secular  equation  almost  unnecessary.  Such  devices  are  avalist)**  In  simple  cuses, 
but  we  must  not  count  on  them,  and  shall  net  stress  them  in  these  lectures.  Secondly, 
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there  is  the  well-known  method  of  perturbation  theory  This  is  appropriate  if  ore  of  the 
determinantal  functions  is  a very  good  approximation  to  the  solution  we  are  seeking,  and 
the  others  appear  only  with  very  small  coefficients  in  the  final  combination.  This  situa- 
tion can  sometimes  be  achieved,  but  again  we  cannot  count  on  it.  Finally  we  are  left  with 
the  straightforward  method  of  the  numeru.il  solution  of  the  secular  equation.  Until  very 
recently,  this  w«>s  so  difficult  as  to  be  out  of  the  question.  Now,  however,  with  the  rapid 
development  of  high-speed  digital  computers,  it  becomes  possible.  Secular  equations 
involving  up  to  twelve  determinants  have  recently  been  solved  by  this  method,  and  the 
computers  are  improving  so  rapidly  that  it  will  not  be  long  before  consideraoly  greater 
secular  equations  can  be  attacked.  One  gets  the  feeling,  therefore,  that  the  future  develop- 
ment of  the  method  is  likely  to  use  more  and  more  determinants,  and  to  rely  completely 
on  high-speed  computers  to  solve  the  resulting  secular  equations. 

The  final  result  of  the  solution  of  such  a secular  equation  is  a set  of  energy  values, 
and  of  transformation  coefficients  fer  finding  the  correct  wave  functions  as  linear  com- 
binations of  the  original  determinantal  functions.  This  is  a rather  small  set  of  numbers, 
and  If  the  orbitals  out  of  which  the  determinantal  functions  are  computed  c?u  be  described 
analytically.  or  numerically  by  simple  tables  of  values,  wc  have  reduced  the  problem  of 
describing  the  wave  function,  from  the  formidable  proportions  mentioned  earlier,  to  a 
ii  -geable  scale.  If  we  use  this  method,  there  is  no  particular  advantage  in  having  one 
of  the  v.terminarts  of  our  set  represent  the  wave  function  to  great  accuracy.  We  can 
jusi  as  well  use  a linear  combination  in  which  many  wave  functions  have  coefficients  of 
large  size.  The  essential  feature  of  the  u^'s,  in  this  case,  is  that  the  whole  set  of  deter- 
minants formed  from  :hem  should  be  capable  of  describing  the  correct  function  with  good 
accuracy.  We  can  state  th<«  criterion  more  clearly  If  we  remember  thai  a wave  function 
can  be  represented  as  a vector  in  a function  space  of.  an  infinite  number  of  dimensions. 
Suppose  we  have  N determinantal  functions.  If  they  are  linearly  independent  they  will 
define  an  N-dimensional  sub-space  in  this  function  space.  We  may  no“.'  supplement  our 
N vectors  with  an  infinite  set  of  others,  orthogonal  to  all  the  N we  started  out  with,  so 
that  all  taken  together  will  form  a complete  set.  Now  our  wave  tunction.  which  we  are 
trying  to  determine,  is  also  represented  by  a vector  This  can  be  represented  exactly 
as  a llneai  combination  of  our  original  N vectors,  provided  its  scalar  product  with  env 
one  of  the  additional  vectors  of  the  complete  set,  not  included  In  the  original  N,  is  zero. 
That  is,  in  this  case  the  vector  lies  in  the  N-dimensionsl  sub-space  def’ned  by  our  vec- 
tors. This  is  the  situation  we  try  to  achieve  by  our  choice  of  a finite  number  cf  deter- 
minants! functions.  If  we  have  almost  achieved  it,  that  is.  if  the  scalar  products  of  the 
correct  vector  with  ail  vectors  not  In  our  original  set  of  N are  small,  then  we  shall  have 

^"A.  Mtckler,  Ph.  D Thesis.  M. ! T.  . Sertembtr.  1952,  Quarterly  Progress  Report, 
Solid-State  and  Molecular  Theory  Group,  M.  I. . July  15,  1952. 
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a good  approximation.  As  we  have  said,  it  is  a matter  of  insight  to  choose  our  N 
minants  to  achieve  this  situation,  and  we  shall  give  much  discuss:  - . as  we  go  on  io  meth- 
ods of  doing  It. 

L,et  us  suppose  such  a set  of  determinants  to  be  set  up.  however,  and  now  let  us 
address  ourselves  to  the  other  part  of  our  problem,  that  of  determining  the  correct  linear 
combinations  of  determinants  To  do  this,  as  we  have  mentioned,  we  must  find  the  non  - 
diagonal  matrix  components  cf  the  Hamiltonian  with  respect  to  these  functions,  and  set 
up  the  usual  determlnantul  equation  between  them.  At  the  outset,  we  observe  one  thing: 
our  procedure  will  be  very  greatly  simplified  if  the  determinantal  functions  are  orthogonsu 
to  each  other.  This  simplification  ,s  just  like  that  found  in  algebra  and  analytic  geometry, 
in  which  it  is  very  easy  to  manipulate  problems  if  they  are  expressed  in  rectangular  co- 
ordinates, but  very  complicated  in  an  oblique  coordinate  system.  The  equations  car  be 
set  up  in  non-orthogonal  systems,  and  they  have  been  so  set  up; ' J/  but  they  have  almost 
never  been  used,  and  in  actual  applications  it  has  almost  always  been  assumed  that  the 
departures  from  orthogonality  are  small,  and  these  departures  are  then  neglected.  This 
is  not  justifiable.  We  shall  prefer  to  use  determinantal  functions  which  are  really  or- 
thogonal, and  to  use  these  rigorously.  We  shall  sel  up  our  equations  only  for  this  case, 
and  shall  carefully  avoid  all  use  of  non-orthogonal  determinants,  unless  we  specify  other- 
wise In  special  cases. 

It  is  easy  to  prove  that  all  our  determinantal  functions  will  be  orthogonal  each 
other,  provided  every  one -electron  orbital  appearing  in  any  one  of  the  d.eierm  inants  is 
orthogonal  to  every  other  one;  and  we  shall  generally  make  this  assumption.  There  are 
a number  of  conseauences  from  this  assumption.  which  we  might  not  quite  realize  at  first, 
and  a number  of  comments  to  be  made  about  it.  In  the  first  place,  it  excludes  the  use  of 
the  ordinary  Hartres  functions  as  orbitals  u^.  Hartree’s  original  method  is  based  on  the 
assumption  that  each  electron  moves  in  the  field  of  all  electrons  except  itself.  This 
means  that  each -wave  function  is  a solution  of  a different  central  field  problem,  so  that 
there  is  no  reason  why  they  should  be  orvhogonal,  and  in  general  they  are  not.  It  does 
not  exclude  functions  determined  by  the  Hartree-Fock  method;  we  shall  show  later  that, 
even  though  these  arc  solutions  of  different  central  field  problems,  siiil  they  automatically 
are  orthogonal  to  each  other.  But  we  have  r.oted  that  since  the  Hartree-Fock  method  op- 
erates only  with  a single  determinantal  function,  it  determines  only  n orbitals  u^.  If  we 
want  to  use  a number  of  determinantal  functions,  we  must  have  more  u^'s.  If  we  found 
more  of  these  from  a second  Hartree-Fock  problem,  referring  perhaps  to  a diff "rent 
configuration  from  the  first,  all  the  u 'r  derived  from  this  second  problem  would  be  some- 
what different  from  those  of  the  first  set.  i o see  this  physically,  let  us  suppose  that  the 

^See,  for  instance,  J.  C.  Slater,  Khys.  Rev.  33,  li09  (1931),  where  they  are  Jiccussea 
for  molecular  problems. 
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f.rsl  H2rlre_--Fock  problem  represented  the  ground  state  of  an  atom  consisting  of  closed 
shells  (for  instance  an  inert  gas  atom),  and  the  second  problem  an  excited  configuration 
If  or  instance  the  same  aton.  ir.  which  the  two  s electrons  in  one  of  the  shells  were  excited 
into  s states  in  a higher,  previously  unoccupied  shell).  The  excitation  of  these  electrons 
would  affect  all  the  other  electrons  of  the  atom,  even  down  to  the  K she.'i,  so  that  the 
second  set  of  u.'s,  ?s  we  have  said,  would  all  be  different  from  the  first.  Hut  then  they 
would  not  be  orthogonal  to  »he  functions  of  the  first  set,  and  the  convenience  of  our  method 
would  be  lost. 

We  wish,  then,  to  construct  all  our  determinantal  functions  from  one  single  set  of 
orthogonal  orblLis  u^.  choosing  n of  them  for  the  first  determinant,  another  n for  an- 
other, and  so  on.  Thus  if  we  have  N crbitals,  we  shall  be  able  to  choose  the  n from 
them  in  N!  ,/|n!  (N  - n):  ways,  and  we  shall  be  able  to  set  up  this  number  of  determinantal 

functions  from  them.  There  are  really  two  practical  ways  of  finding  the  set  of  N orthogo- 
nal orbitals.  One  is  to  have  them  all  given  as  solutions  of  a single  Schrodinger  equation 
for  the  motion  of  a single  particle;  for  we  know  that  all  solutions  of  a single  Schrodinger 
problem  are  orthogonal  to  each  other.  A practical  way  to  do  this,  as  solutions  of  a 
Schr&dlnger  problem  which  respresents  a self-consistent  field  in  a satisfactory  way,  has 

i\A  \ 

recently  been  given  by  the  present  writer;  '*  *'  we  shall  discuss  this  method  in  detail  later. 
The  second  method  Is  to  set  up  functions  which  we  have  artificially  made  orthogonal.  If 
we  have  any  N non -orthogonal  vectors,  then  we  can  set  up  N linear  combinations  of  them, 
which  will  be  orthogonal,  in  an  infinite  number  of  ways.  Thus  if  .*  have  two  vectors  in 
a plane  which  are  not  at  right  angles,  (and  also  not  parallel),  we  can  set  up  any  two  vec- 
tors in  the  plane  which  are  orthogonal  to  each  other,  and  they  can  be  written  as  linear 
combinations  of  the  first  two.  Now  we  can  prove  a very  important  general  theorem:  if 
we  have  two  sets  of  N linearly  Independent  vectors,  of  the  sort  just  described,  one  set 
being  derived  from  the  other  by  linear  transformations,  and  If  we  form  all  the  determi- 
nantal functions  from  each  set  of  N orbitals,  choosing  n functions  for  each  determinant, 
then  the  determinantal  functions  of  one  set  are  linear  combinations  of  the  determinantal 
functions  of  the  other  set.  Thus  an  approximate  solution  of  Schrodinger1  s equation  which 
car.  be  expressed  as  a linear  combination  of  functions  of  the  first  set  can  equally  well  be 
expressed  as  a linear  combination  of  functions  of  the  second  set  Tine  final  result  of  our 
calculations  will  then  be  the  same,  in  either  case.  Since  it  simplifies  the  calculation 
greatly.  It  Is  therefore  worthwhile,  If  wc  wish  to  start  with  N non -orthogonal  vectors  or 
orbitals,  to  make  N orthogonal  linear  combinations  of  them  at  the  outset,  ar.d  then  pro- 
ceed from  there.  We  shall  later  discuss  certain  methods  of  making  these  linear  combina- 
tions which  have  pai  tlcular  value  in  simplifying  ihe  later  steps  of  the  calculation.  But 
once  w«  have  done  this,  we  then  wish  to  solve  the  secular  problem  in  wMch  all  Uj’s  are 

34J.  C.  Slater,  Phys.  Rev.  81,  385  (1951). 
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orthogonal,  as  we  stated  somewhat  earlier,  so  that  we  arj  justified  in  limiting  our  cal 
rulation  of  the  matrix  components  of  energy  to  ttns  simple  case.  We  note  thai  uie  sim- 
plest result  of  the  thee. 'em  mentioned  in  this  paragraph  is  that  if  N = n,  or  if  we  have 
just  as  many  orbitals  as  electrons,  so  that  only  one  determinant  is  formed,  >nis  deter- 
minant will  be  identical  whether  it  is  formed  from  the  original  n orbitals,  cr  from  any 
n linearly  independent  linear  corrbinatic  .s  of  'hem. 

We  have  now  discussed  the  general  philosophy  of  the  determinantal  method  enough 
so  that  we  are  prepared  to  proceed  with  Its  use.  We  shall  then  calculate  the  matrix  com- 
ponents of  the  energy  between  two  such  determinantal  functions,  formed  from  two  differ- 
ent selections  of  n orbilals  out  of  a set  of  N orthogonal  (and  normalized)  orbitals.  We 
shall  assume  each  determinant  to  be  divided  by  (nl  J1/2;  then  the  determinants  will  be 
normalized,  as  well  as  orthogonal,  as  a consequence  of  the  orthonoi  mal  properties  of 

the  u.'s.  Then  it  is  a straightforward  matter  to  compute  the  required  matrix  components, 

1 (351 

and  we  merely  suite  the  results. ' ' 


3.  Matrix  Components  of  Energy  and  Angular  Momentum 


The  energy  operator,  given  in  Eq.  (1.  1)  is  a sum  of  operators,  which  we  may  call 
I.,  each  operating  on  the  coordinates  of  a single  electron  (that  is,  -V^  - Y.  (a)  2Z  /r.  h 
and  a sum  over  pairs  of  electrons  of  quantities  g^,  each  equal  to  2/i  each  operating  on 
the  coordinates  of  two  eiectronsj  the  remaining  terms,  the  electrostatic  interactions  be- 
twee  i nuclei,  are  a constant,  and  have  a diagonal  matrix.  We  then  wish  to  find  how  to 
get  the  matrix  components  of  such  operators  with  respect  to  determinantal  wave  functions 
of  the  form  given  in  Eq.  (1.2),  properly  normalized  by  dividing  by  (n!  J1/2,  in  which  we 
are  to  assume  that  ail  orbitals  u^  appearing  in  all  the  determinants  are  orthogonal  to  ea«J. 
other.  If  one  of  the  determinants  is  formed  from  orbitals  . . un>  the  second  from  or- 
bitals Uj1  . . un\  then  we  can  see  very  easily  that  the  matrix  of  an  operator  like  H,  which 
is  symmetrical  in  all  the  electrons,  can  be  written  in  the  form 


F)  u1:+(x1s1) 


wn,*<xnsn>  HVX1S1> 


• un<x 


nsn> dxl 


dx. 


where  the  sum  is  over  all  permutations  of  the  subscripts  I . . n of  the  first  set  of  func- 
tions, each  term  is  to  appear  with  a + or  - sign  according  as  the  permutation  involves 
an  even  or  odd  number  of  interchanges  of  rows  or  columns,  and  the  integration  over  the 
x's  is  Supposed  to  include  also  a summation  over  the  spins.  If  the  operator  K ~onslsts 
of  summations  of  quantities  f-5  each  f^  will  operate  on  only  one  of  the  u's  following  it,  so 
tbs'  on  account  of  orthogonality,  the  integral  will  be  zero  unless  each  u1  except  u,1  is 


35The  results  for  diagonal  components  were  stated  by  J.  C.  Slater,  Phys.  Rev.  34,  1293 
(1929);  for  non-diagonal  components,  by  J.  C.  Slater,  Phys.  Rev.  ?&,  1109(1711); 
note  a typographical  error  there  in  the  formula  tor  a quantity  cailecT^U/G/U1).  For  the 
non-diagonal  components,  sec  also  E.  U.  Condon,  Phys.  Rev.  H21  (1930).  The 
results  are  also  given  in  QTM,  p.  195. 
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identical  with  the  corresponding  u.  If  H consists  of  summations  of  g.  .'s,  the  integral 

tii  th  J 

will  be  zero  unless  each  u'  except  the  i and  j is  identical  with  the  corresponding  u 
Proceeding  in  this  way,  we  can  easily  find  the  matrix  components  These  are  stated  in 
QTM,  pn.  194,  195,  and  we  repeat  the  definition  in  the  same  form. 

To  state  the  values  of  these  components,  let  us  define  quantity 

(i/f/ji  = £(spiii  f iuj<xisi)  dxi  (1.3) 

We  note  that  if  f is  an  operaioi  depending  on  coordinates  oniv,  as  in  the  operator  H from 
Eq.  (1.  1),  then  the  quantity  (1.  3)  will  be  zero  if  the  functions  u.  and  correspond  to  dif- 
ferent spins.  On  the  contrary,  if  f depends  on  spin  only,  the  quantity  will  be  zero  if 
and  u.  correspond  to  different  functions  of  coordinates.  Similarly  let  us  introduce  a 
quantity 

Uj/g/kf)  = "Zispin  l)  Z)  jjul*(xlsl)u.*(x2s2)gizuk(xlsl)ut(x2sz)dxldxz  (1.4) 


Here  again  w*  notice  that  if  g12  depends  on  coordinates  only,  this  quantity  is  zero  unless 
Uj  and  correspond  to  the  same  spin,  and  m and  correspond  to  the  same  spin. 

In  terms  of  ihese  symbols  (1.  3)  and  (1.4),  we  now  find  that  the  diagonal  matrix 
omnn—nt  of  energy  with  respect  to  a dcicrminantal  wave  function  equals 


Z (i/f/i)  + Z [lU/g/ij)  * (>j/g/ji)]  • 

i p -'rr  i,  j 


(*•») 


where  the  quantities  (ij/g/ji)  are  called  exchange  integrals,  and  where  we  see  that  they 
are  zero  unless  the  orbitals  Uj  and  u^  correspond  to  electrons  with  the  same  spin.  The 
non-diagonal  matrix  component  between  two  determinantal  wave  functions  will  be  zero  if 
the  two  determinants  differ  in  more  than  two  orbitals.  If  they  differ  in  just  two,  say  by 
having  orbitals  and  u^  replaced  by  u^1  and  Uj1,  all  others  being  common  to  both  determi- 


nants, the  non-diagonal  matrix  component  is 

Uj/g/i'j')  - (ij/g/j'i')  • 


(1.6) 


If  they  differ  in  one  orbital,  u-  being  replaced  by  u.',  all  others  being  common  to  both 
determinants,  the  non-diagonal  matrix  component  is 


(i/f/i1)  + l [(ik/g/i'k)  - (ik/g/ki1)] 
k/i 


(l.V) 


By  use  of  these  formulas,  we  can  easily  find^hc  matrix  components  of  the  energy 
between  various  determinantal  wave  functions,  provided  wc  can  compute  tne  integrals  of 
form  (1.  3)  and  (1.4);  we  shall  have  sometning  to  say  later  about  actual  methods  of  com- 
putation. Once  we  have  the  matrix  of  energy,  we  can  set  up  the  secular  equation,  and  if 
we  <~an  solve  it,  we  can  set  op  ‘he  wave  functions  which  form  the  best  possible  combina 
tions  of  the  oricina1  determinants,  in  order  to  approximate  the  true  w; •■•a  functions  of  the 
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probiem.  We  must  remember  that  our  formulas  for  matrix  components  have  t'neir  rather 
simple  form  crdy  on  account  of  the  orthogonality  of  the  orbitals.  If  these  were  not  orthogo- 
nal, the  formulas  would  be  exceedingly  complicated,  though  even  in  that  case  they  can  of 
course  be  set  up. 

In  most  atomic  problems  we  must  solve  a secular  equation  between  a considerable 
number  of  determinants!  wave  functions,  and  this  equation  would  be  of  very  high  order, 
and  difficult  to  handle,  if  it  were  not  for  simplifying  features.  Thus  if  n'  out  of  the  n 
electrons  have  unpaired  spins,  we  certainly  are  interested  in  all  the  states  formed  by 
choosing  the  spins  cf  these  electrons  in  either  of  the  possible  ways,  so  that  we  surely 
must  consider  ?n  functions.  Generally  too  inere  is  orbital  degeneracy  as  well  as  this 
spin  degeneracy.  The  simplifying  features  arise  from  the  conservation  of  angular  mo- 
mentum. If  we  disregard  the  magnetic  spin-orbit  coupling,  both  spin  and  orbital  angular 
momentum  ure  conserved,  in  the  absence  of  an  external  field.  We  shall  describe  in  the 
next  section  now  this  conservation  can  be  used  to  beip  solve  the  problem.  The  first  thing 
which  we  need  to  know,  for  this  purpose,  is  how  to  find  the  matrix  components  of  the 
various  angular  momentum  vectors,  between  the  various  determinantal  wave  functions. 

We  shall  find  that  we  wish  the  matrix  components  of  the  z component  (where  z is  an  ar- 
bitrary axis  of  space  quantization)  of  spin  angular  momentum,  and  of  the  square  of  the 
magnitude  of  the  spin  angular  momentum:  and  similarly  for  the  orbital  angular  r.aemen- 
tum.  In  finding  these,  we  shall  remember  that  the  total  angular  momentum  is  tht  vector 
sum  of  the  angular  momenta  of  the  various  electrons.  We  star',  then,  by  finding  the 
matrix  components  of  the  x,  y,  and  z components  of  angular  momentum  of  a single  elec- 
tron. then  by  summing  over  all  electrons,  and  finally,  if  we  are  interested  in  the  square 
of  the  total  angular  momentum,  in  squaring  the  components  and  adding. 

In  finding  matrix  components  of  the  angular  momentum  vectors,  we  are  dealing 
with  a problem  which  held  a very  important  position  in  the  development  cf  quantum  me- 
chanics. The  structure  of  multiplets,  and  particularly  the  Zeeman  effect,  were 
problems  which  contributed  very  greatly  to  the  vector  model,  and  to  the  whole  structure 
of  quantum  theory.  For  this  reason,  the  interaction  of  angular  momentum  vectors  was 

one  of  the  first  problems  investigated  by  quantum  mechanics.  It  was  a problem  for  which 

(37) 

the  methods  of  matrix  mechanics,  introduced  by  Heisenberg'  ' slightly  before  Schro- 
dinger’3  wave  mechanics,  pro\  id  to  be  more  convenient  than  the  methods  of  wave  me- 

3^These  p»oblems  are  taken  up  in  Sommerfeld's  Atombau  und  Spekt.-allinier.,  previously 
mentioned.  An  exce'Ient  treatment,  by  two  of  the  workers  who  contributed  most  to 
their  understanding,  is  the  book  Zeemaneffeki  und  MultipleUs'ruktur  dsr  Spcktrallinien. 
by  E.  Back  and  A.  Land£,  (Springer,  Berlin)  1924.  Many  references  to  earlier  work 
are  given  there. 

,7W.  Heisenberg,  Z.  Physik  33.  879  (1925);  M.  Born,  W.  Heisenberg  and  P.  Jordan, 

Z.  pt’y-dk  35,  557  (1926);  tHc*theorems  regarding  angular  momentum  ai  e well  taker 
up  >n  Eleioentare  Quantemnechunik,  by  M.  Sorn  and  P.  Jordan,  (Sp.  inger,  Berlin) 

1930.  Many  other  writers  during  this  seme  period  ^ ontr.bu-.ed  to  the  theory. 
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problem.  We  must  remember  that  our  formulas  for  matrix  components  have  their  rather 
simple  form  only  on  account  of  the  orthogonality  of  the  orbitals.  If  these  were  not  orthogo 
nai,  the  formulas  would  be  exceedingly  complicated,  though  even  In  that  case  they  can  cf 
course  be  set  up. 

In  most  atomic  problems  we  must  solve  a secular  equation  between  a considerable 
number  of  determ inantal  wave  functions,  and  this  equation  would  be  cf  very  high  order, 
and  difficult  to  handle,  if  it  were  not  for  simplifying  features.  Thus  if  n'  out  of  the  n 
electrons  have  unpaired  spins,  we  certainly  are  interested  in  all  the  states  formed  by 
choosing  the  spins  of  these  electrons  in  either  of  the  possible  ways,  sc  that  we  surely 
must  considsr  2n  functions.  Centrally  too  there  is  orbital  degeneracy  as  well  as  this 
spin  degeneracy.  The  simplifying  festurss  arise  from  the  conservation  of  angular  mo- 
mentum. If  we  disregard  the  magnetic  spin-orbit  counting,  both  spin  and  orbital  angular 
momentum  are  conserved,  in  the  absence  of  an  external  field.  We  shall  describe  in  the 
next  section  how  this  conservation  can  bs  used  to  help  solve  the  problem.  The  first  thing 
which  we  need  to  know,  for  this  purpose,  is  how  to  find  the  matrix  components  of  the 
various  angular  momentum  vectors,  between  the  various  determinantal  wavs  functions. 

We  shall  find  that  we  wish  the  matrix  components  of  the  z component  (where  x la  an  ar- 
bitrary axis  of  space  quantisation)  of  spin  angular  momentum,  and  of  the  square  of  the 
magnitude  of  the  spin  angular  momentum;  and  similarly  for  the  orbital  angular  momen- 
tum. In  finding  these,  we  shall  remember  that  the  total  angular  momentum  la  the  vector 
sum  of  the  angular  momenta  of  the  various  electrons.  We  start,  then,  by  finding  the 
matrix  components  of  the  x,  y,  and  a components  of  angular  momentum  of  a single  elec- 
tron, then  by  summing  over  all  electrons,  and  finally,  if  we  are  interested  in  the  square 
of  the  total  angular  momentum,  in  squaring  the  components  and  adding. 

In  finding  matrix  components  of  the  angular  momentum  vectors,  we  are  dealing 
with  a problem  which  held  a very  Important  position  in  ‘JL-  ic*.  il of  quantum  me- 
chanics. The  structure  of  muitiplets,  and  particularly  the  Zeeman  effect,  were 
probloms  which  contributed  very  greatly  to  the  vector  model,  and  to  the  whole  structure 
of  quantum  theory.  For  this  reason,  the  inter  action  of  angular  momentum  vectors  was 
one  of  the  first  problems  investigated  by  quantum  mechanics.  It  was  s problem  for  which 
the  methods  of  matrix  mechanics,  introduced  by  Heisenberg^37)  slightly  before  Schrd- 
dlnger's  wave  mechanics,  proved  to  be  more  convenient  than  the  methods  of  wave  me- 

3*These  problems  are  taken  up  in  Sommerfeld's  Atombau  und  SpehtrslUmen,  previously 
mentioned.  An  excellent  treatment,  by  two  of  the  wirlrcrs  sno  contributed  most  to 
tbelr  understanding,  is  the  book  Zsemaneffekt  und  Multlplettstruktur  der  Spektralllnien, 
b ) E.  Back  and  A.  Land 6,  (Springer,  Berlin)  lyze.  Many  references  to  earner  work 
are  given  there. 

3?W.  Heisenberg,  Z.  Phyalk  33,  879  (1925)}  M.  Born,  W.  He:senberg  ana  ;\  Jordan, 

Z.  Phyaik  35,  557  (192b))  tJvT theorems  regarding  angular  momentum  are  well  taken 
up  in  Elea:er,tare  Quantenmechanlk,  by  M.  Born  and  P.  Jordan,  (Springer.  Berlin) 

1930  Many  other  writers  during  this  same  period  contributed  to  the  theory. 
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chantcs,  proved  to  be  more  convenient  then  the  method*  o i wa.c  mechanics,  though  of 
course  the  two  methods  ere  Intlmeteiy  related.  'J  1 The  treatment  of  the  electron  spin, 
given  in  1927  by  Pauli,  was  based  on  the  general  methods  already  worked  out  several 
years  before.  as  If  the  «»«c-L-un  were  merely  a spinning  vector  of  angular  momentum 
1/2  unit.  We  shall  use  this  point  of  view,  referring  the  reader  to  QTM,  pp.  479-495, 
and  shall  first  set  up  the  matrix  components  of  the  spin  angular  momentum  of  a single 
electron. 

;\ 

The  starting  point  of  the  usual  method  of  quantising  angular  momentum  Is  to  as- 

♦ 

sume  that  we  have  a s«t  of  wave  functions  differing  from  each  other  only  In  the  compo- 
nent of  angular  momentum  along  the  s direction,  which  ie  assumed  to  be  quantised.  If 
tbs  quantum  number  representing  the  magnitude  of  the  angular  momentum  Is  i , and  the 
quantum  number  representing  Its  component  along  the  z axis  la  m,  then,  as  shown  In 
the  references  mentioned  (see  QTM,  p.  462),  the  matrix  components  of  angular  momen- 
tum are  the  following: 

Mt(m,  m ♦ 1)  r Mx(m  + 1,  m)  ■ */{t  - m)U  ♦ m v l)(h/4v) 

My(m,  m + 1)  ■ -My(m+  1,  m)  ■ l ■/(!  - m)(f  ♦ m ♦ l)(h/4v)  (1.8) 

Ms(m.  m)  ■ mh/2«. 

That  is,  Mz  and  have  components  only  between  two  wave  functions  whose  quantum 
numbers  m differ  by  one  unit,  while  M£  has  only  diagonal  components.  We  now  apply 
these  aquations  to  tbs  spin  of  a single  electron,  whose  magnitude  Is  h/4«,  corresponding 
to  I a 1/2,  and  for  which  therefore  the  q»ia<Auin  number  m can  take  on  only  the  two 
values  t 1/2.  We  shall  write  the  matrix  components,  not  of  the  angular  momentum  It- 
self, but  of  the  angular  momentum  divided  by  h/2v,  which  shall  denote  by  the  com- 
ponents a , s . s . Then  we  f<nd,  using  (1.6),  that  the  only  components  different  from 
tero  are 

*z(-l/2,  1/2)  » ejl'2.  -1/2)  - 1/2 

•y(-l/2.  ‘/-)  - -•y(l/*.  -1/2)  = 1/2  (1.9) 

as(l/2,  1/2)  - 1/2,  ss(-l/2,  -1/2)  - -1/2. 

These  vector  components  er«  half  is  large  a&  those  used  by  Pauli,  in  the  reference  Just 
cited)  be  measured  his  angular  momentum  In  units  of  h/4v  instead  of  h/2*  as  we  are 

doing' 

We  may  now  combine  these  expressions  with  our  general  method  of  finding  matrix 
components  of  an  operator,  as  giver,  in  Eqs.  (1.  5),  (1. 6),  and  (1.  7), to  /ind  matrix  cam- 

J8Th*  main  points  of  this  treatment  are  givtn  in  QTM,  pp.  479-485. 

39W.  Pauli,  Jr.,  Z.  Physlk  43,  601  (1927). 
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Clients  of  ihe  spin  angular  momentum,  and  of  tta  square,  with  respec*  to  tuc  determi- 

nantnl  wave  functions.  The  operators  s , s , s are  functions  of  spin  only,  and  of  a 

x y i 

single  electron  only.  Thus  they  are  of  the  form  f..  mentioned  earlier,  and  as  pointed 
out  before,  there  will  be  m non-diagonal  matrix  components  between  two  states  in  which 
the  quantum  numbers  of  more  than  one  electron  change,  and  furthermore  there  will  be 
no  components  between  '.wo  states  in  which  the  orbit"!  pert*5  of  the  or.e  electron  functions 
change.  If  we  denote  the  bum  of  the  t*x's  of  all  electrons  by  Sx>  and  similarly  for  the 
other  components,  we  then  find  that  3X  has  non-vanishing  components  only  between  two 
states  whose  sets  of  orbitals  u^  differ  only  in  that  ono  particular  orbital  for  the  initial 
state  corresponds  to  the  opponlt*  spin  from  the  same  orbital  for  the  final  statet  then  the 
non-diagonal  component  of  S%  equals  1/2.  Similarly  S„  has  components  only  between 
such  states,  the  ncn-dlagonal  component  being  i/2  if  the  spin  cii&nges  from  - 1/2  to  + 1/2 
going  from  the  initial  to  the  final  state,  but  - 1/2  if  it  changes  from  + 1/2  to  - 1/2.  The 
component  Sz  has  only  a diagonal  matrix  component,  and  this  is  composed  out  of  con- 
tributions sc  from  each  electron.  These  contributions  equal  1/2  for  all  electrons  of  + 
spin,  - 1/2  for  all  electrons  of  - spin.  The  sum  of  ail  these  is  the  net  z component  of 
spin  of  all  electrons,  measured  in  units  of  h/2w,  this  is  what  ts  usuuliy  called  M*,.  Hence 
we  see  that  S has  a diagonal  matrix,  its  diagonal  component  for  any  determinantal  func- 

tion  being  the  M0  of  that  function. 

a >22 

We  can  now  use  these  rules  to  find  the  matrix  of  Rx“  + Sy  ♦ To  u*.  .1' 

we  need  merely  use  the  familiar  rule  for  multiplication  of  two  matrices.  Thl*  <«•  ■ 

that  \fc-  of  the  product  of  two  matrices  F and  G,  Detween  two  states,  equals  the 

sum  of  products  c?  matrix  components  of  F from  the  initial  state  to  all  possible  inter- 
mediate states,  times  the  component  of  G from  the  intermediate  state  to  the  final  state. 

In  our  calculation,  then,  we  must  loci:  for  all  possible  intermediate  states  between  the 

initial  and  final  state,  and  set  up  the  appropriate  products  for  each.  We  see  at  once  that 
2 2 2 

S„  ♦ S ♦ £ can  have  components  only  between  two  determinantal  functions  with  the 
same  orbital  part  of  the  one -electron  functions,  and  that  furthermore  only  two  electrons 
can  change  their  z component  of  spin  in  going  from  initial  to  final  state:  one  in  going 
from  the  initial  to  the  intermediate  state,  another  going  from  the  intermediate  to  the 
final  state.  If  both  these  electrons  change  their  spin  in  the  same  direction  (that  is.  If 
both  go  from  ♦ to  -,  or  both  from  - to  ♦),  then  the  contributions  of  S x2  will  be  (l/2)i*  * 
1/4,  and  of  S 2(i/2)2  or  ( - i/2)2,  or  - 1/4,  so  that  the  contributions  of  S 2 ♦ S 2 will 

y 2 * y 

cancel.  If  there  are  any  changes  of  spin,  the  contribution  of  S„  will  be  zero.  Thus  we 

2 2 2 * 

see  at  once,  bv  direct  calculation,  that  S ♦ S ♦ S„  will  have  non-vanishing  matrix 

x y z 

components  only  between  two  states  of  the  same  Mg,  since  * * the  spin  of  one  electron 
changes  from  + to  -,  that  of  the  other  from  - to  4,  the  Mg  » ill  be  the  some  in  initial 
and  flr-al 

2 2 2 

Let  os  now  calculate  firut  toe  diagonal  matrix  component  of  G + S ♦ S 
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From  the  operators  S..2  end  Sy2,  we  shall  have  contributions  from  many  Intermediate 
states.  In  fact,  If  any  one -electron  function  of  coordinates  appears  in  the  determ Inantal 
functiuh  we  are  considering  only  once,  with  only  one  spin,  we  can  have  an  intermediate 
state  in  which  this  electron  appears  with  reversed  spin.  We  can  call  such  on  electron  on 
unpaired  electron.  For  each  such  unpaired  electron,  then,  the  contribution  of  from 
the  original  state  to  this  intermediate  state  with  reversed  spin,  and  then  bach  to  the  initial 
state,  will  be  1/4.  Similarly  the  contribution  of  S^2  will  be  l/4t  here,  in  contrast  to  the 
preceding  case,  the  two  factors  multiplied  together  in  finding  Sy2  will  refer  to  transfor- 
mations with  the  spin  changing  in  opposite  directions,  so  that  we  shall  have  (l/2)(  - 1/2)  * 
1/4,  and  the  terms  from  S.  2 will  add  to  those  from  S 2 instead  of  subtracting.  The  net 

2 y 2 * 

result,  then,  la  that  Sx  ♦ Sy  will  contribute  an  amount  1/2  to  the  diagonal  component 
of  tbs  matrix,  from  each  unpaired  spin.  Nothing  will  be  contributed  from  paired  aplna. 
that  la  from  orbital  wave  functions  occupied  by  electrons  of  both  spins,  for  then  the  inter- 
mediate state.  In  which  one  of  the  electrons  changes  the  sign  of  its  spin,  would  be  for- 
bidden by  the  exclusion  principle.  The  operator  S^2  will  contribute  simply  Mg  to  the 

diagonal  component  of  the  matrix.  This  we  conclude  that  the  diagonal  component  of 
2 i 2 2 

S,  + S " + S_  with  respect  to  a determinantal  wave  function  equals  the  Mc  for  that 
x y x - 

wave  function,  plus  1/2  times  the  number  of  electrons  with  unpaired  spin  in  the  wave 
function. 

2 2 2 

Next  let  ua  find  the  non -diagonal  matrix  components  of  fcx  ♦ Sy  + S2  . There 
will  be  no  contribution  from  S 2.  We  hav  vlready  seen  th-t  there  will  be  a component 
only  If  the  spin  of  one  orbital  shifts  from  ♦ to  -,  and  of  another  orbital  from  - to  +,  In 
going  from  the  Initial  to  the  final  wave  function.  There  will  be  two  possible  intermediate 
states:  in  one  of  them,  the  spin  which  was  originally  4 has  changed  to  -,  but  that  which 
was  originally  - la  unchanged,  so  that  this  is  a state  with  two  - spina  for  the  orbitals  in 
question:  the  other  intermediate  state  la  one  with  two  4 spins.  In  either  case,  Sx  con- 
tributes 1/4  going  from  the  initial  state  through  the  intermediate  state  to  the  final  one, 
and  so  does  3^2,  so  that  each  intermediate  state  contributes  1/2  to  the  non-diagonal  ma- 
trix component,  and  the  two  intermediate  states  together  contribute  unity.  Each' non- 
vanishing  non-diagonal  matrix  component  is  then  unity.  We  observe  that  any  orbital  func- 
tion appearing  twice  in  the  determinant,  once  with  4 spin,  once  with  -,  will  take  no  part 
in  the  non-diagonal  matri*  components,  since  the  possible  intermediate  states  formed 
from  this  would  be  forbidden  by  the  exclusion  principle. 

2 2 2 

We  have  seen,  then,  how  to  find  the  matrix  components  of  S^,  t S„  + S_  • W » 

(431  x y z 

have  followed  this  the  method  introduced  by  Johnson,  * ' who  used  these  components 

in  the  way  to  be  described  in  the  next  section.  Johnson  also  computed,  for  reasons  which 

2 2 2 

we  shall  see  shortly,  ix  components  of  L + L + L_  . where  the  L operator 

x y z 

40M.  J.  Johnson,  Jr.,  Phys.  Aev  39.  197  (1932). 
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stands  for  orbital  angular  momentum,  divided  by  h/2w,  just  us  the  S stands  for  spin  angular 

momentum.  The  procedure  used  in  finding  this  Is  entirely  analogous  to  what  we  have  just 

shown.  Wc  start  again  with  Eq.  (1.8),  but  new  the  square  roots  do  not  simplify  as  they  do 

with  the  SDln  We  find  that  L , L , L . the  vector  sum  of  the  orbital  angular  momenta  of  all 

x y z 

the  electrons,  have  non-diagonal  matrix  components  only  between  two  states  In  which  the  or- 
bital quantum  number  m of  a single  electron  has  changed  by  * 1 unit,  and  these  non- diagonal 
matrix  components  follow  at  once  from  Eo  (>  S)  The  quantity  I.  has  a diagonal  matrix,  the 
diagonal  components  being  just  M.  , the  sum  of  the  components  a*  orbital  angular  momentum 

Lt  2 2 2 

along  the  z axis  fer  all  electrons.  We  can  find  the  matrix  components  of  L.  ♦ L r L_ 

x y z 

just  as  In  the  spin  case,  by  matrix  multiplication,  though  the  formulas  are  not  as  simple  as  In 
the  spin  case.  We  find,  a*  before,  that  there  are  no  non -diagonal  matrix  components  between 
two  states  of  differ*r>*  value.  The  only  non-diagonal  components  then  come  between  two 
states  which  differ  In  that  the  m of  one  electron  has  increased  by  1 unit,  and  that  of  one  other 
electron  has  decreased  by  1 unit,  between  the  Initial  and  final  functions.  As  for  the  opln,  In 
calculating  either  diagonal  or  non-diagonal  components,  we  must  take  account  of  all  possible 

Intermediate  states,  consistent  with  the  exclusion  principle,  find  the  components  of  L 2 and 

2 * 

Ly  arising  from  transitions  from  Initial  to  final  state  through  these  intermediate  states,  us- 
ing Eq.  (1.8),  and  combine  the  results.  The  final  result  Is  very  simple  to  work  out,  though 
the  formula,  as  given  in  the  reference  cited  by  Johnson,  is  a little  complicated  to  write  down, 
simply  because  It  tries  to  take  account  of  all  those  cases  permitted,  or  forbidden,  by  the  ex- 
clusion principle.  We  shall  not  state  the  formulas,  since  the  reader.  If  interested,  can  work 
them  out  for  himself  from  the  directions  which  we  have  given,  about  as  easily  as  he  can  learn 
to  understand  the  notation  necessary  »o  write  them  down  explicitly. 

Johnson  also  works  out  the  matrix  components  of  the  scalar  product  L S + L S > 

* * y y 

LS, , again  for  reasons  which  we  shall  explain  shortly.  Here  again  the  method  is  obvious 
from  what  we  have  already  said.  This  quantity  has  r.on-dlagonal  matrix  components  only  be- 
tween two  states  differing  from  each  other  In  that  the  orbital  angular  momentum  has  had  its 
component  along  '.tf*  z axis  decrease  by  1 unit  between  the  Initial  and  final  function  while  the 
z component  of  spin  angular  momentum  has  increased  by  an  equal  amwnt,  or  vice  versa. 

Tne  diagonal  matrix  component  Is  simply 


4,  Solution  of  the  Secular  Equation  Troblem  for  an  Atom 

We  have  already  mentioned  that  In  setting  up  the  problem  of  the  structure  of  an  atom, 
we  must  ise  i considerable  number  of  determlnantal  functions,  to  get  a proper  representation 
of  the  real  wave  functions  describing  the  m'lltlplets.  It  would  be  a difficult  thing  to  solve  the 
secular  equation  for  the  energy,  between  these  determlnantal  functions,  if  we  did  not  have  ad- 
ditional Information.  This  addition*!  Information  is  supplied  by  the  behavior  of  the  angular 
momentum,  whose  matrix  components  we  have  discussed  In  the  preceding  section.  Let  us 
now  see  how  they  ore  to  he  used.  We  shall  first  constdei  the  case-  wherr  the  energy  operator 


4.  SOLUTION  OF  THE  SECULAR  EQUATION  PROBLEM  FOR  AN  ATOM 


is  Jest  the  Hamiltonian  of  Eq.  (1.  1),  including  only  kinetic  energy  and  electrostatic  terms. 
Later  we  shall  take  up  the  more  complicated  ccse  In  which  we  consider  also  the  magnetic  in- 
teractions between  spin  and  orbital  motions  of  the  electrons;  these  magnetic  Interactions,  as 
we  know,  are  responsible  for  the  energy  separation  between  the  levels  of  he  multlplets 

? trst  we  remind  the  reader  cf  the  simplified  method  o’  handling  the  problem  introduced 
by  the  present  writer^41^  in  nls  paper  on  the  subject.  We  note  in  the  first  place  that  there  are 
no  non-diagonal  matrix  components  of  energy  between  states  of  different  M^  or  Mg  values,  so 
that  we  need  to  coneider  secular  equations  only  between  the  various  determinants!  functions 
having  a given  M^  and  Mg.  This  already  greatly  reduces  the  order  of  the  secular  equation. 

But  further,  ne  remember,  as  in  the  discussion  just  mentioned,  that  each  energy  value  ap- 
pears as  a root  of  many  of  these  secular  equations.  Thus  when  we  wish  to  solve  one  of  the 
secular  equations,  we  may  often  find  that  all  of  its  roots  but  one  are  already  known.  Then  we 
may  use  the  diagonal  sum  rule,  according  to  which  the  sum  of  the  diagonal  matrix  components 
of  the  energy  matrix  equals  the  sum  of  the  roots  of  the  secular  equation,  to  find  the  one  miss- 
ing root  by  subtraction,  and  without  having  to  solve  the  secular  equation,  or  even  to  compute 
its  non-diagonal  components.  By  this  means,  as  was  shown  in  the  reference  quoted  above,  we 
can  find  the  energy  levels  of  all  the  muittpleta,  as  far  as  they  are  determined  by  the  electro- 
static Hamiltonian  of  Eq.  (1.  1),  provided  we  have  only  one  multiplet  of  each  L ar.d  S value. 

If  we  have  more  than  one  multiplet  cf  a gives  L and  S value,  then  the  diagonal  sum  rule  allows 
us  only  to  find  the  sum  of  the  energies  of  these  multlpiels.  Thus,  for  instance,  if  we  have  the 
case  of  three  non-equivalent  a electrons,  which  cart  easily  bs  shown  to  lead  to  a quartet  and 
two  doublets,  the  diagonal  sum  rule  only  leads  to  the  sum  of  the  energies  of  the  two  doublets. 

For  the  esses  where  this  method  using  tne  diagonal  sum  rule  is  applicable,  it  is  the 
simplest  way  to  solve  the  problem.  However,  there  are  several  drawbacks  connected  with 
this  method.  In  the  first  place,  it  Is  obviously  inadequate  if  we  have  more  than  one  multiplet 
of  the  same  L and  S value.  In  this  case,  we  can  still  proceed.  Suppose,  for  instance,  that 
the  diagonal  sum  rule  allows  ua  io  find  all  but  two  of  the  roots  of  a secular  equation  of  N rows 
and  columns,  giving  only  the  sum  of  the  two  remaining  roots-  We  can  set  up  the  whole  secular 

equation,  which  we  can  do  if  we  know  the  non-diagonal  Lx.  components  of  energy.  This 

♦v. 

will  b**  »>•  elgebralc  equation  of  the  N'”  degree,  of  which  we  know  N-2  roots.  If  these  roots 

are  aenoted  by  E,,  . . EM  ,,  wc  know  that  the  secular  equation,  which  will  be  of  the  form  of 
N N-l* 

E - a,*"  ♦ • • ♦ Ah  - o.  must  contain  factors  (E  • Ej),  (E  - E^),  . . (E  - EN  2). 

We  the?  divide  the  left  side  of  the  equation  by  these  factors,  and  are  automatically  left  with  a 
quadratic,  which  we  can  solve  by  elementary  method*.  Extension  of  this  method  allows  us  in 
any  case  to  take  full  advantage  of  the  diagonal  sum  rule,  and  solve  secular  equations  by  nu- 
merical or  other  method  only  for  the  final  inescapable  problem  of  handling  the  various  mul- 
tiplets  of  the  same  L and  S value.  However,  this  procedure  may  be  a little  complicated,  and 

41t  C.  Slater,  Phys.  Rev.  34,  1293  (1929);  taken  up  in  QTM,  pp.  I58-J>’9.  <179-489. 
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wc  might  »1sh  a procedure  for  getting  directly  to  the  secular  equation  for  these  remaining 
multiplex  energies.  Wc  know  that  the  various  solutions  of  the  original  secular  equation  cor- 
respond to  multiplet  states  of  various  L and  S values,  and  It  would  be  a help  if  we  could 
separate  it  out  from  the  outset  Into  equations  each  corresponding  to  only  one  particular  L and 
one  particular  S value.  This,  at»  we  shall  see,  can  be  done,  and  each  one  of  these  equations 
will  then  be  reduced  «e  far  as  Is  possible,  from  considerations  of  angular  momentum 

The  second  drawback  of  the  method  of  diagonal  sums  is  that  it  does  not  yield  the  wave 
functions,  but  only  the  energy  values,  of  the  final  states.  These  wave  functions  are  often  re- 
quired. In  particular,  if  we  wish  to  include  the  magnetic  interaction,  which  has  been  men- 
tioned previously,  the  first  step  ia  ordinarily  to  »oive  for  the  degeneracy  problem  arising 
from  the  electrostatic  interaction,  then  use  the  wave  functions  resulting  from  this  as  the 
staring  point  of  a calculation  of  the  energy  levels  and  stationary  states  of  the  problem  includ- 
ing magnetic  energy.  The  first  step  is  to  compute  matrix  components  of  the  magnetic  lnter- 
ar  ' on  with  respect  to  these  wave  functions,  and  this  obviously  cannot  be  done  unless  we  know 
the  wave  functions.  Here  fgsin  s method  of  finding  the  wave  functions  associated  with  a def- 
inite value  of  L ami  S,  as  well  as  of  ML  and 

Let  us  now  aee  how  a knowledge  of  the  behavior  of  the  orbital  and  spin  angular  momen-  ! 

turn  vectors  can  he-p  us  in  our  problem.  We  know  (see  QTM,  as  referred  to)  that  the  Hamil- 
tonian operator  K,  of  Eq.  (1-  l),  commur-o  with  the  z components  of  orbital  and  spin  angular 
momentum,  and  also  with  the  squares  of  the  magnitudes  ol  these  •vngi.lar  momenta.  L 2 + 

2 2 2 2 2 x l 

L i L _ and  S ♦ S„  ♦ S_  . Thus  we  can  separately  diagonalize  ail  of  these  quantities.  1 

y z x y i 

and  in  fact  in  the  final  wave  functions,  which  we  wish  to  arrive  at,  they  sre  all  diagonalizes. 

The  diagonal  components  of  the  z components  of  orbital  and  spin  angular  momer.ti.rn  are  juai 

M,  and  a I-  (in  uni*a  of  h/lw),  and  the  diagonal  components  of  L 2 ♦ L.  2 + L 2 and  S 2 + 
v x y z x 

S * ♦ S * are  L(L  ♦ 1)  and  S(S  ♦ 1)  respectively,  (aee  QTM,  p.  482'  where  L and  S a^e  the 

y z 

orbital  and  spin  quaiuum  numbers.  In  addition,  of  course  the  energy  Is  diagonalized  In  ih»«e 
final  wave  functions.  In  the  original  dcterrnui»mai  wave  functions,  the  z components  of  or- 
bital and  spin  angular  momentum  are  diagonal,  but  the  magnitudes  are  not,  as  we  have  seen 
in  the  preceding  section,  where  we  computed  their  non-diagonal  matrix  components,  «md  of 
course  tb*  energy  is  not  diagonal. 

Now  we  remember  that  Schrfidlnger '*  equation  HU  * EU  is  really  a device  for  finding 

wave  functions  U with  respect  to  which  the  energy  ic  ulegnnallzed-  Similarly  we  could  set 

2 2 • 2 

up  an  operator  equation,  (Sx  ♦ ♦ S7>  ) U * S{3  + 1)U.  and  if  we  solved  it,  the  resulting 

function  U would  make  the  magnitude  of  the  spin  angular  momentum  diagonal.  We  can  go 
further  than  in  Schrbdinger’s  equation,  for  we  know  in  advance,  by  simple  methods,  that  the 
diagonal  matrix  components  equal  S(S  4 1),  no  that  we  do  not  have  to  determine  these  quantl- 

I 

ties.  It  can  now  often  be  the  case  that  this  equation  for  the  spin  angular  momentum  cur.  be 

solved  more  conveniently  than  Schr&dinger's  equation.  For  one  thing,  it  does  not  depend  on 

specific  details  of  the  energy  operator,  so  tUst  tt  can  be  solved  once  foi  all  for  large  classes  « 


is  needed. 
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of  problems.  The  resulting  functions  U will  then  have  close  relationships  to  th*  Hnei  solu- 
tions of  SchrSdinger's  equation  wnich  wo  desire.  There  will,  however,  be  widespread  degentr 
acy  in  the  solutions  of  this  spin  equation.  We  see.  by  unalogy  with  Schrodinger 's  equation, 
that  any  two  wave  functions  associated  with  the  same  S value,  or  same  multiplicity,  will  act 
like  -icgcr.c,  ate  states,  and  the  equation  will  not  uniquely  determine  the  solutions,  out  only 
linear  combinations  of  them.  Thus  we  cannot  hope  to  solve  our  whole  problem  by  the  use  of 
these  operators.  But  we  can  at  least  separate  out  the  wave  functions  associated  with  the  dif- 
ferent multipllcltes,  and  this  i.i  the  sort  of  thing  we  are  trying  to  dc. 

We  ran  make  our  argument  clearer  by  using  one  or  two  examples.  Let  us  first  take 

the  familiar  case  of  two  non-equivalent  s electrons,  where  we  have  a singlet  and  triplet.  We 

know  that  we  have  four  deter minantal  states:  one,  with  Mg  = 1,  with  two  4 spins:  a second, 

with  Mg  * 0,  with  the  first  orbital  function  (which  we  may  denote  a}  having  a 4 spin,  and  the 

second  (whijh  we  denote  b)  a - spin;  a third,  also  with  Mg  a o,  with  a having  s spin,  b 

having  a 4 spin:  and  a fourtn  state,  with  Mc  = - 1,  with  both  - spins.  From  the  rules  for  de- 

2 “2  2 

terminirg  the  matrix  components  of  S_  4 S 4 S,  , from  the  preceding  scv-tlon,  we  find  at 
once  that  the  first  and  fourth  states  have  diagonal  matrix  components  equal  to  2,  and  no  non- 
diagonal  matrix  components  connecting  them  with  any  other  state.  This  is  as  it  should  be; 
they  both  are  connected  with  the  triplet  state,  for  which  the  diagonal  components  shou’d  be 
S»f«i  *•  » } 2.  The  states  2 and  3.  with  Mg  * 0,  have  diagonal  matrix  components  of  unity,  and 

non-diagonal  matrix  components  also  of  unity.  Let  us  now  consider  the  resulting  secular  equa- 


Let  Uj,  U2  be  the  determinant;-.?  wove  functions  associated  with  these  two  statts  of 
Mg  = 0,  and  let  us  write  the  linear  combination  which  we  are  looking  for  TjUj  v T-jU'^.  We 
wish  to  chooke  Tj,  T2  so  that  the  equation  (Sx*  4 Sy2  4 S^VT.Uj  4 T2U2)  * S(S  ••  1)(TjUj  4 
T2U2)  will  be  satisfied,  where  we  are  to  insert  5 =•  0 for  the  singlet,  S = 1 for  the  triplet. 

In  the  usual  way  we  multiply  the  equation  above  first  by  Uj*.  then  by  U2*,  and  in  each  case  in- 
tegrate over  coordinates  and  sum  over  si  n,  and  us*  the  orxhcnormal  properties  of  the  U's. 

Then  we  have  the  matrix  equations 

K2  ♦ Sy2  4 Sz2)u  - S(5  * 1)]  T,  4 (5X2  4 sy2  4 Sz2)12  T2  = 0 . 

222  f ■>  j 2 1 ^®> 

<3x  + V * V>12  T1  1 L(V  * V + Sz  >22  - 3<S  + !>]  T2  » 0 • 

2 2 2 

Here  (S  + S 4 S , represents  the  (1,1)  matrix  component  of  the  square  of  the  cpir 
x y x * * 

angular  momentum,  and  so  cn.  Putting  in  the  knov/n  values  of  these  matrix  components,  we 

[l  - S(S  4 1)]  Tj  4 T,  = 0 

r 1 (L  i 1) 

T,  4 [t  - S(S  4 l)jT2  = 0 

' he  **cuiar  equation  associated  with  these  two  simultaneous  linear  equations  is  of  course 
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1 - S*S  ♦ 1)  l| 

= 0 

1 1 - sis  + 1)1 

whose  solutions  are  at  once  found  to  be  S = 0.  1,  as  we  already  knew  they  should  be.  If  we 
put  S * 1 in  (1.  11),  tc  get  the  triplet  wave  functions,  we  find  Tj  = T^.  so  that  the  triplet  wave 
function  is  the  sum  cf  the  functions  Uj  and  "z  •>*  -ably  normalized).  Similarly  putting  S = 0 
for  the  s'ngieT.  we  find  Tj  = - T^.  These  results  agree  with  those  of  elementary  discussion 
(see  QTM  p.  196),  but  we  have  obtained  them  without  considering  the  form  of  the  energy  op- 
erator at  all. 

The  case  just  considered  is  of  course  trivial;  but  now  let  us  consider  three  non-equiva- 
lent s electrons,  which  is  not  trivial.  Let  the  orbital  parts  of  the  wave  functions  be  denoted 
by  a,  b,  c.  Then  we  have  one  determlnantal  function  with  Mg  = 3/2,  with  ♦ spins  on  all  three 
orbitals;  three  determlnantal  functions  with  Mg  = 1/2,  of  which  one  has  + spina  on  a and  b, 
a - spin  on  c,  and  the  other  two  have  the  minus  spina  on  a and  b respectively;  three  similar 
functions  with  Mg  ■ - 1/2,  and  one  with  Mg  = - 3/2.  We  find  at  once  that  (Sx2  ♦ S^2  + Sz2) 
has  a diagonal  component  of  15/4  for  the  states  of  Mg  = ± 3/2,  and  no  non-diagonal  components 
from  these  states  to  any  others.  These  spates  correspond  to  the  quartet,  for  which  the  diago- 
nal component  should  be  (V 2)(5/2)  r 15/4,  as  Is  found.  For  the  states  with  Mg  = 1/2,  we 
find  diagonal  components,  all  equal,  of  7/4,  ar.d  r.?r.  - diagonal  components  between  each  pair, 
equal  to  1.  If  we  then  set  up  a linear  combination  TjUj  + T2U2  + T3U3  °-  the9e  functions, 
and  proceed  as  before,  the  three  equations  analogous  to  (1.  11)  are 

[7/4  - S(S  + l)]  Tj  ♦ T2  ♦ T3  h 0 

T1  * [v/4  ' 5<3  + *)]  Tz  * T3  = 0 (i-  U) 

Ti  ♦ t2  ♦ [7/4  - s(s  + d]t3  ■ 0 . 

We  verify  at  once  that  the  secular  equation  arising  from  these  equations  has  a single  root 
S * 5/2,  aii'l  a,  double  root  S -»  l/2,  corresponding  to  the  quariet  and  the  two  doublets.  If  we 
set  S » 3/2  In  Eq.  (1.  12).  to  get  the  T’s  corresponding  to  the  quartet,  we  find 

- 2Tj  + Tj  t Tj  ' 0,  T,  - 2T,  ♦ T3  = 0.  T,  ♦ T^  - 2T3  = 0 

whose  solution  Is  at  once  found  to  be  Tj  =»  T^  = Ty  Thu»  the  quartet  function  Is  the  sum  of 
Uj,  U;j.  and  UJ(  properly  normalized.  If  on  the  other  hand  we  set  S a 1/2,  to  find  the  doub- 
lets, we  find  that  all  three  equations  reduce  to  one,  Tj  4 T2  ♦ T3  = 0. 

This  single  equation  Tj  ♦ T^  + Tj  = 0 does  not  untquely  determine  the  wave  functions 
of  the  two  doublets,  and  we  should  not  expect  that  it  would.  We  can  see  what  is  happening  bet- 
ter If  we  look  ai  it  geometrically.  We  remember  that  a wave  funetic*.  can  be  represented  as 
a vector  In  a many -dimensional  space.  In  our  case,  the  three  functions  U , L'2.  U3  can  be 
regarded  at.  three  orthogonal  vectors  In  a tb-.„  dimensional  spac?  Thor,  the  combination 
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TjU,  4-  T^U2  + T,U,  Is  a Nector  ir.  this  space  whose  components  along  Uj,  U2>  and  Uj, 
which  we  m*y  regard  «s  unit  vectors,  are  t T^,  and  Tj.  The  equation  Tj  “ 7?  - T?. 
which  holds  fcr  the  quartet  functions,  mesn^  that  this  function  is  represented  by  a unit  vector 
along  the  diagonal  of  the  first  octant,  making  equal  angles  with  each  of  the  axes.  The  other 
rv.o  vectors,  rr presenting  the  two  doublets,  mu«i  be  orthogonal  to  this  vector,  or  must  lie  in 
the  plane  normal  to  it.  But  we  have  found  that  these  doublets  are  determined  by  the  equa'ton 
T,  + T2  + T3  = 0,  which,  like  the  equation  x + y + z a 0,  is  just  the  equation  of  this  plane. 
We  may  choose  any  two  unit  vectors  at  right  angles  to  each  other  in  this  plane,  and  they  will 
then  be  suitable  functions  to  represent  the  doublet  functions.  We  may  then  find  the  matrix 
components  of  the  Hamiltonian  function  with  respect  to  these  two  functions,  and  solve  the  re- 
sulting quadratic  secular  equation,  yielding  the  two  doublet  energy  levels  and  wave  functions 
of  the  problem.  Thus  we  have  avoided  having  to  solve  a cubic  secular  equation  between  all 
three  states  with  Mg  * 1/2. 

In  order  to  &et  up  the  secular  equation  between  these  two  doublet  states,  we  must  find 
the  matrix  components  of  energy  with  respect  to  these  wave  functions  of  the  form  T.U.  -4 
T2U2  ♦ TjUy  when  we  knew  the  matrix  components  with  respect  to  the  U's.  This  is  a 
straightforward  problem  in  the  transformation  theory  of  matrix  mechanics:  the  problem  of 
finding  the  matrix  components  of  any  operator  with  respect  to  the  transformed  wave  functions 
£lj)  TjjUj.  when  we  knew  the  matrix  components  of  the  operator,  which  we  may  take  to  be 
Hjj,  with  respect  to  the  original  functions  U.  This  transformation  theory  was  worked  out  in 
the  beginning  of  the  development  of  matrix  mechanics,  appearing  in  the  original  papers  of 
Heisenberg  and  others,  already  cited.  It  is  thus  a familiar  theory;  but  since  it  is  not  tak»n 
up  in  QTM,  it  may  not  be  familiar  to  the  reader,  and  for  that  reason  we  show  how  to  carry  out 
the  transformation.  The  matrix  component  of  an  operator  like  H,  with  respect  to  the  original 
functions  U,  is  defined  as  Htj  ■ jUf  HUj  dv.  To  find  the  matrix  components,  which  we  shall 
define  as  H^\  with  respect  to  the  transformed  wave  functions,  we  obviously  have 

Hij'  = /tok)  Tik*  v)  H T«nUr.)dv 


- U-13) 

10c.  n)  Tlk.  Hkn  Tjn 


This  stmp.e  formula  contains  enough  of  the  transformation  theory  for  our  present  purposes,  or 
for  most  purposes.  The  T's  ere  determined  by  our  discussion  of  the  spin  operator,  as  men- 
tioned above,  the  matrix  components  are  computed  by  the  usual  rules  with  respect  to  the 
original  determinantal  wave  functions,  and  Eq  (1.  13)  allows  us  at  once  to  set  up  the  matrix 
components  H^  ■'  with  respect  to  our  combinations  of  determinant::,  act  up  '<.<./  diagonalize  <ho 
magnitude  of  the  angular  momentum.  1 hus  we  have  all  the  necessary  ingredients  for  making 
use  of  the  spin  in  the  process  of  solving  our  secular  equation  in  the  , roblem  of  & complex 
spectrum. 

We  have  seen  Sow  we  can  help  solve  the  secular  equation  by  use  of  spin  angular  mo* 
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mentur.i.  In  the  e-tcmple  we  chose,  of  »hree  non -equivalent  s electrons,  there  is  of  course  no 
orbital  angular  momentum,  so  that  we  can  make  no  use  of  it.  But  in  cases  where  there  is  or- 
bital angular  momentum,  the  <Hngonall~ation  of  the  sp.n  will  not  accomplish  all  that  is  possible 
before  «t  wnte  the  secular  equation.  In  such  a case,  among  the  solutions  corresponding  to  a 

given  M,  and  M_.  we  have  solutions  corresponding  io  different  spins  S,  and  also  to  different 

*'  a 2 2 2 
azimuthui  quantum  numbers  L.  By  diagonalizing  S + S + S , we  shall  he  left  with  a 

x y z 

degeneracy  between  the  states  corresponding  to  different  L's.  We  can  then  carry  out  the  same 

r'roces;  o'-pr  again,  but  now  applied  to  orbital  angular  momentum.  That  is,  we  can  take  the 

transformed  wave  functions  corresponding  to  a given  value  of  Mc»  M.  , and  S,  and  tranform 
2 2 2 a l, 

the  operator  L + L + L io  inis  set  of  wave  functions,  using  the  type  of  transformation 
x y z 

given  in  Eq.  (1.  13).  Then  we  set  up  a secular  equation  for  diagenalizing  this  quantity,  just  as 
we  did  earlier  for  the  spin.  This  will  allow  us  to  find  new  wave  functions,  combinations  of  the 
ones  found  before,  which  make  both  the  magnitude  of  the  spin  and  of  the  orbital  angular  mo- 
mentum diagonal.  The  energy  operator  will  have  no  non-diagonal  matrix  components  between 
the  states  of  different  S and  L,  so  that  if  we  transform  the  energy  operator  to  these  functions, 
we  shall  be  In  position  to  set  up  the  secular  equation  for  the  energy. 

This  is  as  far  as  we  need  to  carry  the  problem,  if  we  are  considering  only  electrostatic 
energy.  If  wc  are  including  also  the  magnetic  interaction  terms,  however,  we  must  go  fur- 
ther. We  shall  not  discuss  he  nature  oi  these  terms  in  the  Hamiltonian  in  detail  at  present, 
but  for  our  present  purposes  we  need  only  note  that  they  take  the  form  of  torques  between  the 
orbital  and  spin  angular  momenta  of  the  various  electrons,  torques  internal  tc  the  system, 
that  they  allow  the  total  angular  momentum  of  tin.  witoie  atom  to  be  co.iser  r >-••*  „v,  ..... 

conservation  of  the  orbital  and  spin  angular  momenta  separately.  In  other  words,  once  these 
terms  are  included  in  the  Hamlltonia. i,  the  quantities  measured  by  Mg,  M^,  S,  and  L are  no 
longer  cowstants  of  the  motion,  but  J,  which  represents  the  magnitude  of  the  vector  sum  of 
orbital  and  spin  angular  momentum,  and  Mj,  its  component  along  the  axis,  will  still  be  con- 
served. In  other  words,  the  total  Hamiltonian  still  commutes  with  the  operators  represented 
by  Sz  ♦ Lz,  and  by  2 + Jy2  + Jz2  = (Sx  i Lx)2  r (S  ♦ Ly)2  ♦ Sz  + Lz)2.  which  in  turn 

equals  (S  * + S*  *•  S })  + (L  2 + L2  + L 2)  + 2 (EL  + S L + S L ).  Let  us  then  di- 
agorudlze  this  quantity.  Since  Sx*  + S^4*  ♦ Sz£  and  Lx4  + + Lz~  nave  already  been  di- 

agonalized, and  since  both  these  quantities  ern  be  easily  proved  to  commute  with  SxLx  + 

S L + S_L  . we  can  diagonalize  the  latter  quantity  without  destroying  the  diagonaiizutlor.  of 
y y z z 

the  magnitude  of  spin  and  orbital  angular  momentum  (though  this  diagonallzatlon  will  be  de- 
al* uyed  when  we  diagonalize  the  magnetic  interaction  in  the  Hamiltonian).  Since  we  have  noted 

that  S L ♦ S L + S L Involves  non-diagonal  components  between  terms  with  dtffcrem  M0 
x x y y x z 

and  M.  , but  the  same  MT.  we  shall  find  that  ihis  diagonallzatlon,  which  we  can  carry  out  by 

Lj  j 

the  same  procedure  au  previously,  will  lead  to  final  wave  functions  whl.-.h  arc  combination*:  of 
several  of  our  earlier  functions,  all  corresponding  to  the  same  S end  L,  values,  but  with  dif- 
ferent Mg  and  M,  though  t.-.o  same  Mj. 
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Each  of  the  final  wave  functions  whic  h we  have  obtained  in  this  way  corresponds  to  a 
definite  S,  L.  J.  and  Mj.  The  mail  In  of  the  electrosirtic  pair!  of  the  Hamiltonian  is  diagonal 
with  feepect  to  these  wave  functions,  nc  fur  as  non-diagonal  < om^onents  between  dlf:e;  ent  S 
and  L values  ore  concerned.  Let  us  assume  that  we  have  iolveJ  the  resulting  secular  equa- 
tions for  the  elec  .rostatic  energy  so  that  we  luve  completely  diagonalized  the  electrostatic 
energy.  We  have  then  secured  the  correct  wave  functions  to  describe  the.  L-S  or  Russell  - 
Saunders  coupling,  in  which  we  assume  the  magnetic  Interaction  to  be  negligible  compared  to 
the  electrostatic  terms.  Next  we  set  up  the  matrix  components  of  the  magnetic  energy.  This 
can  easily  be  done  (though  we  have  not  shown  how  to  do  it)  in  the  original  determlnanial  wave 
functions.  We  have  found  the  complete  transformation  from  tnese  functions  to  our  final  func- 
tions expressing  L-S  coupling,  with  J diagonalized.  We  find  that  we  have  non-diagonal  matrix 
components  of  this  magnetic  energy  only  between  functions  with  the  same  J value,  as  we  see 

from  the  fact  that  the  complete  energy  operator  commutes  with  J 2 •*  J 2 .+  J 2,  but  there  are 

x y z 

non-diagonal  matrix  components  between  states  with  different  S and  L values,  since  In  the 
presence  of  the  magnetic  torques  the  spin  ana  orbital  angular  momenta  are  no  longer  constants 
of  the  motion.  In  case  these  non-diagonal  components  are  small  compared  to  the  energy  sep- 
aration between  the  multiplets,  we  have  the  case  of  Russell-Sanryi^rs  coupling.  In  that  case, 
for  a first  approximation,  we  can  disregard  these  nnn-dlagonol  matrix  components.  The  di- 
agonal matrix  components  of  the  magnetic  energy  will  then  give  the  correct  multlolet  separa- 
tions, and  from  the  form  of  the  magnetic  energy  we  derive  the  Land£  interval  rule,  and  other 
properties  of  the  multiplets  mentioned  ir.  the  references  already  given. 

If  the  ncr.-diogorial  matrix  components  of  magnetic  energy  between  different  multiplets 
are  not  negligible,  however,  we  must  -solve  a secular  equation  between  all  states  of  the  same 
J value,  and  there  is  no  way  of  further  simplifying  this  secular  equation,  though  we  know  its 
matrix  components.  The  result  will  be  e.  deviation  of  the  multlplet  separations  from  the  Land6 
Interval  rule,  and  from  R.  ss-11  -Saunders  coupling.  In  the  extreme  case  where  the  magnetic 
energy  is  large  compared  to  the  electrostatic  term?',  which  can  occur  in  some  cases  with  heavy 
atoms,  the  ovpartqre  from  Russell -Saur.aers  coupling  can  be  complete,  and  we  can  have  what 
Is  called  j-j  coupling.  We  do  not  have  to  do  anything  different  to  «olve  our  problem,  however: 
the  solution  of  the  »ceulur  equation  between  all  s'.r.t  J.  ♦he  same  J value  will  still  give  the 
final  energy  levels  of  the  problem. 

The  only  remaining  compile allon  which  is  ordinarily  introduced  Is  to  Impose  an  external 
magnetlo  iieid,  resulting  In  the  Zeeman  effect.  It  is  easy  to  find  the  matrix  components  of  this 
extern-'J  magnetic  energy  In  the  original,  determlnantal  wave  functions.  But  by  the  various 
steps  which  we  have  outlined,  we  now  know  the  complete  transformation  from  these  original 
determlnantal  functions  to  the  final  functions,  taking  account  of  electrostatic  energy  and  of  the 
magnetic  interactions  within  the  atom.  In  the  presence  of  an  external  magnetic  field,  J Is  no 
longer  a co  istaiit  of  th<  motion,  only  Mj  b-ilng  constant.  Thus  we  have  non-diagonal  matrix 
components  of  the  external  magnetic  energy  between  states  of  the  same  Mj  but  different  J.  I' 
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the  magnetic  field  is  small,  these  non -diagonal  matrix  components  can  be  neglected.  If  it  is 
large,  however,  they  most  be  considered,  and  we  must  solve  a final  secular  equation  between 
ali  states  of  the  same  Mj.  In  the  case  where  we  neglect  the  non-diagonal  matrix  components, 
wc  have  the  ordinary  Zeeman  effect;  if  -5  have  to  consider  them,  we  have  the  Paschen-Back 
effect,  which  occurs  when  the  Zeemar  splitting  is  comparable  with  tlie  separation  between 
nmltlplet  levels  in  the  absence  of  the  magnetic  field.  The  procedure  we  have  outlined,  in 
princtplc,  allows  us  tc  find  this  Paschen-Back  effect  in  all  Intermediate  cases  between  Russell- 
Saunders  and  J-j  coupling. 

We  have  outlined  in  this  section  the  general  treatment  of  the  secular  equation  for  the 
problem  of  a complex  spectrum,  including  all  the  types  of  simplification  which  can  be  deduced 
from  the  angular  momentum  relations.  With  this  treatment,  » certain  part  of  the  theory  of 
complex  spectra  Is  really  complete,  ihough  of  course  we  have  not  worked  out  detailed  examples. 
The  theory  was  worked  out  by  a number  of  persons,  in  the  years  immediately  following  the 
development  of  the  determinantal  metnod  in  1929.  Amonft  them  we  may  particularly  mention 
E.  U.  Condon  and  G.  H.  Shortley,  as  well  as  M.  11.  Johnson,  Jr. , to  whom  we  have  already 
referred.  The  well-known  text  by  Condon  and  Shortley  summarizes  most  of  this  work,  though 
the  original  pspers  are  often  easier  to  read  than  the  text.  We  give  below  a bibliography  of 
some  of  the  principal  papers  dealing  with  the  determinantal  method  as  applied  to  complex 
spectra,  mostly  in  the  period  from  1929  to  1935,  when  Condon  and  Shortley's  Theory  cf  Atomic 
Soectra  (Cambridge)  was  published. 
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5 The  I]  nr tree -Fock  Method 

I"  *he  preceding  sections,  we  have  beer,  handling  principally  one  aspect  of  the  deter- 
minnntai  method  for  atoms:  the  solution  of  the  secular  equation  between  a number  of  different 
determinants!  functions,  made  up  out  of  one -electron  >rbitals.  Row  we  turn  to  the  other  as- 
pect of  the  problem,  the  choice  of  one-electror.  orbitals.  First  we  consider  the  case  where 
we  are  dealing  with  only  a single  determinantal  function;  lr.  this  case  we  are  led  to  the  Hartree- 
Fock  method. 

rn  Section  1,  we  have  mentioned  ilu.1  2i« utree  arrived  at  his  self-consistent  field  method 
in  an  Intuitive  manner.  It  occurred  independently,  however,  to  the  present  writer^*2^  and  to 
Fock/43^that  it  ought  to  be  possible  to  derive  Hartree's  equations  in  a straightforward  manner 
from  the  variation  principle  of  quantum  mechanics.  If  H is  the  Hamiltonian  operator  for  a 
given  problem  in  quantum  mechanics,  and  if  u is  a normalized,  but  otherwise  arbitrary  func- 
tion of  the  coordinates  and  spins  of  the  particles  of  the  problem,  then  we  may  construct  the 
diagonal  energy  Ju+H  u dv.  This  will  have  a definite  value  for  each  value  of  the  function  u. 
Then  we  can  show  that  if  u is  one  of  the  correct  wave  functions  of  the  problem,  this  energy 
Integral  is  stationary  with  respect  to  small  variations  of  the  wave  function.  The*  tc,  if  a de- 
parts from  one  of  the  correct  wave  functions  by  a small  quantity  of  the  first  order,  the  diago- 
nal eneigy  will  depart  by  a small  quantity  of  the  second  order.  This  result,  which  seems  very 
plausible  from  the  known  behavior  of  the  perturbation  theory  of  quantum  mechanics,  is  easy 
to  prove,  and  we  shall  give  a proof  presently,  in  case  the  reader  is  not  familiar  with  it.  In 
particular,  if  we  are  dealing  with  the  lowest  stationary  state  of  the  problem,  the  diagonal  en- 
ergy takes  on  a minimum  value  for  the  correct  wave  function  of  the  problem:  no  incorrect 
wave  function  u can  give  as  low  a value  for  the  energy  Integral  as  the  correct  wave  function. 

If  now  we  have  a function  with  a number  of  parameters  In  it,  we  can  get  a certain 
amount  of  variation  into  the  function  by  varying  the  values  of  these  parameters.  If  we  com- 
pute the  energy  integral  Ju * H u dv  as  a function  of  these  parameters,  we  may  reasonably 
nope  that  if  we  choose  those  values  of  the  parameters  that  make  the  euergy  Integral  a minimum, 
we  shall  obtain  the  best  approximation  to  the  ground  state  of  the  system  which  the  given  func- 
tion is  ilile  to  take  on,  by  variation  of  its  parameters.  There  is  one  particularly  simple  case 
of  this  method.  That  Is  the  one  In  which  the  assumed  function  Is  a linear  combination  of  a 
number  of  given  fur-lions,  so  that  the  '■o»ffi<-i-nts  in  this  linear  combination  are  the  parair.e 
ters  in  question.  Then  it  proves  to  be  true,  and  we  shall  prove  >t  shortly,  that  the  result  of 
the  variation  method  is  j»«t  *he  same  as  the  result  of  the  ormnary  perturbation  method,  which 
also  deals  with  9 s»m  of  a number  of  unperturbed  functions.  But  the  variation  method  is  much 
broader  than  this,  for  the  parameters  can  enter  into  function  n er;y  arbitrary  way,  and 
still  we  ran  vary  these  parameters  to  maKe  the  energy  integral  a minimum.  Foi  instance,  we 

42J  C.  Slater,  Phys.  Rev.  35,  210  (1930). 

43V.  Fock,  Z.  Physix  61,  126{i930}. 
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mBjf  hrve  a wave  function  whose  general  shape  Is  known  to  be  correct,  but  whose  scale  Is  not 
fixed:  we  might  use  a more  extended  or  more  concentrated  wave  function.  We  can  compute  the 
energy  as  a function  cf  the  scale  factor,  vary  this  to  make  the  energy  a minimum,  and  thus  get 
the  best  approximation  to  the  wave  function  of  the  ground  s.ate.  We  shall  mention  such  applica- 
tions later. 

The  application  of  the  variation  pi  inciple  leading  to  the  Hartree  method  is  a broader 
one,  hcwsvvr.  Suppose  we  approximate  the  wave  function  of  the  n-eiectron  problem  by  the 
product  of  one-electron  functions  Uj(x^Sj)  . . un(xnsn).  We  can  compute  the  energy  integral 
for  this  function.  We  can  then  ask  what  one -electron  functions  Uj  , . un  will  make  the  energy 
Integral  a minimum.  This  question  can  be  formulated  mathematically,  and  it  leads  to  partial 
differential  equations  for  the  function*  . . un>  which,  with  very  minor  qualifications,  are 
the  differential  equations  to  which  Hartree  had  already  been  led  Intuitively.  If  Instead  of  the 
simple  product  of  one -electron  functions  we  take  the  determinaniai  function  of  Eq.  (1.2),  so  as 
to  take  proper  account  of  the  antisymmetry  of  the  wave  function,  we  can  again  compute  the  en- 
ergy integral,  and  can  again  vary  the  one-electron  orbitals  to  maxe  the  energy  a minimum. 

This  leads  to  slightly  different  equations,  and  these  are  generally  called  the  Hartree-Fock 
equations.  These  equations,  then,  give  the  best  one -electron  orbitals  to  use  lit  constructing 
a single  detcrmlncntai  approximation  to'  the  true  wave  function  of  the  ground  state  of  a system. 
Wc  shall  now  go  through  the  problem  of  setting  up  these  equations  in  ‘er  v , ■:  ji^JI  then  in- 

vestigate their  nature  and  meaning. 

First,  wc  consider  the  variation  method  itself.  It  is  well  known  that  very  generally 
the  differential  equat4ons  of  the  type  of  Schrodir.-er's  equation  can  be  derixred  from  variation 
principles!  the  reader  acquainted  with  the  general  theory  of  the  Sturm-Liouvllle  equation  will 
be  familiar  with  this  fact.  Schrodlnger,  in  his  firit  paper  setting  up  wave  mechanics,  set  up 
a variation  principle  from  which  he  derived  his  equation.  The  integral  which  he  used  is  slight- 
ly different  from  the  integral  J u*  H u dv  which  we  are  considering:  in  place  of  the  Laplaclan 
operator  to  represent  the  kinetic  energy,  the  square  of  a gradient  appears.  Schrodlnger'* 
form  Is  the  correct  and -more  general  way  to  write  the  variation  principle,  but  the  form  whit’, 
we  nave  described  can  be  derived  from  It  in  a great  many  cases,  and  is  satisfactory  for  most 
ordinary  applications  (the  exceptions  cor ne  where  there  are  surfaces  over  which  the  function 
u has  r discontinuous  slope).  Wc  do  not  wish  here  to  give  a general  discussion  of  variation 
principles,  but  shall  merely  give  a slmrllfied  discussion  of  the  principle  as  applied  to  Schro- 
dlnger's  equation,  sufficient  for  our  present  purposes. 

Let  us  consider  the  energy  Integral  ju*  H u dv,  and  let  us  make  a small  change  in  u, 
that  it  changes  to  u + 6u,  where  6u,  like  u,  is  a function  cf  the  coordinates  pnd  -pin.  Of 
cou***e,  we  must  make  a corresponding  change  6u*  in  u*.  Then  the  change  produced  in  the 
energy  integral  is  J 6u*  H u dv  ♦ J a*  H 6u  dv.  We  wish  to  have  this  change  a small  quantity 
of  higher  order,  provided  u remains  normalized.  This  proviso  can  be  stated  by  saying  that 
the  normalization  lrtegrol  /u*  u dv  is  to  be  unchanged,  or  that  its  change,  which  wc  mav 
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write  as  J 6u*  u dv  + J u*  fiu  dv.  io  zero  '&'e  n first  shew  that  the  second  term  hi  each  of 
these  expressions  is  merely  the  complex  conjugate  of  the  first.  This  is  obvious  with  the  nor- 
malization integral,  where  the  second  term  may  be  written  » s / $u  u+  dv.  With  the  energy  in- 
tegral, tt  is  also  obvious  with  the  potential  energy  term.  Thus  let  the  potential  energy  oper- 
ator be  V.  Then  the  second  term  in  the  variation  of  *he  potential  energy  Integral  is  / u*  V 
6u  dv,  which  is  the  conjugate  of  Jh u*  V u dv,  since  V is  always  real 

^ith  the  kinetic  energy  integral,  we  must  use  Green’s  theorem.  Thus  if  we  h»«t  a prob- 
lem with  only  one  particle,  H would  involve  the  operator  Now  by  Green's  theorem, 

/( u*V2  6a  - 6u\7^  u*)  dv  = J{ u*  grad  fiu  • n - 6u  grad  u*  • n)  da  , 
where  the  right-hand  side  represents  a surface  integral  over  the  surface  bounding  the  volume 
of  integration,  and  n represents  the  outer  normal.  In  the  ordinary  cases,  with  Schrodlnger’s 
equation,  the  integration  can  be  over  all  space,  and  the  surface  Integral  vanishes.  Thus  we 
see  that  the  kinetic  energy  term  in  fu*  H 6u  dv  is  the  conjugate  of  that  in  J 6u*  H u dv.  Our 
proof  applies  directly  only  with  one  particle,  but  the  extension  to  many  particles  Is  very  sim- 
ple, using  a many-dimensional  form  of  Grcer.'s  theorem.  We  thus  have  shown  that  the  second 
Integral  in  both  of  our  expressions  is  the  conjugate  of  the  first.  If, then,  we  can  demand  that 
the  variation  J& u*  H u dv  be  a small  quantity  of  higher  order,  for  all  variations  Su*  for 
which  the  variation  J u dv  is  zero,  we  shall  have  proved  cur  point  for  the  complex  con- 
jnv**e  ri  J ou*  H u dv  will  also  be  small  of  higher  order,  and  the  complex  conjugate  of  Ji u* 

..  dv  will  also  be  zero.  The  result  Is  just  as  if  we  varied  only  u*,  leaving  u unchanged. 

In  the  preceding  paragraph,  we  have  merely  asked  how  to  state  the  condition  that  the 
energy  Integral  be  stationary  for  all  changes  of  u which  leave  u normalized;  we  have  not  yet 
naked  what  results  from  this  condition.  As  a step  in  asking  this  question,  we  use  the  method 
of  undetermined  multipliers,  which  is  generally  used  when  we  have  a variation  problem  with 
a subsidiary  condition,  such  as  our  normalization  condition.  If  it  were  not  for  this  subsidiary 
condition,  we  could  state  the  consequences  of  having  the  energy  integral  stationary  at  once. 

If  the  Integral  Jh\i*  H u dv  is  to  oe  a small  quantity  of  higher  order,  independent  of  £u+,  we 
must  clearly  have  H u everywhere  zero,  for  *f  it  were  different  from  zero  :or  any  value  of  the 
coordinates,  we  could  let  6u*  be  different  from  zero  uidy  In  that  neighborhood,  and  we  should 
certainly  find  that  the  integral  was  not  zero.  This  is  the  usual  procedure  used  in  the  calculus 
of  variations.  But  when  we  have  a subsidiary  condition,  we  demand  not  that  H u be  everywhere 
zero,  but  only  that  a linear  combination  of  Hu  and  of  u,  the  quantity  appearing  in  the  other  In- 
tegral J&u*  u dv,  be  everywhere  zero.  Let  us  write  this  linear  combination  Hu  - Eu.  where 
E is  a constant  (which  we  eh*  11  shortly  connect  with  the  ordinary  energy  of  the  Schrddlnger 
problem).  If  now  we  demand  that  Hu  - Eu  = O.then  we  shall  have  J 6u*  H u dv  = E jh'X*  u dv, 
so  that  J 6u*  H u dv  will  cleanv  be  zero  for  any  variation  6u*  for  which  j 6u*  u dv  a 0,  just 
as  we  desire.  But  Hu  - Eu  = 0 Is  just  Schrodinger-s  equation,  where  now  E evidently  is  the 
ordinary  ^'»ergy  appearing  in  equation.  Thus  we  show  that  the  condition  that  the  energy 
integral  J6u*  Hum  Lie  stationary,  for  any  variation  6u  which  leaves  u normal!,  ed,  is  that  u 
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satisfy  Schrftdlnger's  equation.  This  is  the  theorem  which  we  wished  to  prove.  Of  course  the 
energy  Integral  will  differ  by  small  quantities  of  higher  order  from  its  stationary  value,  and 
with  some  types  of  variation  ox*  U It  may  increase.  with  other  types  of  variation  it  may  de- 
crease. This  is  like  the  behavior  of  a function  of  several  variables,  at  a point  where  It  is 
stationary.  Generally  this  point  is  what  is  called  a saddle  point,  and  not  a true  maximum  or 
minimum.  But  clearly  for  the  ground  state  of  the  system,  which  by  definition  has  the  lowest 
energy  level,  the  energy  integral  car. not  decrease  with  any  type  of  variation  of  u,  for  if  it  did, 
we  should  eventually  come  to  a still  lower  stationary  value,  and  a lower  eigenvalue,  which 
would  contradict  the  postulate  that  we  were  dealing  with  the  p ound  state. 

The  arguments  which  we  have  given  are  .sol  presented  with  mathematical  rigor,  but 
the  rigorous  proofs  can  be  given,  and  lead  to  the  same  results  which  we  have  stated.  Let  us 
now  see  first  how  the  variation  method  leads  at  once  to  the  ordinary  secular  equations  of  per' 
turbation  theory.  Suppose  we  have  a set  of  orthogonal  functions  Uj  . . un>  and  that  we  try  to 
express  » as  a linear  combination  £(i)  CjU^  of  these  functions.  We  ask  what  combinations 
best  represent  true  solutions  of  SchrAdinger's  equation.  The  Integral  J u*(H  - E)  u dv  equals 
£(l,  J)  (H  * E)  u.  dv.  Wehave  seen  that  if  we  set  the  variation  of  this  integral 

equal  to  zero,  when  only  u*  varies,  we  shall  obtain  our  desired  condition.  In  particular,  let 
us  vary  u by  allowing  only  one  of  the  Cj*:s  to  vary;  in  effect,  we  set  the  partial  derivative  of 
tne  integral  with  respect  to  Cj*  equal  io  xero.  not  varying  the  Cj'a.  Then,  remembering  the 
definition  of  the  matrix  components  of  the  energy  operator  with  respect  to  the  functions  u^, 
and  remembering  their  orthogonality,  the  equations  resulting  are  £(j)  C4{Kjj  - Ei^)  * 0. 

But  these  are  just  the  ordinary  equations  resulting  from  the  perturbation  method  (see  for  in- 
stance QTM,  Eq.  (4.  1.  3)).  Thus  specifically  we  show  that  the  best  way  to  combine  a finite 
set  of  orthogonal  functions  to  get  a linear  combination  representing  the  true  solution  of  Sc  hr  6- 
dlnger's  equation  is  by  setting  up  thes<  ordinary  equations  between  them,  following  the  pattern 
of  the  perturbation  theory,  and  resultlig  in  a secular  equation  for  the  energy. 

Now  we  are  frmlllar  enough  with  the  vsrietion  method  to  proceed  to  our  problem  of  the 
Hartree-Fock  equations.  We  sre  required  to  eet  up  a single  determinant  of  one -electron  or- 
bitals; to  compute  the  diagonal  matrix  component  of  1!  with  respect  to  this  determinant;  and 
to  ask  how  this  diagonal  matrix  component  varies  when  any  one  of  the  one -electron  orbitals  is 
varied  in  an  arbitrary  manner,  subject  only  to  the  condition  that  this  one-electron  orbital  re- 
main normalized,  and  orthogonal  to  each  of  the  other  orbitals.  The  resulting  variation  must 
b*  a small  quantity  of  a higher  order,  when  any  one  of  the  orbitals  is  varied.  We  may  use 
(Eqs.  (1.  1)  and  (1.  S)  to  compute  the  required  matrix  component  Setting  up  the  problem  of  a 
single  atom  of  nuclear  charge  Z units,  the  Integral  / u*  B u dv  is 

w 

I(t)/V<*l>{-Vl2  - ?-Z/rj)  u^Xj)  dVj 

+ £ (pairs  i.  j)  J u^*(x2)U/rl2)  u^Xj)  u^(x2)  dvjdv2 

- Z(p*ir*  1.  j;  *pln  J » apin  i)  / ut*(x,)  «i*(xi)(?/r12)  u.'ijj  dvl * 
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We  now  vary  one  of  the  u*'s,  say  u^*.  The  resulting  varied  integral  is 
/*Uj*(x,)(-V j2  - 2 Z/rj)  ut<x , ) dvj 

* /6ut*(xj)  u^*(x2)(2/r12)  u-tXj)  Uj(x2)  dvJdv2 

- spin  j - sp«n  i)  Jfiu^Cxj)  u^*("2}(2/rl2)  Ujtxj)  ut(x2)  dVjdv2  . 

Now  we  wish  to  make  this  variation  zero,  for  all  variations  6u,*  which  leave  u.*  normalised, 

f 1 1 

or. which  have  / u,  dv  = 0,  and  which  leave  it  orthogonal  to  all  other  u's,  or  which  have 

f ^ r 

J u^*  Uj  dv  » 0,  or  Uj  dv  = 0.  By  the  method  of  undcrtermlned  multipliers,  we  may 

set  a linear  combination  of  all  the  various  varied  integrals  equal  to  zero.  That  is,  we  may 
write  our  condition 

(-Vj2  - 2Z/r1)ul(x1) 

+ [/uj*(x2)(2/rl2)  Uj(x2)  dv2]u1(x1) 

r f -i  (l.u) 

- ZO^i;  sPinJ  ° spin  i)  ^Uj*(x2)(2/r12)  ut(x2)  dv2Juj(x1) 

* Z0)  xij  uj(xi>  • 

The  equations  (1.  14)  are  the  Hartree-Fock  equations  for  the  orbitals  ut(x).  We  shall  now  go 
on  to  discuss  their  significance. 

6.  Significance  of  the  Hartree-Fock  Equations 

Before  we  take  up  the  general  Hartree-Fock  equations,  let  us  examine  the  simplified 
form  which  they  take  when  we  ur>e  only  a product  of  orbitals  as  a wave  function,  rather  than 
the  determlnantal  function.  In  this  case,  the  last  term  on  the  left  side  of  Eq.  (1.  14)  is  miss- 
ing, for  this  term.  If  we  examine  the  derivation  of  Eq.  (1.  5),  comes  fiom  interchanges  of  or- 
bitals which  occur  only  with  ihc  determlnantal  function.  Furthermore,  there  is  no  require- 
ment in  this  case  that  the  one-electron  orbitals  be  orthogonal,  so  that  only  the  term  for  i » j 
on  the  right  side  of  Eq.  (1.  14)  Is  present.  Thus  we  have  the  simplified  equation 

- 2Z/rl)ul(xl) 

•»  Z(ii*  1)[/uj*(x2M4/rl2)  Uj(x2)  dv2]  u^Xj)  (1.  IS) 

■ «t  u.(Xj)  » 

where  we  have  used  « ^ in  place  of  X.^.  This  equation  has  a very  simple  meaning.  The  quan- 
tity Zi;j<i)  JV,  *(x2)(2/rl2)  Uj(x2)  dv2  is  simply  the  electrostatic  potential,  at  point  Xj,  of  the 
charge  distributions  u,*  u,  of  all  other  electrons.  In  other  words,  Eq.  (1.  15)  states  that  u,  is 

J 4 1 

th6  solution  of  an  ordinary  Schrodlnger  equation  for  the  motion  of  an  electron  in  the  field  of  the 
nucleus,  pn'i  cf  all  the  othti  electrons  distributed  according  to  the  wave  functions  u,.  The 
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energy  ^ 1*  the  one-electron  energy  of  this  problem.  But  this  condition,  with  a trifling  reser- 
vation. Is  just  that  to  which  Hartree  was  led  by  intuitive  reasoning,  and  which  he  made  the 
basis  of  his  calculation.  The  trifling  exception  is  that  the  potential  as  determined  from  the 
charge  distributions  of  all  other  electrons  ts  not  generally  spherically  symmetrical,  pnd  Har- 
tree  used  the  average  of  this  potential  over  all  directions,  to  get  a spherical  potential,  so  as 
to  be  able  to  carry  out  the  solution  of  Schrodinger's  equation.  We  thus  see  how  Hartree's 
method  really  gives  the  best  one -electron  orbitals,  provided  we  use  a product  cf  such  orbitals 
as  a many-electron  wave  function. 

Now  let  us  ask  what  Is  the  physical  meaning  of  the  additional  complications  present  In 
Eq.  (1.  14).  In  the  first  place,  we  can  show  that  the  right  side  cf  Eq.  (1.  14)  can  be  simplified; 
we  cun  always  choose  solutions  60  that  the  quantity  X,^  forms  a diagonal  matrix,  and  ine 
right  side  of  (1.  14)  can  be  rewritten  as  u^Xj).  just  as  we  have  written  It  in  {1.  15).  We  shall 
not  give  the  complete  proof  of  this  statement,  but  can  easily  give  the  physical  reason  behind  it. 

It  is  a characteristic  of  a determinant  a!  function,  like  that  of  Eq.  (1,2),  that  we  can  make  up  a 
new  determinant  out  of  it,  by  setting  up  new  orbitals  u^'  . . u 1 which  are  formed  from  Uj  . . uR 
by  a unitary  transformation,  and  the  new  determinant  will  have  a value  identical  with  the  ori- 
ginal determinant.  It  is  obvious,  then,  that  our  variation  method,  which  makes  statements  only 
about  the  determinant  as  a whole,  cannot  uniquely  determine  the  u^'s.  Any  set  of  orbitals  de- 
termined from  them  by  a unitary  transformation  must  equally  well  satisfy  the  variation  prin- 
ciple, and  hence  the  Hartree-Fock  equations.  But  we  can  investigate  the  behavior  of  the  ma- 
trix X^  when  we  make  such  a unitary  transformation,  and  we  find  that  it  transforms  just  like 
ordinary  matrices.  It  is  pcsslble,  then,  to  find  a unitary  transformation  of  the  u^'s  which 
makes  this  matrix  diagonal.  We  do  not  lose  in  generality,  then,  if  we  assume  from  the  begin- 
ning that  it  is  diagonal,  and  for  most  purposes  this  is  a desirable  feature.  We  shall  then  as  - 
sume  it  in  our  further  work. 

The  resulting  Hartree  -Pock  equation  has  been  the  subject  of  a good  deal  cf  discussion, 
and  has  been  made  the  basts  of  considerable  calculation.  Among  those  contributing  to  its  under- 
standing were  Dirac/  Brilloutn,  and  Hartree.  ' Th*  original  formulation  of  Fock  was 
not  so  sti  aightforward  in  the  matter  of  the  interpretation  of  the  spin  as  the  derivation  we  have 
given,  which  reseraDles  more  those  of  the  writers  just  quoted.  Hartree  and  others  have  made 
numerical  calculations,  using  Eq.  (1.  14),  for  a number  of  atoms,  and  the  results  differ  sig- 
nificantly from  those  of  the  original  Hartree  equations.  By  now,  calculations  have  been  made 
ior  a good  m«iny  vtoms,  by  one  or  the  other  cf  the  methods.  ^47^  The  quantities  forming  the 

44P.  A.  M.  Dirac,  Proc.  Cambridge  Phil.  Soc.  26,  376  (1930). 

45L.  Brlllouln,  Les  Champ?  Seif-Cons:  jteiits  dc  Hoiii  ee  et  de  Fock.  Actualltes  Sclentlflques 
et  IndustrielieffTToT  159  (Hermann  -<  WTrTiT  THniT” 

4^D.  R.  Hartree  and  W,  Hartree.  Proc.  Roy.  See.  (London)  A 150,  9 (1935) 

47For  m very  complete  listing  of  the  Moms  which  have  bee.’  lnvee*.ig.t*ed  by  this  method,  with 
references  to  the  literature,  see  the  1951  edition  of  Landolt-liornsteii,  Physlt.oUsct.c- 
chemise  he  Tabellen. 
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last  term  on  the  left  side  of  Eq.  (1.  14),  however,  have  been  regarded  as  fairly  mysterious 

f 4 ft  1 

and  difficult  to  interpret  In  a physical  way.  The  presen*  writer'  • oaa  recently  discussed 
tn^se  terms,  in  such  a way  as  *o  make  tiieir  physical  meaning  clear. 

In  the  first  place,  we  note  that  in  the  second  and  third  terms  of  Eq.  (1.  14),  we  can  add 
and  subtract  terms  for  j * i,  without  making  any  cluuige  in  the  equation.  In  the  third  term,  we 
can  also  multiply  and  divide  by  u^(Xj)  u^(Xj).  When  we  make  these  changes,  Eq.  (1.  14)  takes 
on  the  following  form: 

(- Vj2  - 2Z/r1)u.(x1) 

+ £(J>  [/uj*<x2><2/r»2>  uj<x2>  dv2]  ui(xl) 

spin)  B spin  uj*(x2)(2/r12)  u.(xx)  ut(x2)  dv2"| 

L V<xl,ui(xl>  J 

■ 'i  ut'V  • 


(1.16) 


ut(xl) 


The  revised  form  (1.  16)  of  the  Hartree-Fock  equation  shows  that  Is  the  solution  of  a Schrfi- 
dtnaer  equation  with  a Hamiltonian  operator  which  Is  the  sum  of  the  kinetic  energy,  the  poten- 
tlal  energy  in  the  field  of  the  nucleus,  the  potential  energy  In  the  field  of  all  electron®  (includ- 
ing the  electron  whose  wave  function  we  are  finding),  and  a correction  term,  the  last  on  the 
left  of  Eq.  (I.  16),  involving  exchange  Integrals.  It  is  *•»?-:  last  term  which  we  wish  to  Interpret. 
Since  we  can  be  quite  sure  that  the  electron  does  not  exert  a Coulomb  Interaction  In  it- 

self, It  la  clear  that  somehow  this  last  term  mu?t  correct  for  the  interaction  of  the  particle 
with  Itself,  which  is  erroneously  Included  in  the  second  term  of  Eq.  (1.  16).  We  may  regard 
this  last  term  on  the  left  side  of  Eq.  (1.  16)  as  representing  the  potential,  at  the  position  Xj  of 
the  el-ctron  In  question,  of  a charge  distribution  at  point  x2,  of  magnitude 


- £(j»  spin  j 


,*/ y . 1 


spin  i) 


uj*(x2>  Vxj)  ul(x2* 


(1.17) 


Since  this  charge  density  Is  connected  with  the  exchange  term  in  Eq.  (1.  16).  we  may  call  it  the 
exchange  charge  density. 

We  con  entity  orove  two  pruperties  of  the  exchange  charge  density.  First,  its  total 
amount  is  one  electronic  charge  (which  equals  - 1 in  atomic  units).  To  prove  this,  wr  integrate 
over  dx^,  We  use  the  orthogonality  of  the  u^  and  Uj's  (whfen  w®  shaLl  prove  shortly),  to  show 
that  all  terms  in  the  summation  (1.  17)  go  out  on  integration,  except  for  j * i,  anj  this  ter^j 
integrates  to  unity.  Secondly,  at  the  point  x2  = Xj,  the  summation  (1.  17)  reduces  to  -£(j; 
spin  J «»  spin  t)  u^*(xj)  u^(Xj),  or  the  total  density  of  all  electrons  of  the  s.une  spin  as  the  l , 
at  the  position  Xj.  These  two  properties  will  allow  us  to  deduce  the  general  nature  of  the  ex- 
change charge  density,  and  its  physical  significance. 

48  T.  C.  Slater,  Phys  Rev.  81.  385  (19sl) 
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The  potential  energy  c?  the  field  in  which  the  electron  moves,  as  given  by  the  Hartree- 
Fock  equation  in  the  form  (1.  16),  is  that  arising  from  the  nuclei;  from  all  electrons  of  spin 
opposite  to  that  of  the  electron  considered,  as  determined  from  the  wave  f actions  of  tnose 
electrons  of  opposite  spin;  but  from  a cliarge  distribution  of  electrons  of  the  same  spin  equal 
to  the  total  charge  of  these  electrons,  corrected  for  the  exchange  charge  density.  That  is, 
this  charge  distribution  of  electrons  of  the  name  spin  adds  up  to  one  less  than  the  total  number 
of  electrons  of  this  spin,  or  it  includes  all  electrons  of  this  spin  with  the  exception  of  the  one 
whose  wave  equation  we  are  considering.  This  is  obviously  as  it  should  be.  The  net  charge 
density  of  electrons  of  this  spin,  corrected  for  the  exchange  charge,  goes  to  zero  at  the  point 
x j where  the  electron  is  located,  for  we  have  seen  that  at  x^  3 Xj,  the  exchange  chaige  density 
just  cancels  the  total  density  of  all  electrons  of  this  spin.  This  is  as  if  the  electron  whose 
wave  function  we  were  finding  carried  around  with  it  a hole,  centered  on  its  position  x.,  such 
that  electronic  charge  of  total  amount  one  unit  were  removed  from  the  immediate  neighborhood 
of  its  position.  In  other  words,  we  may  say  that  in  the  Hartree-Fock  method  each  electron 
moves  In  the  field  of  the  nuclei,  of  all  electrons  of  opposite  spin,  but  in  the  field  of  a charge 
distribution  of  electrons  of  the  same  spin  equal  to  the  total  charge  distribution  of  such  elec- 
trona,  ^imlmsued  by  a single  electronic  charge  which  is  removed  from  this  hole  surrounding 
the  position  of  the  electron.  This  hole  is  clearly  a result,  in  a way,  of  the  exclusion  principle, 
r/hich  keeps  other  electrons  of  the  same  spin  away  from  it.  For  this  reason,  on  account  of  the 
close  connection  of  the  exclusion  principle  with  the  Fermi  statistics,  it  is  often  referred  to  as  I 

the  Fermi  hole.  Since  the  exchange  charge  density  (1.  17)  has  a different  form  for  eacn  wave 
function  m.  we  clearly  have  a different  potential  for  each  of  ila-ac  wave  functions.  The  total  1 

exchange  charge,  however,  equals  one  electronic  charge  in  each  case,  and  its  value  when 
x2  ■ Xj  is  in  each  caae  equal,  so  that  the  net  size  of  the  Fermi  hole  must  be  approximately 
the  same  for  each  wave  function,  even  though  it  may  differ  in  shape  and  other  details.  Thus 
we  may  commit  no  very  great  error  if  we  replace  the  actual  Fermi  holes,  which  are  different  j 

ioi  each  u^,  by  an  averaged  value  taken  to  bs  the  same  for  all  u^'s.  Ws  shall  discuss  this  pos-  i | 

slbillty  in  a later  section,  after  taking  up  some  of  the  properties  of  solutions  of  the  Hartree- 
Fock  equations. 

_ t i 

7.  rruperties  of  Solutions  of  the  H artree-Fock  Equations 

Before  wc  go  further  in  discussing  the  Hartree-Fock  equations,  we  shall  prove  two 
properties  of  their  solutions.  First,  we  shall  prove  that  the  one-electron  orbitals  u^  derived 
from  them  are  orthogonal.  We  have  really  assumed  this  orthogonality  in  setting  up  the  equa- 
tions themselves,  but  it  does  not  seem  intuitively  obvious,  from  Eq.  (1.  16),  since  as  we  have 
juot  seen  each  orbital  is  a solution  of  a Schrddinger  equation  for  a different  potential.  To  prove 
tl»e  orthogonality,  we  proceed  as  always  in  SchrSdlnger's  equation.  We  set  up  Eq.  (1. 16)  for 
u^,  and  multiply  by  Uy*(x}).  Then  ws  set  up  the  Hartrpe-Fock  equation,  like  (l.  16),  for  Ujt*(x1), 
replacing  l by  V.  end  taking  the  conjugate,  and  multiply  .hia  by  u^x^).  We  tnen  subtract  u,.e 
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of  these  quantttlco  from  the  other,  and  integratt-  over  the  coordinate  dVj.  Really,  wi  should 
include  the  epic  along  with  the  coordinates  in  Eq.  (1.  16),  and  sum  over  sptn  as  well  a?  inte- 
grating over  coordinates,  in  each  case.  On  the  right  side,  then,  we  shail  have  (t  - * 

J ut(Xj)  dv^  On  the  left  side,  mosi  oi  the  terms  will  automatically  cancel,  jusi  as  in 
the  conventional  cas : of  Schrodinge^'s  equation.  Thus  we  get  rid  of  the  Laplacian  terms  by 
integration  by  parts  in  the  familiar  way,  and  the  potential  energy  terms  ir.  ihe  field  of  ihe  nu- 
cleus, and  in  the  field  of  all  other  electrons,  automatically  cancel.  The  only  term  which  could 
give  trouble  is  the  exchange  charge  term.  But  when  we  write  this  out,  we  find  that  it  cancels 
too,  so  that  we  are  left  with  the  statement  («  ^ - «^)  ^u^(x^)  u^(Xj)  dVj  = 0,  which  leads  to 
orthogonality  just  as  in  a conventional  Schrodtnger's  equation.  We  note  that  this  is  only  on 
account  of  the  special  form  of  the  exchange  charge  density.  The  same  proof  does  not  apply, 
as  we  can  readily  verify,  for  solutions  of  the  ordinary  Hartree  equations.  Those  solutions, 
in  fact,  are  not  orthogonal,  and  this  is  one  of  the  great  advantages  of  the  Hartree-Fock  over 
the  Hartree  equations,  since  it  is  so  important  to  have  orthogonal  orbitals  when  using  the  de- 
termlnantal  method.  We  notice  another  fact  also,  if  we  examine  the  proof  carefully.  This  Is 
that  the  orthogonality  of  two  orbitals  connected  with  different  spins  ’omes  from  the  summatton 
over  the  spin  coordinates  (which  we  have  not  written  down  explicitly,  but  which  should  be  there), 
rather  than  from  the  integration  over  *u«  coordinates.  It  does  not  necessarily  fellow 

from  the  Hartree-Fock  equations  that  the  space  part  of  orbitals  corresponding  to  different  spins 
a ra  orthogonal  tn  each  other. 

The  second  result  which  we  shall  prove  regarding  the  solutions  of  the  Hartree-Fock 

491 

equations  is  Koopmans'  theorem. • This  iheorem  can  be  very  simply  stated  in  words,  as 
follows:  the  one -electron  energy  • j corresponding  to  a wave  function  forms  e very  good 
approximation  to  the  Ionization  energy  required  to  remove  the  eI«c>on  with  wave  function  u^ 
from  the  atom.  Since  these  ionization  energies  are  Well  known  experimentally,  those  corre- 
sponding to  the  Inner  electronic  shells  being  th*  x-ray  term  values,  this  forms  a good  and  sam- 
ple check  between  the  calculations  of  the  self-consistent  field  method  and  experiment.  The 
agreement  between  titp  c^'s  a:.  J the  term  values  was  observed  by  Hartree  in  his  earliest  work 
on  the  self -consistent  field.  In  fact,  it  was  this  agreement,  as  we  have  already  noted,  which 
was  at  the  basis  of  the  treatment  of  the  self-conststent  ft eid  even  before  quantum  mechanics: 
we  have  quoted  a number  of  workers  who  trted,  partly  empirically,  to  set  up  potentials  such 
that  the  one-electron  energies  of  particles  moving  in  these  fields  would  agree  with  the  observed 
term  values.  The  agreement  between  the  two  is  better  for  the  Hartree-Fock  equations  than  for 
the  Hartree  equations,  but  still  it  is  surprisingly  good  even  for  the  Hartree  equations.  We 
shall  now  show  how  this  agreement  can  be  justified  theoretically. 

Clearly  the  way  to  find  the  energy  required  to  remove  a given  electron  from  an  atom  is 
to  compute  the  total  energy  of  the  atom  with  the  giver,  electron;  then  to  compute  the  total  en- 

49T.  Koopmcns.  Physics  L 104  (1933) 
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ergy  of  the  atom  lacking  tw«  electron;  ana  to  take  the  difference.  This  would  properly  mply 
solving  r.  separate  Hartree-Fock  problem  for  the  atom  and  the  ton.  Ali  the  one -electron  or- 
bitals would  be  slightly  different,  since  the  screening  of  each  electron  would  vary  depending 
on  whether  the  electron  were  removed  or  not.  There  would  be  no  way  to  compare  the  1 no  prob- 
lems, that  cf  the  atom  and  the  Ion,  except  by  numerical  calculations.  Furthermore,  the  ion- 
ization energy  Is  often  a very  small  fraction  of  the  total  energy  of  the  atom,  so  that  we  should 
be  calculating  two  very  large  quantities,  and  taking  the  small  difference,  and  this  would  be 
very  Inaccurate.  This  method  Is  then  not  practicable,  In  most  cases. 

As  a substitute,  we  may  take  advantage  cf  the  perturbation  theory,  which  says  that  If 
we  use  a wave  function  which  Is  wrong  by  a s nail  quantity  of  the  first  order,  the  energy  com- 
puted from  It  will  be-  wrong  by  only  a small  quantity  of  the  second  order.  We  use  this  theorem 
In  the  following  way.  We  use  the  correct  Hartree-Fock  wave  function  for  the  atom.  For  the 
Ion,  however,  we  up  a determinant al  function  out  of  the  same  one -electron  orbitals  found 

for  the  atom,  but  simply  omitting  the  orbital  related  to  the  removed  electron.  We  then  com- 
pute the  energy  of  the  Ion,  using  this  dctermlnantal  function,  which  of  course  Is  slightly  wrong. 
The  energy  Is  wrong  by  only  small  quantities  of  the  second  order,  so  that  u we  suDtract  tms 
from  the  energy  of  the  atom,  the  error  In  the  resulting  calculation- of  Ionization  energy  will  be 
small.  But  our  calculations  are  made  very  much  simpler,  for  now  a great  many  terms  In  the 
energy  are  common  to  the  calculation  for  both  atom  and  ton,  so  that  they  automatically  cancel. 
In  fact,  when  we  carry  through  the  whole  calculation,  ana  subtract,  the  difference  remaining 
is  exactly  the  one-electron  energy  1 4,  all  other  U;uis  cancelling.  This  Is  Koopm«n»‘  theorem, 
and  we  see  that  It  shows  the  Identity  of  the  one -electron  energy,  and  the  Ionization  energy,  up 
to  terms  of  the  second  order  of  small  quantities.  We  shall  now  shew  how  this  result  comes 
about,  from  detailed  calculation. 

The  calculation  of  the  energy  of  the  atom  Is  carried  through  exactly  as  In  the  preceding 
section.  In  terms  of  Eqs.  (1.1)  and  (1.5).  For  the  Ion,  we  merely  omit  the  terms  Involving 
the  wave  function  u , provided  we  are  Interested  in  the  ionization  energy  of  the  l1*1  electron. 

t -i 

The  difference,  or  the  Ionization  energy,  then  consists  of  just  the  terms  involving  the  function 
Uj.  The  energy  of  the  atem  minus  the  energy  of  the  ton,  which  Is  the  negative  of  the  energy 
required  to  ionize  the  atom,  Is  then 

Vj2  - ZZ/Tj)  Ui(xj)  dvj 

♦ I U) /«!*<*  1>  «j*(*2>(2/r,2>  “!(-»•'  dvldv2 

£()J  »Ptn  j * spin  1)  Ju^Xj)  u^»(x2)(2/r12)  u^Xj)  ut(x2)  dVjdv2 

We  now  substitute  Eq.  (1.  16),  whicn  is  satisfied  by  u^x^),  tr.d  wc  find  at  once  that  the  result 
equals  u^*(xj)  u^(Xj)  dVj  = * on  account  of  the  normalization  of  the  Uj'a  Thus  we 

p*-ove  Kooprr  ana'  theorem. 
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8.  Extension  of  the  H&rtrcc -Foci:  Method 

in  the  preceding  sections,  we  have  set  up  the  Hartn.-i-Fock  equation,  and  have  proved 
some  properties  of  its  solutions.  We  remember  that  this  method  is  ihe  appropriate  one  for 
finding  the  best  one-electron  orbitals  for  setting  up  a single  determinants!  wave  function,  it 
has  several  drawbacks,  however.  Ir.  the  first  place,  it  ic  rather  hard  to  apply  the  rn«*».iod,  tn 
practice.  It  involves  the  calculation  of  a good  many  exchange  integrals,  and  the  orbital  for 
each  quantum  number  Is  a solution  of  a different  Schr&dinger  one -electron  problem.  Secondly, 
in  many  cases  we  really  wish  to  use  a combination  of  a number  of  determinants,  and  In  such 
a esse  the  method  is  not  directly  applicable.  No  straightforward  way  appears  for  really  get- 
ting around  these  difficulties;  but  in  the  present  section  we  indicate  seme  general  lines  of  ap- 
proach for  extending  the  Hartree-Fock  method  to  cases  of  the  Interaction  of  many  determinants. 

One  approach  is  fairly  direct.  Suppose  we  have  a problem  of  atomic  multlpleta,  for 
which  a number  of  determinants  must  be  used.  If  this  problem  is  not  very  complicated,  we  can 
solve  for  the  energies  of  the  various  multiple!  levels,  in  terms  of  certain  exchange  integrals 
(such  as  the  F and  G integrals  encountered  in  the  treatment  of  complex  spectra  given  by  the 
present  writer).  The  energy  of  the  ground  state  of  ihe  atom,  then,  can  be  expressed  in  terms 
of  such  integrals,  which  in  turn  depend  on  the  one-electron  orbitals.  We  then  vary  any  one  of 
the  i-^'s,  in  ihl*  expression  ror  the  energy  of  ocs  of  the  states,  and  arrive  at  a differential 
equation,  similar  to  the  Hartree-Fock  equation  but  containing  additional  tjrms,  for  this  func- 
tion Uj.  These  equations  differ  from  the  true  Hartree-Fock  equations  only  in  that  different  ex- 
pressions appear  for  the  exchange  charge  density.  The  equations  are  not  appreciably  more 
difficult  tc  solve  i>y  direct  numerical  methods  than  the  Hartree-Fock  equations,  and  the  re- 
sults should  be  very  good.  This  method  was  used  by  Hartree  and  Hartreef**^  in  a study  of  the 
excited  states  of  the  beryllium  atom;  they  set  up  separate  equations  for  the  orbitals  tn  the 
singlet  and  triplet  state,  end  calculated  separately  the  energy  in  these  two  states,  getting  much 

better  agreement  with  experiment  than  by  the  use  of  the  conventional  Hartree-Fock  method. 

f511 

The  same  method  was  also  suggested  simultaneously  by  Shortley. ' ' It  has  not  been  widely 

used,  and  would  b*  very  difficult  to  apply  if  there  were  several  muittplets  of  the  same  type, 
so  that  the  secular  equation  of  complex  spectrum  theory  had  to  be  solved  numertcaUy.  For 
simple  cases  where  at  analytical  solution  ia  po^aiblo,  however,  it  seems  a desirable  pro- 
cedure. There  is.  however,  a drawback;  the  orbitals  for  each  stale  cf  the  system  are  differ- 
ent, and  In  particular  are  not  orthogonal  to  each  other.  The  energy  of  each  state  must  be  com- 
puted for  the  whole  system,  rather  than  getting  Ionization  energtec  directly  by  use  of  Koop- 
mans1  theorem.  For  a light  atom  like  beryllium,  :o  which  Hartree  applied  the  method,  l?>c. 
total  energy  of  the  atom  is  not  very  big,  and  it  is  not  difficult  to  compute  this  energy  fot  each 
state,  and  subtract  to  get  the  multiplet  separation.  For  a heavy  atom,  however,  we  should 

50 

D.  R.  Hartree  and  W Hurtree,  Proc.  Roy.  Soc.  (London)  A 1 54,  588  (1936). 

51G.  H.  Sho'-Uey,  Phy.~.  Rev.  5u,  1072  ( 1 ’>36). 
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be  subtracting  one  large  quantity  from  another  l*rge  q-<<uitlty,  and  the  Inevitable  errors  would 
be  serious. 

A quite  different  approach  to  the  problem  would  be,  not  to  try  to  get  the  best  orbitals 
to  r«p;o»ont  the  energy  ol  the  state  by  means  of  simple  complex  spectrum  theory,  hut  rather 
to  set  up  many  determinants,  and  find  linear  combinations  of  them,  relying  on  the  large-  num- 
ber of  determinants  for  the  accuracy  of  the  answer,  rather  than  on  the  correctness  of  a few 
determinants.  In  other  words,  we  should  make  extensive  corrections  for  configuration  Inter- 
action] we  should  Include  determinants  describing  excited  configurations  of  various  types. 
There  Is  much  experimental  evidence  in  spectroscopy  for  the  Importance  of  such  Interactions 
between  configurations.  Thus  when  there  are  large  experimental  deviations  from  the  simple 
rules  of  multlplet  separation  suggested  by  the  elementary  theory  of  complex  spectra,  it  often 
seems  that  these  deviations  may  arise  from  the  repulsion  of  states  from  different  configure' 
ttons  which  have  proper  symmetry  and  multiplicity  properties  so  that  they  can  have  a non- 
diagonal  matrix  component  of  energy  between  them.  An  approach  of  this  type  has  not  been 
carried  through  in  detail,  but  with  our  present  improved  ability  to  solve  large  secular  equa- 
tions, it  should  not  be  too  difficult  to  carry  out.  If  one  wishes  to  do  It,  then  the  essential  thing 
la  to  have  a considerable  number  of  determinantal  functions  representing  different  configura- 
Mons,  and  orthogonal  to  each  other.  This  demands  orthogonal  one-electron  functions,  corre- 
sponding net  only  to  the  ground  state  of  the  atom,  but  to  a number  of  excited  states,  so  that 
we  ca . form  determinants  from  & number  of  configurations  formed  from  them.  We  may  hope 
that  If  cur  orbitals  and  configurations  are  chosen  properly,  the  most  Important  determinants, 
for  determination  of  the  low-lying  energy  levels,  will  be  those  with  only  a few  outer  electrons 
excited.  These  would  correspond  to  configurations  with  diagonal  energies  only  slightly  above 
the  lowest  state.  And  It  la  well  known  from  elementary  perturbation  theory  that  states  with 
diagonal  energy  close  to  each  other  have  more  perturbing  effect  on  each  other,  other  things 
being  equal,  than  if  they  were  further  apart  In  energy. 

We  have  already  pointed  out  that  the  Hartree-Fvck  method,  though  It  results  In  orthogo- 
nal orbitals,  glrss  us  only  a small  and  definite  number  of  those,  corresponding  to  the  orbitals 
occupied  by  electrons  In  the  single  determinantal  state  of  the  atom  from  which  the  Hartree- 
Fcca.  equations  are  derived.  We  aeed  more  orbitals,  corresponding  to  more  highly  excited 
states,  for  the  determinantal  method  which  we  have  sketched  above,  and  the  Hartree-Fock 
method  does  net  teU  ua  bow  to  get  them.  We  may  use  our  Intuition,  however,  to  suggest  an 
extension  of  the  Hartree-Fock  method  which  could  give  us  as  many  orbitals  as  we  d*«ired.  If 
the  Hartree-Fock  equations  were  only  of  the  slmole  form  of  Schrodinger  equations  for  one  el- 
ectron, then  we  could  solve  this  Schrddlnger  equation  for  as  man-’  excited  states  as  we  desired, 
and  these  orbitals  would  all  be  orthogonal,  by  the  fundamental  orthogonality  theorem  of  Sc  hr  6- 
dinger's  equation.  It  seems  very  plausible,  then,  to  try  to  replace  the  Hartree-Fock  equations 
by  an  ordinary  SchrOdlsger  equation,  expressing  the  motion  of  the  electron  in  a single  poten- 
tial field  reprosen* uig  9orr**how  •’fTect  of  the  nuclei  and  the  other  electrons. 


8.  EXTENSION  OF  THE  HARTREK  FOCK  METHOD 


There  & straightforward  way  in  which  this  car  h®  done.  though  it  does  not  seem  to 
have  been  mentioned  in  the  literature.  Suppose  we  an  antisymmetric  function  U(x,s,  . . 

• a 

»n«n),  representing  the  motion  of  ail  n electron*.  This  is  supposed  to  be  a function  which  we 
arrive  av  In  the  process  of  solving  a self -corn,  problem.  It  may  be  a single  determinant 

formed  from  one -elect ron  orbitals,  or  n sum  of  a finite  nimh;r  of  such  determinants;  or  it 
may  be  any  approximation  to  the  real  \vave  function  of  the  system,  in  some  particular  station- 
si  y state,  either  the  ground  state  or  some  excited  state.  Then  we  may  ask  the  question,  if 
an  electron  is  found  at  position  x,  with  spin  a,  and  if  all  electrons  move  according  to  the  wave 
function  U,  what  is  the  average  density  of  all  other  electrons,  as  a function  of  position,  and 
hence  what  is  the  average  potential  exerted  by  these  other  electrons  on  the  one  In  question, 
averaged  over  the  position  of  the  ot'ier  electrons?  We  know  that  the  probability  that  electron 
one  bo  at  position  x^  with  spin  Sj,  and  that  simultaneously  electron  two  be  at  position  x2  with 
spin  la  £(a3  . . *n)/  U*(*ls1  • • *nt>n)  UfrjSj  . . xnsQ)  dx3  . . dxn>  Tim  probability  that 
electron  one  be  at  position  Xj  with  spin  Sj,  Irrespective  of  what  the  others  are  doing,  Is 
S>2  • • •n)/U*(x  1*1  ‘ ‘ xnVU(xl*l  ‘ . xnsn)  dx2  . . dxQ.  Thus  the  probability  that  elec- 
tron two  be  at  position  x2  with  spin  s2,  provided  we  know  that  electron  one  is  at  position  Xj 
with  spin  a, , Is  the  ratio  of  these  two,  or 


(1.18) 


I(S3  . . Bn)fv*[TlBl  . . XnSn)D(x1Sl  . ■ XaSn)dx3  . . dXR 
I(*2  . . sB)  . . xnsn)  UfrjS,  . . xDsn)  dx2  . . drn 

On  account  of  the  antisymmetry,  we  should  have  got  the  same  sort  of  distribution  for  any  one 
of  the  electrons  3 . . n as  for  the  second  electron.  The  total  charge  distribution  of  electrons 
2 . . n.  when  the  electron  one  la  at  Xj  with  spin  Sj,  Is  then  given  by  (n  - 1)  times  the  expres- 
sion above.  This  is  a function  at  the  coordinate  x2  and  spin  &2  of  the  second  electron,  so  that 
it  takes  account  of  the  possibility  that  there  may  be  different  charge  densities  for  electrons  of 
the  two  spina;  and  since  it  depends  C-Ti  Sj,  these  densities  depend  on  which  spin  the  electron 
one  may  have,  so  that  we  have  the  mechanism;  by  which  the  spina  of  different  electrons  act  on 
each  other. 

It  Is  Interesting  to  see  what  this  charge  distribution  becomes  for  the  special  case  where 
the  wave  function  U la  & single  determinant  uf  orbitals.  In  that  case,  taking  advantage  of  the 
orthogonality  of  the  orbitals,  we  can  easily  carry  ;:  *t  «r>«evr»*»<''*s  In  (1.  18),  and  we  find 
that  the  charge  density,  (n  - 1)  times  the  expression  (1.18),  is 

lU)E(j)  uj(xrV  uj*i*2s2)  uj(*2s2) 

£(k)  u^tXjSj)  u^XjSj) 


I(j)  Wj4(*2»2)  Uj(*2»2) 


(1  19) 


The  first  term  of  (1.  19)  is  just  the  total  charge  density  of  all  electrons  (since  the  index  j goes 
from  1 to  n).  The  second  term  is  a correction  or  exchange  charge,  to  be  subtracted  from  this, 
io  that  the  net  charge  will  correspond  to  n - 1 rather  than  n elections.  This  exchange  charge 
density  in  (l.  19)  is  slm<'ar  »o  that  In  Er,.  (1.  !7j,  which  we  derive  ,J  from  the  Hart.  ee-Fock 
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equation. 


To  get  the  exchange  charge  In  (1.  19)  from  that  tn  (1.  17),  we  multiply  by  a factor 


ul<xis1> 

Z(ki  VUl5l)  uk(xlSlJ 


(i.  20) 


ajuj  sum  over  l.  The  meaning  of  this  Is  clear.  In  the  Hariree-Fock  method  we  find  a different 
exchange  charge  density  for  an  electron  with  coordinates  x^  and  spin  » j , depending  on  which 
wave-  function  it  is  in.  These  exchange  charge  densities,  as  we  showed  In  Section  7,  have 
certain  universal  features:  :to  matter  which  wave  function  the  electron  is  In.  the  exchange 
chary  density  still  integrates  to  one  electronic  charge,  and  still  approaches  the  same  limit 
when  x2.  »2  approach  Xj,  ij.  The  exchange  chaige  density  (1.  19),  however,  is  the  weighted 
mean  of  the  densities  (1.  17)  for  ihe  various  states,  using  the  weighting  f ictor  (1.  20),  which 
obviously  measures  the  probability  that.  If  electrbn  1 is  found  at  position  Xj  with  spin  Sj,  It 
would  be  in  the  l*h  orbital. 

It  is  the  use  of  different  exchange  charge  densities  for  the  Schr&dlnger  equations  for 
the  different  orbitals  which  complicates  the  Hartree-Fock  method.  The  present  wrtter^52^  has 
recently  suggested  that  it  could  be  simplified,  without  any  serious  errors  being  introduced,  by 
using  the  weighted  exchange  charge  density  appearing  in  Eq.  (I.  19),  in  place  of  the  separate 
exchange  charge  densities  (1.  17)  appearing  in  the  Hartree-Fock  scheme.  We  now  see,  how- 
ever, that  the  natural  generalization  of  this  scheme  to  the  more  general  case  where  the  wave 
function  is  a sum  of  determinants,  rather  than  a single  determinant,  is  to  use  lue  expression 
(I.  18).  multiplied  by  (n  - 1),  for  the  charge  density  of  other  electrons,  to  be  used  In  comput- 
ing the  potential  function  for  the  seif -consistent  field. 

Let  us,  following  this  discussion,  write  the  Schrbdinger  equation  for  the  one-electron 
orbital  u^,  moving  in  the  field  of  the  nuclei,  «md  of  the  charge  densities  of  other  electrons,  as 
derived  from  the  expression  (1.  18).  To  find  the  potential,  at  point  Xj,  of  the  charge  density 
of  other  electrons,  we  multiply  the  expression  (1.  18)  by  2/r12,  and  integrate  over  the  coordi- 
nates and  spin  of  electron  2]  and  multiply  by  (n  - 1).  We  may  equally  well  multiply  by  the  sum 
of  terms  2/ rjj,  summed  over  all  j * except  1.  Each  of  the  Z/r^  terms  will  give  the  same  in- 
tegral. on  account  of  the  symmetTv  properties  of  U.  And  the  final  answer,  expressed  in  this 
way,  la  more  symmetrical.  If  V(Xj)  la  the  potential  «.n»rgy  oi  ti.e  electron  1 In  the  field  of  the 
nucleus  or  nuclei,  then  our  SchrGdinger  equation  ts 


{-  * V(r,))  UjJzjS,) 

f Zf“2  • • *n>  /U*<x  151  • 


i *-  tv  J ’ll  n 

1 Z(.a  • • •n)/U*(*!,,1 


*n*n^2'r:2  ' • + ”‘'*1*1 


• Vn>  dx2 


dx  ■> 


xnsR)  U(x,s 


. x s ) dx. 
r,  n'  , 


. dx 


«lul<xlV 


— j ul<xl8l) 
(1.21) 


C.  Slater, 


Phys.  Rev.  81. 
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We  regard  Zo  (I.  21)  as  a very  general  formulation  of  the  self-consistent  field  method.  The 
potential  energy  functton  Is  a unique  function,  a function  only  of  the  pcsmoit  and  spin  of  the 
electron  t Thus  all  one-eiecir»m  functions  determined  from  It  arc  automatically  orthogonal 
to  each  other  (though  It  is  by  no  means  true  that  the  orbital  parta  of  the  functions  associated 
with  * spin  are  orthogonal  to  the  orbital  pi*rts  of  those  associated  with  - spins  the  orthogo- 
nality In  that  case  comes  from  the  spin  part  of  the  functions).  We  can  determine  an  infinite 
set  of  orthogonal  orbitals  by  getting  all  solutions  of  (1.  21).  We  then  set  up,  by  whatever 
method  seems  best  to  us,  an  approximate  antisymmetric  wave  function  for  the  whole  system. 

We  may  well  do  this  by  setting  up  a finite  number  of  determinantal  functions,  using  the  orbitals, 
following  the  methods  outlined  in  the  present  chapter,  and  getting  the  beat  linear  combinations 
of  these  determinants.  We  take  that  linear  combination  representing  the  state  we  are  Inter- 
ested in  (for  instance,  the  ground  state),  and  regard  that  as  the  function  U,  which  enters  In 
Eq.  (1.21).  We  then  make,  as  our  requirement  of  self-consistency,  the  condition  that  the  U 
computed  in  this  way  from  the  orbitals  u,  should  lead  to  a wave  equation  (1.21)  which  in  turn 
i>M  the  same  set  of  u,'i  as  its  solutions. 

We  have  determined  the  equation  (1.  21)  by  intuitive  arguments,  essentially  as  Kartree 
did  with  his  first  rtatement  of  the  method  of  the  self -consistent  field,  rather  than  by  using  ar- 
guments based  on  the  variation  principle,  rt  with  the  Hartree-Fock  equation.  It  is  clear  why 
tills  must  be  so.  We  h:<ve  already  shown  that  if  we  uae  enough  determinantal  functions,  we 
can  get  a correct  description  of  the  final  wave  function,  no  matter  what  orbitals  we  use.  We 
may  well  ask,  then,  what  la  the  need  of  setting  up  our  orbitals  ut  by  a self-consistent  method 
like  that  of  Eq.  (1.  21)?  Why  not  just  use  any  arbitrary  orbitals?  The  answer  apparently  must 
t)e  giver,  intuitively,  rather  than  by  precise  logic  based  on  the  variation  principle,  hut  It  is 
this.  If  we  use  solutions  of  the  self -consistent  fteld,  then  we  shall  expect  that  those  determi- 
nants formed  from  orbitals  with  the  lowest  one -electron  energies  « j,  filling  up  the  lowest 
states  In  the  usual  way,  will  nave  the  lowest  diagonal  energies,  and  will  come  in  in  ihe  most 
important  way  in  the  final  linear  combination  of  determinants.  In  other  words,  by  use  of  these 
orbttals,  we  should  be  able  to  get  a good  approximation  to  the  correct  wave  function  urith  rela- 
tively few  determinants,  and  we  should  be  able  to  pick  »hese  determinants  by  Inspection, 
as  those  with  the  electrons  In  the  lowest  states,  or  with  only  a few  excited  electrons.  On  the 
contrary,  wtth  which  depart  widely  from  self- consistency,  we  should  expect  that  far  more 
determinants  would  be  required  to  get  a satisfactory  approximation. 

9.  Free-Electron  Gas  Approximation  to  the  Exchange  Charge 

Though  w;  have  been  able,  in  Eq.  (1.  21),  to  sex  up  a formulation  of  the  self-consisteni 
method  general  enough  to  give  us  one-electron  orbitals  ut  under  all  circumstances,  it  can 
sometimes  be  very  complicated  to  apply  in  actual  calculations.  A simplified  version  of  the 
equation  has  been  set  up  by  *he  present  author,  which  preserves  che  main  features  of  the 

55 J.  C.  Slater,  Phys.  Rev.  Cl,  385  (1951). 
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torrec*  method,  but  is  a good  deal  e~»i«r  to  use  and  undei  ;»tand.  We  must  remember  that  the 
electronic  charge  density  represented  by  (1.  18),  multiplied  by  (n  - 1),  represents  the  charge 
of  cli  electrons,  diminished  by  the  exchange  charge  density:  xe  may,  ir.  fact,  use  this  as  a 
definition  of  the  exchange  charge  density.  This  exchange  charge  density  has  a total  amount  of 
one  electronic  charge;  this  follows  at  once  from  the  fact  that  the  Integral  of  the  expression 
(1.  18)  over  all  values  of  x^,  and  summation  over  a^,  is  unity,  «o  that  the  total  charge  density 
represented  by  (n  - 1)  times  (1.  18)  is  (n  - 1)  electronic  charges.  Furthermore,  the  expres- 
sion (1.  18)  is  zero  when  Xj  ■ x^,  and  s^  = s 2,  on  account  of  the  antisymmetry  ox  u.  That  Is, 
the  charge  density  of  other  electrons  of  the  same  spin  as  the  first  approaches  zero  as  we  ap- 
proach '.he  position  of  electron  one.  We  may  t>ay,  then,  that  ihe  density  of  exchange  charge  of 
the  same  spin  as  the  first  electron  approaches  the  total  density  of  charge  of  that  spin,  as  we 
approach  the  poaltion  of  the  first  electrun. 

We  may,  then,  very  crudely,  replace  the  exchange  charge  density  of  the  same  spin  as 
the  electron  one  by  a spherical  charge  distribution,  whose  density  at  its  center  equals  that  of 
all  the  electrons  of  spin  Sj  at  the  point  Xj,  and  of  volume  great  enough  to  include  one  electronic 
charge.  The  volume,  in  other  worda,  must  be  Inversely  proportional  to  the  density  of  elec- 
trons, or  the  radius  of  the  sphere  must  be  inversely  proportional  to  the  1/3  power  of  the  den- 
sity. The  potential  energy  of  pn  electron  at  the  center  cf  such  a sphere  will  be  Inversely  pro- 
portl«*isi  to  the  radius  of  the  sphere.  Thus  the  potential  energy  will  be  directly  proportional 
to  the  1/3  power  of  the  density.  In  other  words,  we  approximately  a ay  that  the  potential  en- 
ergy to  be  used  in  the  Schrodlnger  equation  is  the  potential  energy  in  the  field  of  the  nuclei,  and 
of  all  the  electrons,  including  the  o-ie  whose  wave  function  we  art-  fi "^'ng.  diminished  by  s cor- 
rection proportional  tr  the  1/3  power  of  the  density  of  electrons  of  tr.c  >ame  spin  as  tliat  con- 
sidered. This  replacement  of  all  the  exchange  corrections  by  a term  simply  depending  on  the 
local  charge  density  is  obviously  a great  simplification,  the  *gh  of  course  it  is  not  very  accu- 
rate. We  shall  find  latar,  when  we  discuss  magnetism,  that  it  gives  useful  qualitative  insight 
into  the  magnetic  problem,  in  tliat  ♦*—  potentials  to  be  used  for  electrons  of  the  two  spins  are 
not  the  same  in  a magnetic  problem.  If  there  is  a prepondew^cc  of  electrons  of  ♦ spin,  say, 
at  v.  particular  point,  then  the  decrease  of  potential  energy  cf  a *•  electron,  at  this  point,  on 
account  of  the  exchange  correction,  will  be  greater  than  for  an  electron  of  - spin,  so  that  the 
potential  energy  of  the  electron  of  * spin  will  be  lower.  This  distinction  between  the  potential 
functions  for  electrons  cf  the  two  spins,  with  consequent  difference  In  the  one-electron  orbitals, 
should  strictly  be  taken  Into  account  In  self-consistent  field  work  with  atoms,  but  it  has  hardly 
ever  bean  considered  in  actual  calculations,  up  to  the  present. 

When  It  comes  to  making  this  approximation  method  quantitative,  v.e  can  take  advantage 

(54) 

of  the  free  electron  gas,  for  chich  the  calculations  can  be  made  exactly.  BJocn,  ' ' in  the 

early  days  of  quantum  mechanics,  discussed  the  magnetic  properties  of  a fr«»- electron  gas. 

54F.  Bloch,  Z.  Pnvsik  57,  545  (1929). 
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Ke  set  up  a slng’o  determinant'll  wave  function  for  such  a gas,  using  plane  waves  as  the  Uj's, 
filling  up  these  traves  far  enough  to  accomodate  all  electrons.  Then  he  essenttally  calculated 
the  charge  of  nii*®r  electrons  in  the  neighborhood  of  s «*wer  ,ro»,  essentially  by 

use  of  (l.  18).  From  this  he  found  the  exchange  charge  density  exactly;  for  this  case,  and  In- 
tegrated to  find  the  ^or responding  correction  term  In  the  potential  energy.  We  do  not  wian  io 
take  up  this  correction  at  this  point,  since  it  Is  concerned  more  with  the  problem  of  a solid 
than  of  an  atom.  When  we  work  It  out,  however,  we  find  that  the  SchrSdlnger  equation  for  a 
function  u,(Xj,  +),  where  this  symbolizes  an  equation  for  a function  correr.pondlng  to  + sp*n. 
can  be  written 


(-  Vj2  + V(xj))  u^Xj.  t)  t J (f»+(*2)  + P_(*2))  U/ri2>  ‘fcg  ui(*f  ♦) 
' 6(*F  p+)l/3  ul(xl*  = * 1 ul^xr  +>  * 


(1.22) 


with  a similar  equation  for  u,(Xj,  -).  Here  p+(Xj)  and  p_(xj)  represent  the  cnarge  densities 

of  charge  of  * and  - respectively,  at  the  point  x.,  in  atomic  units,  so  that  the  term  in  p,  ♦ 

4 I/3 

p_  represents  the  potential  of  all  electrons,  at  the  point  x,.  The  term  in  ( p+)  ' is  the  ex- 
change correction,  of  which  we  have  been  speaking.  The  exchange  correction  in  Eq.  (1.  22)  is, 
as  we  have  stated,  taken  from  the  case  of  the  free  electron  gas,  and  we  are  assuming  that 
there  Is  no  great  error  if  v>c  replace  the  correct  exchange  interaction  by  this  free  electron 
value,  computed  for  tha  same  charge  density  which  we  actually  have  present.  This  of  course 
is  a crude  assumption,  but  still,  as  we  have  stated.  It  is  not  qualitatively  absurd.  Calcula- 
tions for  the  self-consistent  fields  of  atoms,  using  Eq.  (1.  22),  have  been  mode  by  Pratt, 
and  he  finds  them  In  fairly  good  agreement  with  the  more  accurate  Hartree-Fock  method. 

We  have  now  come  to  the  end  of  our  sketch  of  the  methods  to  be  used  in  computing  the 
er.ergy  levels  of  atoms;  though  no  calculations  have  really  been  made  following  this  complete 
scheme.  It  involves  finding  a set  of  orthogonal  atomic  orbitals  u^,  as  solutions  of  a Sc  hr  5- 
dlnger  equation,  which  should  properly  be  Eq.  (1. 21),  but  which  can  be  replaced  by  the  cruder 
approximation  (1.  22).  Having  found  these  orbitals,  we  set  up  a number  cf  determlnantal  wave 
functions,  corresponding  to  the  lower  configurations  of  the  atom.  We  solve  the  secular  equa- 
tion between  these  determinants!  functions,  so  as  to  diagonalize  the  energy,  taking  full  advan- 
tage of  the  properties  of  spin  and  orbital  angular  momentum.  When  we  have  done  this,  we  ob- 
tain s wave  function  for  eacn  of  the  states  derived  from  the  secular  equation.  Since  we  are 
usually  more  Interested  In  the  ground  state  than  of  any  other,  we  then  take  this  wave  function 
for  the  ground  state,  insert  it,  as  U,  into  (1.  21),  and  find  «.  new  SchordLnger  equation,  repeat- 
ing tb®  process  until  we  l ave  self  cwitalstency.  Or,  if  we  are  using  (l.?2),  we  compute  the 
charge  densities  of  electrons  of  ♦ and  - spin  from  the  wave  function,  and  seek  self-consistency. 
It  is  clear  that  this  process  will  be  more  accurate,  the  more  determinants  we  take;  and  this 

^G.  W.  Pratt,  Quarterly  Progress  Report  of  lb®  Solid -omte  and  Moierui&r  1’hecry  Group, 

M.  I.  T . July  IS,  1 9->2. 
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number.  Lr.  tha  l»st  analysis,  will  be  fixed  by  the  persistence  of  the  computer,  and  the  capabili- 
ties of  his  computing;  machines. 
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THE  HYDROGEN  MOLECULE 

The  simplest  quantum -mechanical  problem  with  more  than  one  atom  Is  the  hydrogen 
molecule -ion,  the  problem  of  r,  single  electron  moving  in  the-  field  of  two  hydrogen  nu- 

clei. This  problem  nf  u single  particle  in  the  field  of  two  cer.ic;  o alir«ciir.£  according  to  the 
Inverse  square  law  can  be  exactly  solved,  both  in  classical  and  quantum  mechanics.  One  in- 
troduces ellipsoidal  coordinates,  with  the  two  centers  as  foci,  and  finds  that  variables  can  be 
separated,  so  that  in  quantum  mechanics  the  problem  Is  reduced  to  that  of  solving  ordinary 
differential  equations.  The  solution,  by  Burrau,  has  been  of  a good  deal  of  qualitative  value 
in  understanding  the  nature  of  the  problem  of  diatomic  molecules.  Unfortunately,  however, 
the  separability  does  not  hci<*  fc;  any  two-center  problem  except  that  Involving  Inverse  square 
forces,  so  that  It  cannot  be  applied  to  any  diatomtc  molecule.  In  particular  not  to  the  hydrogen 
molecule.  We  must  proceed  by  quite  different  methods,  and  Heltler  and  London,  ^ whose 
work  we  have  already  quoted,  made  the  first  major  effort  to  understand  the  structure  of  this 
simplest  diatomic  molecule. 

This  Heitler-London  solution  of  the  hydrogen  molecule  has  been  used  so  much,  as  a 
model  for  the  solutions  of  more  complicated  molecules,  that  it  will  repay  our  very  careful 
study.  One  feature  of  U,  which  we  shall  discover  at  the  outset,  makes  its  direct  extension 
to  more  complicated  problems  Impracticable:  it  deals  with  non-orthogonal  orbitals,  and  we 
have  seen  in  the  preceding  chapter  how  important  it  is  to  have  orthogonal  orbitals.  A great 
deal  of  the  literature  of  molecular  theory  is  marred,  as  we  shall  point  out  in  later  chaptere, 
by  unwarranted  neglect  of  the  terms  arising  on  account  of  this  lack  of  orthogonality,  Never- 
theless we  can  recast  the  argument  of  Heltler  and  London  ir.  a form  using  orthogonal  orbitals, 
and  this  we  shall  do,  gaining  in  this  way  a starting  point  which  can  be  extended  to  more  com- 
plicated ca8'_s.  When  we  do  this,  “*  find  that  an  alternative  point  of  view,  the  so -called 
method  of  molecular  orbitals.  Is  also  Included  in  our  more  general  formulation.  The  present 
chapter  takes  up  all  these  different  approaches  to  the  hydrogen  molecule,  and  discusses  their 
Interrelationships,  in  such  a iorm  that  they  really  can  serve  as  models  for  our  future  work  in 
more  complex  molecules  and  in  solids.  We  shall  find  n.ost  of  the  problems  encountered  in 
the  latei  chapters  foreshadowed  by  features  of  Ihls  simplest  of  molecules. 

L The  Heltler -London  Method 

As  a first  step,  we  remind  the  reader  rf  the  Heitler-London  method  itself.  Hcitlex- 
and  London,  we  remember,  wrote  their  famous  paper  in  1927,  just  after  Heisenberg's  1926 

*0.  Burrau,  Kgl.  Danske  Vld.  Selsi-sb  Skrifter,  Mat-Fys.  Med.  7,  14  (1927). 

2W.  Heltler  and  F.  London,  Z.  Physlk  44,  455  (1927);  see  also  Y.  Sugiura,  Z.  Physik  45>, 

484  (1927),  for  completion  of  some  malHemaLcal  points  unfi-  .ehed  in  Heltler  and  Lrn 
den's  paper. 
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paper  dealing  with  resonance  phenomena  In  many-body  problems,  which  we  have  d’scuss**d  in 
the  preced'ng  chapter.  Thus  they  were  writing  before  the  formulation  of  the  determinantal 
method  or  :he  Pauli  spin  matrices,  and  they  worked  entirely  wwh  functions  of  the  coordinates, 
ae  Heisenberg  had  done  ‘_n  his  treatment  of  the  helium  atom.  They  argued  in  the  following  v.-ey. 
Let  a represent  a hydrogen  Is  wave  function  about  atom  a,  ;.nd  b a hydrogen  Is  wave  func- 
tion about  atom  b.  Let  the  coordinate  5 of  the  two  electrons  be  denoted  by  x.^  and  x^.  We  know 
that,  at  least  when  the  atoms  are  widely  separated,  the  ground  state  will  correspond  to  the 
situation  where  one  electron  is  on  one  a'om,  the  other  on  the  other.  Thus  it  could  be  repre- 
sented by  the  wave  function  alx^b^).  Ii  could  equally  well  be  represented,  however,  by  the 
other  function  b(jr.j)a(x2b  these  two  functions  will  be  degenerate  with  each  other,  at  infinite 
internuclear  distance.  When  now  we  try  to  solve  a perturbation  problem  between  these  two 
functions,  we  find  at  once  that  the  suitable  linear  combinations  are  the  sum  and  difference, 
a(x1)b(x2)  t j(x which  are  respectively  symmetric  and  antisymmetric  in  the  coordi- 
nates of  the  electrons.  We  can  find  the  diagonal  matrix  components  of  energy  for  these  two 
states,  and  find  that  the  symmetric  function  has  an  energy  minimum  corresponding  approxi- 
mately to  that  known  to  exist  in  the  ground  state  of  the  hydrogen  molecule,  while  the  antisym- 
metric function  indicates  repulsion  between  the  atoms.  By  arguments  similar  to  those  used 
by  Heisenberg  in  discussing  the  helium  atom,  in  the  papers  cited  earlier,  Heltler  and  London 
identified  the  symmetric  function  with  the  singlet  state,  the  antisymmetric  one  with  the  triplet 
state. 

After  the  development  of  the  determinantal  method,  the  present  writer^  showed  how 
this  same  argument  could  be  stated  in  terms  of  orbitals  involving  spin  as  well  as  coordinates. 
-Thus  we  may  make  a tabic.  Table  I,  showing  how  the  spins  of  the  two  electrons  can  be  dls- 


State 

Spin  of  a 

Table  I 
Spin  1 

I 

+ 

II 

♦ 

- 

Ilf 

- 

+ 

IV 

- 

- 

Tctal  Spin 

1 

0 

0 

- 1 


trlbuted  among  the  two  orbitals  a and  b.  We  can  set  up  four  determinants,  associated  with 
four  assignments  I — IV  of  Table  I.  Thus  the  determinant  corresponding  to  state  I is 

a(x2Ws2) 

b(x2)a(s2) 

where  a represents  the  Pauli  spin  function,  wi.U.}i  *•«  one  when  Sj  corresponds  to  a + spin, 
iero  when  Sj  corresponds  >o  a - spin.  That  in,  tht«  determinant  can  be  written  ^a(x2)b(x2) 

3.1  c.  J?Ie»er.  Pbys  \«v.  ,t«?.  1109  (1931). 
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b(rt)a(x2)j  afs^s  2).  It  is  zero,  in  other  words,  unless  both  electrons  have  + spin,  and  it 
corresponds  to  an  antisymmetric  function  of  coordinates.  Simile,  ly  the  function  IV  Is  zero 
unless  both  electrons  have  - spin,  and  it  hn3  the  same  antisymmetric  dependence  on  coordi- 
nates which  we  have  just  found. 

The  determinant  cun  esponding  to  state  II  is 


and  that  corresponding  to  III  is 


where  p is  the  other  spin  function,  zero  when  the  spin  is  +,  cne  when  it  is  If  we  set  up 
the  matrix  components  of  energy  between  states  I --  IV.  we  readily  find  that  there  are  no  com- 
ponents between  states  I or  IV  and  any  other  states,  as  we  expect  from  the  fact  that  Mo  for 

J 

these  states  (designated  total  spin  in  Table  I)  is  different  from  the  values  for  states  II  arid  HI. 
We  cannot  uncritically  use  the  formulas  of  Chapter  1 for  components  of  energy,  for  the  orbitals 
a and  b are  not  orthogonal  to  each  other;  but  the  problem  is  simple  enough  so  that  we  can 
handle  the  situation  in  spite  of  the  lack  of  orthogonality,  and  check  our  statements.  We  find, 
however,  that  there  are  non-diagonal  components  of  energy  between  states  il  and  111,  which 
are  obviously  degenerate  wltn  each  other,  so  that  as  usual  v;e  find  that  the  correct  iinear  com- 
binations are  the  sum  and  difference  of  II  and  III.  As  we  see  by  expanding  the  determinants, 
this  sum  and  difference  equal 

|a(x1)b(x2)  + b(xj)a(x2)J  |a(sj)6(s2)  ± (*i-lja(s2)J  . 


where  the  upper  signs  er«  for  the  sum,  the  lower  signs  for  the  difference.  We  see,  in  other 
words,  that  ihe  sum  gives  the  same  antisymmetric  function  of  coordinates  which  we  observed 
for  states  1 and  IV-  and  a symmetric  function  of  spins,  while  the  difference  gives  a symmetric 
function  cf  coordinates,  an  antisymmetric  funetton  of  spins. 

It  is  then  clear  that  the  antisymmetric  function  of  coordinates  appears  three  times,  for 
states  of  Mg  » 1,  0,  - 1,  and  hence  this  must  correspond  to  the  triplet  state,  wntle  tr>c  sym- 
metric function  of  coordinates  appears  jest  once,  with  M-  = 0,  and  hence  must  '’orrespond 
to  the  singlet.  Thus  we  ver.fy  the  conclusions  c:  lie"  ter  anu  I^uiuiur.  regarding  those  functions. 


We  can  make  these  conclusions  surer,  if  wc  viah,  by  computing  the  matrix  components  of  the 
square  of  the  ;;^do  of  the  spin,  Sx‘"  + S^.  + Sz  , between  these  states,  as  we  did  in 

Chapter  1.  Then  we  find  unambiguously  that  our  assignment  of  spins  is  correct;  though  here 


again,  as  with  the  matrix  of  energy,  wc  must  examine  our  steps  with  cars,  on  account  cf  the 
lack  of  orthogonality  of  the  orbitals  a and  b. 


If 


n 


afXjMSj) 

a(x2)o(s2) 

! 

J 

. \ 

b|X2)p(s2) 

i 

1 

“(XjjtfSj) 

a(x2)P(s2) 
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i 

I 

b(x2Ms2) 
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The  net  result,  then,  Is  that  the  orbital  part  of  the  wave  functions  associated  with  sin- 
glet and  trlpiet  respectively  are  a(xj}'u{x2)  t b(xj)a(x2},  where  the  + sign  goes  with  the  sin- 
giei,  *l*e  - sign  with  the  triplet.  These  functions  are  rot  normalized,  but  3 1-a  1 1 normalize 

them  In  a moment.  Then  the  diagonal  matrix  component  of  energy  with  respect  to  thes*  func- 
tions must  represent  the  energy  of  the  two  spates.  Let  us  compute  this  energy.  First  we 
normalize.  «Ve  assume  a and  b io  be  separately  normalized;  but  the  overlap  Integral 

A = J a(x1)b(x1)  dxj  , 

where  we  disregard  the  complex  conjugate  nature  of  the  wave  function  a.  since  it  is  real,  will 
not  be  zero.  Thus  we  flnu  that 


afxjMx,)  1 b(xj)a(x2)|  2 dx}  = 2(1  t A2)  , 


so  that  the  normalized  wave  functions  are 


(a(x.)b(x,)  i b(x.)a(x,)}  . 

ill  i 1 1 2 1 £ ) 


vi(i  *-  Jf)  ' 1 ‘ 1 

We  must  now  find  the  diagonal  matrix  component  of  the  energy  operato-  with  rcspe«_i  io  these 
two  functions. 

The  energy  operator  is 

- V 2 - y 2 - 2 . 2 - 2 _ 2 + 2 + 2 

V1  V2  r, _ r,_  r,.  r,L  r.  * r ' 


where  rJa  is  the  distance  between  the  first  electron  and  the  nucleus  a,  etc. , r,2  Is  the  dis- 
tance between  the  electrons,  and  r^,  which  we  shall  denote  by  R,  the  distance  between  nu- 
clei. We  remember  that  the  functions  a and  b are  hydrogen  Is  wave  functions  about  the  re- 
spective nuclei.  Th"*  we  have 


V *<*i)  - if;  -'--0 


- »(v  \ 


where  the  coefficient..-  I multiplying  a(xj)  on  the  right  side  of  the  equation  arises  because  the 
energy  of  hydrogen  ground  state  is  - 1 atomic  units.  When  we  use  this  relation,  we  find 
that  the  energies  of  the  two  states  are  given  ov 


where 


K t H. 

a = - 2 J. 

t i : a2 


Hu  ./.2««:)b2(x2)(fi-  - if;  - ?f;  * F“)dxldxZ* 

“1  - ifr  - ?b  * &)  ' 
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1.  THE  HEITLER-I.CNHOW  METHOD 


We  may  rewrite  these  expressions  *»*: 

, 2 A2 

Hq  = ^ + 2J  ♦ J'.  H,  = ♦ 2Ka  + K'  . (2.2) 

where 

J * - /«2(* |M2/rib)  dxi 

J'  = / «2(x1)b':(x2)(2/r12)  dxjdx2 

e (2-  3) 

K = - J »(x1)b(^1)(2/rlb)  dXj 

K'  = {*{*{&{*{>  a(x2)b(x2)( 2/r12)  dxjdx2  . 

We  have  here  chosen  our  notation,  as  far  as  the  expressions  J,  J',  K,  K'  are  concerned,  to 
agree  with  that  of  Pauling  and  Wilson,  Introduction  to  Quantum  Mechanics,  McGraw-Hill,  a 
convenient  reference  to  use  In  looking  up  further  details. 

It  was  now  shown  In  the  papers  of  Heltler  and  London  and  of  Suglura,  quoted  above,  how 
to  compute  the  various  Integrals  concerned.  Their  values  are  cs  follows: 

A = e'R(l  + R + R2/J 

J « - 2/R  + e*2R(2  + 2/R) 

K » - e“R(2  + 2R)  (2.4) 

J'  ■ 2/R  - e'2R(2/R  + 11/4  + 3R/2  + R2/3) 

K'  - | [-  »'2R(-  25/8  + 23R./4  ♦ 3R2  + R3/3) 

♦ £ { AZ(y  + in  K)  + A'2  El(  - 4R)  - 2aA  Ei(  - 2R)}j  . 

where 

a1  = eR(  1 - R ♦ R2/ 3)  , 

where  y is  Euler's  constant  0.5  7722,  and  where  Et(x)  is  the  integral  logarithm  (tabulated,  for 
Instance,  In  Jahnke-Emde's  tables).  In  Table  I!  ^e  give  values  of  these  quantities,  computed 
for  a number  of  values  of  lnternuclecr  distance  (In  atomic  units).  The  table  includes  also  an- 
other quantity  L,  which  we  shall  need  later.  From  the  quantities  given  in  Table  II  we  compute 
values  of  HQ,  Kj,  These  are  given  In  Table  III. 

From  Table  III,  we  see  that  the  singlet  stete,  whose  energy  is  E+,  has  a minimum  of 
energy  at  about  1.5  atomic  units,  corresponding  »o  a stable  ground  state  of  the  molecutc,  while 
E_,  tht  triplet  state,  is  repulsive.  The  well  known  energy  curves,  plotted  from  these  values, 
are  shown  in  ■ !r>  tables  end  curve*;  have  the  predictions  of  the  .-.ir*igh’.xyrw«rd 
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Heiiier-l  r>Mon  theory. 


K 

A 

J 

0.  5 

0 9603 

- 1.7927 

1.  0 

0.8584 

- 1.4587 

1.  5 

0. 7252 

- t. 1674 

2.0 

0. 5865 

- 0. 9451 

2.  5 

0.4583 

- 0. 7811 

3.0 

0. 3485 

- 0.6601 

4.0 

0. 1893 

- 0.4992 

R 

«o 

0.5 

1.6249 

1.0 

0. 1916 

1.5 

- 0.0208 

2.0 

- 0.0383 

2.5 

- 0.0254 

3.0 

- 0.0139 

4.0 

- 0.0033 

Table  II 

K 

Tl 

«. 

K' 

L 

- 1.3196 

1.2103 

1.  1353 

1.  1816 

- 1.4715 

1. 1090 

0. 8733 

1.0141 

- 1.  1157 

0. 9807 

0. 5937 

0.  8107 

- 0.  8120 

0.  8519 

0.  3683 

0.6162 

- 0.  5746 

0.7368 

0.  2132 

0.4512 

- 0.  3983 

0.6396 

0.  1 17C 

0.  3215 

- 0.  1832 

0. 4951 

0.  0312 

0.  1540 

Table  HI 

H1 

E* 

E_ 

1. 3298 

- 0.4629 

1.7979 

0. 1794 

- 1.  9930 

- 0. 5904 

n 3233 

- 2. 2255 

- 1.3619 

0. 2403 

- 2. 2073 

- 1.6921 

0.  1455 

• 2. 1412 

- 1.8480 

0. 0726 

- 2. 0834 

- 1.9252 

0.0203 

. 2.0228 

- 1.9824 

wthmucum  omMoc  uraac  umtsi 

Fig.  1 

Energy  of  hydrogen  molecule  as  function  of  intsrnuclear 

distance,  Heltler -London  theory.  E+.  £ ground  state. 
3 r.  g 

L 2,., 

«* 
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2.  Molecular  Orbitals  for  the  Hydrogen  Problem 

Wc  have  already  mentioned  the  c om  nit  <- a Hons  associated  with  the  use  of  non -orthogonal 
orbitals,  as  in  the  Heltler-London  method.  These  complications  are  not  serious  in  a two- 
electron  problem,  but  ihey  rapidly  become  enormous  as  wc  go  to  problems  of  more  and  more 
electrons.  Her.ce  the  He itltr -London  method  in  its  elemental^  torm  is  not  suited  for  genera- 
lization to  more  complicated  molecules.  We  shall  now  show,  however,  that  we  can  set  up  or- 
thogonal orbitals,  linear  combinations  of  the  two  orbitals  a and  b used  in  the  Keltic r- London 
method,  and  that  when  we  express  the  problem  of  the  structure  of  the  molecule  In  terms  of 
these  orbitals,  it  takes  a form  suitable  for  generalization. 

As  a guide  in  setting  up  these  orthogonal  orbitals,  let  us  give  a little  attention  to  the 
method  of  the  self-consistent  field,  as  applied  to  molecules.  In  Section  0,  Chapter  1,  we  set 
up  a general  self-consistent  method  which  can  oe  applied  to  molecules  as  well  as  atoms.  We 
set  up,  in  Eq.  (1.  21),  a differential  equation  for  the  one-electron  functions  u,.  These  repre- 
sented the  motion  of  an  electron  in  a certain  averaged  field  of  tbe  nuclei  and  the  other  electron. 
We  cannot  hope  to  solve  this  differential  equation  exactly  for  a molecule:  but  at  least  we  can 
hope  to  set  up  linear  combinations  of  our  atomic  orbitals  a and  b which  approximate  as  well 
as  possible  to  solutions  of  this  self-'' onsi stent  field  problem.  Now  in  the  hydrogen  molecule 
problem,  we  s’ould  find  the  potential  to  be  symmetric  in  the  two  nuclei:  we  shall  later  examine 
this  problem  of  the  meaning  of  Eq.  (1. 21)  for  this  problem.  And  it  is  well  known  that  in  a two- 
CGT-i*r  problem  with  symmetry  In  the  nuclei,  all  solutions  of  Schrodinger's  equation  must  be 
either  symmetric  or  antisymmetric  when  the  nuclei  are  interchanged.  Tliat  is,  the  functions 
u1  must  be  either  even  or  odd  with  respect  to  reflection  in  the  plane  midway  between  the  two 
nuclei,  with  respect  to  which  the  nuclei  are  in  the  positions  of  mirror  images.  But  there  is 
only  one  way  In  which  we  can  set  up  combinations  of  a and  b having  this  property:  the  only 
even  function  Is  a ♦ b,  the  only'  odd  function,  a - b.  These  functions  are  automatically  or- 
thogonal to  each  other,  since  their  product  is  odd  with  respect  to  reflection  in  the  mldplane, 
and  contributions  to  the  overlap  integral  on  one  side  of  the  midplane  cancel  contributions  from 
the  other  side.  Let  up  then  set  up  these  two  orbitals.  We  may  call  them  molecular  orkLals, 
afnre  th<»  name  h««  syylled  *c  solutions  of  the  self-consistent  field  problem  for  molecules, 
and  out'  functions  srs  approximation*  to  those  solutions. 

We  shall  call  the  even  function  u^,  the  odd  function  uu  (it  is  often  convenient  to  use  the 
symbols  g and  u,  abbreviations  of  the  German  words  gerade  and  ungerade,  to  denote  even  and 
odd  functions)-  We  readily  find  that  tbe  normalized  functions  are 


u_(x) 


»(*)  ♦ M»). 

yifTTTj 


uu(x> 


a(x)  - b(*)  > 
y2(i  - £} 


We  can  now  set  up  a table,  similar  to  Table  L giving  the  possible  arrangements  of  the  two 
electrons  In  these  two  orbltaio.  TWs  tabic.  Table  IV,  is  given  below. 

In  Table  IV,  wc  hrve  included  six  states,  ra'licr  t'juu  the  four  given  in  /able  I.  Let  us 
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Table  W 


State 

I 

II 

III 

IV 

V 

VI 


Spin  of  u 

8 

♦ - 
+ 


c~<- 


~.r 

“•  “u 


Total  Spin 

0 

0 

1 

0 

0 

- 1 


see  why  this  is.  If  we  find  a one-electron  energy  for  the  orbitals  Ug  and  u^,  we  find  that  Ug 
lies  lower  than  uu;  it  is  p general  property  of  the  symmetric  and  antisymmetric  solutions  of 
two  center  problems  that  the  symmetric  solution  has  a lower  energy  than  the  corresponding 
antisymmetric  one.  Thus  in  the  language  of  the  self-consistent  field  method,  the  lowest  state  of 
the  molecule  might  well  be  assumed  to  come  from  the  configuration  where  both  electrons  are 
in  this  lowest  stationary  state  Ug.  The  electrons  would  have  to  have  opposite  spins,  and  to 
form  a singlet  state.  It  is  this  state  which  is  represented  by  I,  in  Table  IV.  We  should  ex- 
pect the  next  nigher  states  to  come  when  one  electron  is  left  in  the  Ug  state,  but  one  excited 
to  the  uu  stats.  In  this  case,  since  the  electrons  sre  not  equivalent,  we  have  a singlet  and  a 
triplet.  These  slates  corns  from  the  states  III  --  VI  of  Table  IV:  the  states  III,  VI,  and  the 
sum  of  IV  and  V,  represent  the  three  components  of  the  triplet,  and  the  difference  of  IV  and  V 
is  the  singlet,  juet  as  in  our  discussion  of  the  Heitler -London  method,  only  now  we  are  deal- 
ing with  orthogonal  one -electron  orbitals,  sc  that  we  can  use  exactly  the  method  of  Chapter  1 
In  solving  the  perturbation  problem.  Finally,  the  highest  state  woula  come  wnen  both  elec- 
trons were  excited  to  the  uy  level,  so  that  we  should  have  the  singlet  given  by  state  II  of  Table 
IV. 

The  two  states  which  we  omitted  from  Table  I.  corresponding  to  states  I and  II  o' 
Table  IV,  would  be  those  in  which  both  electrons  were  in  atom  a,  or  both  in  atom  b.  That  is, 
the  wave  function  would  represent  the  situation  where  we  had  one  positive  ion,  and  one  nega- 
tive ion,  co  that  we  call  such  states  ionic  states.  We  know  experimentally  lliut  it  requires  a 
considerable  amount  of  energy  to  remove  an  electron  from  one  hydrogen  atom,  and  attach  it 
to  another  atom.  Thus  these  ionic  states  correspond  io  rather  high  energy  levels  of  the  hy- 
drogen molecule,  and  we  may  expect  that  it  will  not  make  a great  deal  of  difference  in  the 
wave  function  and  energy  of  the  ground  aiaie,  whether  we  include  them  in  our  calculation  or 
not.  Wc  a’/uali  later  actually  carry  out  the  extension  of  the  Heitler -London  calculation  to  the 
case  where  these  ionic  states  are  present,  and  shall  find  u«  fact  that  they  do  not  make  much 
difference  in  the  Heitier-London  method,  so  that  '»e  understand  how  we  could  get  a good  value 
from  the  four  states  of  Table  I,  while  on  tne  conirary  we  really  need  the  six  states  of  Table 
IV 

It  Is  now  very  informing  to  take  our  definitions  of  Ug  and  u , and  actually  form  the  de- 
terminants! >*r.ve  ’»nctions  connected  with  the  six  states  of  Table  IV.  We  m«v  as  well  im- 
mediately form  tjie  sum  and  difference  (properly  normalized)  of  states  IV  and  V,  since  we 
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J 2 

already  hnc^r  that  these  are  the  combination*  which  will  diagonalize  the  quantity  3 ~ ❖ Sv.  ♦ 

2 * j1 

8.  . When  we  work  out  the  functions,  and  write  them  In  terms  of  s ard  *\  we  find  the  fol- 
* 

lowing: 


j.  s(l)»{2)  » b(l)b(2)  t *(l)b(2)  + b(l)a(2)  *(1»(2)  - P(l)«<2) 

2(1  ♦ A)  7l 


n,  k(i)>(2)  ♦ ^?)b(^)  - a(i)b(2)  - b(i)>(2)  »(iy,{i).  gjn^l 

2(1-4  SI 


e(l)s(2) 


*li2gSL»  fifilfia 
SI 


V*  p(D«2) 

~ -W.  - b(ljb(2)  . 

vui  - j?>  yz 


(2.5) 


When  we  examine  these  wave  functions  (2.  £),  we  see  that  they  have  some  resem- 
blances to  the  Heltler  -London  wave  functions,  and  also  some  differences.  First  we  notice 
cos  thing*  the  triplet  wave  functions,  the  functions  denoted  by  UL  IV  ♦ V,  and  VL  are  Identi- 
cal with  the  triolet  functions  given  by  the  Heltler -London  method,  so  that  as  far  as  they  are 
concerned,  we  shall  get  the  same  answer  by  either  method,  and  there  is  nothing  more  to  do. 
We  have,  however,  three  singlet  states,  I,  H.  and  IV  - V,  rather. than  the  one  singlet  of  the 
Heltler -London  method.  This  is  only  natural,  since  we  have  started  with  six  states  rather 
than  four,  and  clearly  to  gat  the  corresponding  three  singlets  out  of  the  Heltler -London  meth- 
od, we  should  have  to  include  the  It?  ionic  states  there.  Let  ua  sec  how  that  would  have 
worked  out.  The  corresponding  wave  functions  would  have  been  simply 


•OJPtt)  - POW*) 

-fit-# \/z  — * 


Wit 

1-/-V-I 


a/ 116/2)  - 6/1W2) 

Si 


(2.6) 


But  now  it  can  be  shown  that  all  real  solutions  of  the  hydrogen  molecule  problem  must  have 
wave  functions  which  are  either  unchanged,  or  which  change  sign,  when  we  reflect  the  whole 
wave  fane i ion  la  the  mldplane  between  the  two  nuclei,  or  when  «’e  istorchange  the  roles  of 
atoms  a and  b.  Thus  if  we  set  up  the  non-diagonal  matrix  component  between  the  two  states 
zl  Ev  Jv  6;,  we  find  this  si  -.portent  dursrrut  from  ecd  a pc^tui-fce.V.on  problem  set  up 
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Just  between  these  two  states  would  result  In  solutions  which  would  be  proportional  to  the  sum 
and  difference  of  these  ;.u.  These  functions,  even  and  odd  In  the  nuclei  respectively,  are 

s(l)a(2)  4 b(l)b(2)  . 

72(1+  7)  72 

a(l)«(2)  - b(l)b(2)  a(l)*2)  - P(l)a(2)  ° 

72(»  - e?)  v2 

We  now  notice  first  that  the  second  of  the  states  of  J2q.  (2.  7)  Is  identical  with  the  state 
TV  - V of  Kq.  (2.  5).  In  either  case,  this  is  the  only  singlet  state  which  le  ckV  In  the  Inter- 
change of  the  nuclei.  It  Is  convenient  to  have  a notation  to  describe  the-varlcua  properties  of 
a state,  and  this  notation  Is  commonly  cat  up  in  such  s way  that  we  would  describe  this  state 
as  £u‘  The  superscript  1 stands  for  s singlet,  just  as  in  an  atomic  configuration}  the  sym- 
bol £ is  analogous  to  3 In  sis  atomic  case,  and  indicates  that  we  have  sero  component  of  or- 
bital angular  momentum  along  the  aria  of  the  molecule}  and  the  u Indicates  that  the  state  la 
odd  (unger «de)  In  the  nuclei.  Similarly  the  triplet  state  would  be  denoted  £u>  since  we  ob- 
serve that  It  also  Is  odd  In  the  nuclei.  We  are  left,  however,  with  two  singlet  states  even  in 
the  nuclei,  which  we  symbolize  £ , the  g (gerauc)  standing  for  even.  In  the  Heltler-Lcndon 
method,  these  arc  the  ordinary  singlet  atate,  and  the  Ionic  singlet  state  given  by  the  first  of 
the  two  functions  In  Eq.  (2. 7).  It  Is  clear  that  the  state  I.  Eq.  (2. 5).  in  the  molecular  orbital 
method,  is  the  sum,  and  the  state  n the  difference,  of  these  two  singlets  given  by  the  Heltler- 
London  method  (except  that  when  we  remember  the  normalisation  constants,  I and  n are  linear 
combinations  of  the  Heftier -London  functions,  but  not  as  simple  a.i  the  sum  and  difference). 

We  are  now  ready  to  consider  the  matrix  components  of  the  f>n*r«y  with  i aspect  to  the 
six  states  of  Eq.  (2. 5).  There  are  of  course  no  matrix  components  between  two  different 
states  of  different  multiplicities.  Furthermore,  there  are  no  matrix  components  between  an 
even  and  an  odd  function  In  interchange  of  the  nuclei}  for  in  such  a case,  the  contribution  to 
ths  energy  Integral  from  one  half  of  space  Is  canceled  by  the  contribution  to  the  other.  In 
other  words,  the  only  non -vanishing  non -diagonal  matrix  component  of  energy  wilt  bo  between 
the  two  £g  states  I and  II.  Similarly  in  the  Heltler -London  method,  the  only  non-vanishing 
component  will  be  between  the  £ non-ionic  and  ionic  states.  Since  there  are  two  such 
states,  vre  must  solve  a quadratic  secular  equation,  which  we  may  most  conveniently  solve 
between  the  states  I and  li  of  Eq.  (2. 5),  since  these  are  set  up  in  terms  of  tbs  orthogonal  or- 
bitals Ug  and  Uy.  The  final  answer,  however,  will  be  the  same  as  if  we  set  up  s secular  equa- 
tion between  the  £ non-tonic  and  ionic  states  of  the  Heltler-London  method,  for  the  two 
functions  of  one  method  are  linear  combinations  of  tne  two  functions  of  the  ether.  We  shall 
shortly  solve  this  secular  equation.  We  notice  th*t  by  introducing  the  functions  of  Eq.  (2. 5), 

la  which  each  oae  la  written  so  as  to  make  S_  ♦ S„  + S “ diagonal,  and  in  which  each  oz' 

1 / * 

la  even  or  edd  in  tb*  nuclei,  we  have  secured  the  maximum  simplification  of  the  secular  equa- 
tion which  u pjftjtMfc . Tbo  symmetry  In  the  nuclei  plays  a role  bare  somewhat  similar  to  the 
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orbital  angular  momentum  in  an  atomic  problem. 

It  I*  a simple  ar.d  straightforward  task  t«  set  up  the  matrix  components  of  energy 
bcT.w.een  the  various  functJ""".  of  Eq.  {£..  5).  We  can  do  this  directly  in  the  form  written,  where 
the  functions  are  expressed  in  terms  of  a.  and  b.  Or  we  can  set  up  the  matrix  components  of 
the  one-  and  two-electron  operators  with  respect  to  the  orthogonal  orbitals  u^  and  uu,  and  set 
up  the  matrix  components  of  energy  from  these  by  the  rules  of  Chapter  I.  One  method  is 
about  as  convenient  as  the  other, . in  this  case,  and  by  either  method  we  set  up  the  components 
in  terms  of  the  integrals  defined  in  Eq.  (2.  3),  and  tabulated  in  Table  U.  We  find  that  we  need 
just  two  additional  integrals.  These  are 

L a f iZ(xl)*(x2MxiMrlz)  ^dxj  . (2.8) 

which  is  tabulated  in  Table  Q,  and 

/a2(xl)a2(x2H2/r12)  dxldx2  « 5/4.  (2.9) 

By  methods  similar  to  those  of  Heltler  and  London's  paper,  it  can  be  easily  shown  that  L is 
given  by 

L - e'R(2R  ♦ i ♦ Jj)  ♦ e”3R(-{  - ^)  . «.  10) 


We  may  now  write  down  the  matrix  components  of  energy.  In  the  first  place,  for  the 
states  I and  n in  Eq.  (2. 5).  we  have  the  following  diagonal  and  non-diagonal  matrix  compo- 


nents! 


a.  j * - 2 


* - 2 


«22  - - 2 


+ | a (K'W/2  + 2L+5/8) 

R l1  (i  ♦ a)2 

+ 2 + (2J  - 2KaXl  ~ A2)  ♦ (K*  ♦ J'/2  ♦ 5/8)(l  ♦ A2)  - 4aL 
R n _ £y. 

♦ ( - H A*  2K>(1  - j)  + 2L(l  ♦ A2)  - *(•>/ 4 ♦ J'  ♦ 2K*) 

(I-/)2 

+ 2 + 2(J  - K)  + (K'  + J'/2  - 2L  + S/8)  (i-  i 1) 

* ( ‘ - A)  (1  - A2/2 

. _ 2 2 (2J  - 2KA)(1  - A2)  ♦ (K*  ♦ J'/2  ♦ 5/8K1  + A2)  - 4aL 

R (l  - a2)2 

( - 2J  A ♦ 2KK1  - A2)  ♦ 2L(1  ♦ A2)  - A(5/4  ♦ J’  ♦ 2K') 

(1  - *)* 

HU.1 

1(1  - /) 

The  two  ^Xg  eMr(^e*  will  be  the  solutions  of  the  secular  equation  formed  from  these  com- 
ponents. Next,  for  the  ^ state,  the  coeigy  has  already  been  give'*  as  E , in  Eq.  (2-  1) 
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l 

Finally,  for  the  state  whose  wave  function  is  indented  as  IV  - V in  £q.  (2.  5),  the  energy 

***-*! ±M*1  . (2. u, 

R (1  - A*) 

In  Table  Y we  give  values  of  H^,  H 22,  H1?;  the  two  energies  E(  £ and  E(  £ ) which  are 

the  two  solutions  of  the  quadratic  secular  equation;  and  the  energy  E(  V ) of  the  state  (2. 12). 

*-'u 

Table  V 


R 

H11 

H22 

H12 

E(‘l  ) 

g 1 

e;1!  > 

u 2 

E(  I ) 

u 

0.5 

- 0. 4550 

4.8109 

0.2553 

- 0. 4674 

4.8232 

2. 3089 

1.0 

- 1.9719 

1.40/? 

0.2679 

- 1. 9930 

1.4288 

- 0. 0547 

1.5 

- 2. 1945 

0. 1173 

0.2840 

- 2. 2289 

0. 1517 

- 0. 7937 

2.0 

- 2. 1616 

- 0.5536 

0. 3034 

- 2.2170 

- 0. 4984 

- 1.0854 

2.5 

- 2. 0676 

- 0.  9256 

0.  3248 

- 2. 1535 

- 0. 8397 

- 1. 1984 

3.0 

- 1.9656 

- i. 1505 

0.  3474 

- 2.0935 

- 1.0225 

- 1.2384 

4.0 

- 1.7908 

- 1. 3730 

0. 3915 

- 2. 0256 

- 1. 13S2 

- 1.  1994 

In  Fig.  2,  we  show  the  energies  of  all  four  terms,  Y , Y , Y , > , as  a function  of 

gl  g2  **u  u 

lnternuclear  distance.  We  also  show,  for  comparison,  the  quantities  Hj  j and  the  diago- 
nal energies  of  the  two  states  I and  n at  Eq.  (2. 5),  formed  from  single  determinants  of  mo- 


1- 


lecular  orbitals,  representing  the  configurations  in  which  both  electrons  are  In  the  orbital  u^, 
and  uu,  respectively. 


Fig.  2 

Energy  at  hydrogen  molecule  as  function  cf  lnternuclear  distance. 
Full  curves,  energies  as  derived  from  secular  equation.  Dotted 
curves,  diagonal  energies  of 1 Y "tvtca  constructed  fc  cm  mo) ecu- 

i^|i 

iar  orbital  wave  functions,  without  considering  inter  action. 
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We  can  now  draw  a number  of  conclusions  from  our  calculations.  In  the  first  place. 

1 

let  us  compare  the  energy  F.(  Y ) of  Table  V.  which  represents  the  ground  state  as  obtained 
by  making  linear  combinations  of  our  six  determinants,  and  the  energy  of  the  state  £ of  Table 
III.  which  represent  the  Heitler -London  approximation  to  the  same  state.  It  is  clear  from  the 
comparison  that  the  two  agree  very  closely.  The  energy  E(  Y ) is  slightly  lower  than  E+, 
as  it  must  be  by  the  variation  principle;  for  E(  Y )j  l*  the  energy  of  the  best  combination  of 
the  Heitler -London  ground  state  and  the  Ionic  atat£  of  the  same  symmetry,  and  hence  by  the 
variation  principle  must  have  a lower  energy  than  the  energy  of  the  Heitler -London  ground 
state  itself.  But  clearly  the  improvement  in  energy  is  very  minor.  Neither  energy  is  a very 
good  approximation  to  the  actual  ground  state  of  hydrogen.  The  minimum  at  1.  5 atomic  units 
is  at  about  the  correct  internuclear  distance  to  agree  with  experiment,  but  the  binding  energy 
of  slightly  under  0.  23  atomic  units  la  only  about  three  quarters  of  the  observed  binding  energy. 
Clearly  the  correction  of  this  error  is  not  to.  be  sought  by  including  ionic  states  in  our  calcu- 
lation. We  shall  see  later,  by  direct  examination  of  the  wave  functions,  that  we  do  not  ac- 
tually make  much  alteration  of  the  wave  function  of  the  Heitler -London  ground  state  by  includ- 
ing a contribution  front  the  ionic  state.  The  energy  of  the  state  ( £ ia  so  closely  the  same 
as  tbs  Heitler -London  E+  that  we  cannot  tell  the  difference,  on  a figifre  of  the  scale  uaed  In 
Fig.  1 or  2. 

1 

Next,  it  is  interesting  to  observe  the  limiting  energy  to  which  the  two  states  £ and 
*£  2 tend  at  infinite  internuclear  distance.  They  both  go,  as  we  can  easily  aee  from  Eqs. 

(2.  ft)  and  (2. 12),  to  the  limit  - 2 + 3/4.  Here  5/4  represents  the  Integral  of  Eq.  (2.  9),  the 
Coulomb  repulsive  interaction  of  two  electrons  both  on  the  same  atom.  This  ia  the  approxi- 
mation furnished,  by  the  present  wave  functions  to  the  energy  of  a positive  and  a negative  hy- 
drogen ion  at  infinite  distance.  We  represent  the  negative  ion  by  having  both  electrons  is  the 
same  orbital  a on  atom  a.  The  energy  is  than  the  same  as  for  two  neutral  atoms,  except  for 
the  repulsive  interaction  of  the  two  electrons  on  the  same  atom.  It  is  now  clear  why  these 
two  states  Y end  Y , ere  missing  in  the  usual  Heitler -London  formulation,  since  that 

and  H,,  of  the 


formulation  disregards  & ionic  states. 

A further  interesting  observation  concerns  the  diagonal  energies  H^ 


*22 


two  states  I end  n,  in  Eq.  (2.  5).  Theca  energies  go  at  infinite  separation  to  the  limit  - 2 ♦ 
5/8.  The  reason  for  this  is  clear  from  the  wave  functions,  as  written  in  Eq.  (2.  5).  Here  it 
Is  plain  that  each  of  these  states,  at  infinite  separation,  goes  into  an  equal  mixture  of  the 
Siitler -London  ground  state,  and  the  Heitler -London  Ionic  state.  Hence  we  should  expect  the 
energy  to  be  the  average  energy  of  these  iwu  eiates,  as  it  is.  Putting  it  another  way,  in  either 
the  function  u^  or  uy.  the  electron  has  equal  chances  of  being  found  In  either  atom.  At  infi- 
nite separation,  then,  there  are  chances  of  1/4  that  both  electrons  be  in  atom  a,  1/4  that  both 
be  in  stem  b,  l/4  that  the  firat  be  in  a,  the  second  in  b.  and  1/4  th-t  i he  second  be  in  'a,  the 
first  in  b.  The  net  result  te  • fiftj  percent  chance  of  an  ionic  state.  The  interaction  between 
these  two  states  I anJ  XL  resulting  from  the  seculav  equation,  pushes  the  states  apart,  and  It 
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Is  clear  that  this  repulsion  of  the  states  must  persist  to  Infinite  Inter  nuclear  distance.  In  or- 

dci  tu  1 vault  1a.  ».tp  pw.  . pv.  «n«.  (jr  *c*c.*»  *w.  »»*t  ip . ^ ».«.«■  «.,  uuu>:..«  n o «CQ| 

In  fact,  that  the  nor.-dl»gonal  matrix  component  responsible  for  pushing  them  apart,  as 
given  in  £q.  (2. 11},  do*  - squally  approach  the  limiting  vsiue  of  5/8  at  Infinite  distance,  so 

that  there  the  two  correct  energies  are  ( - 2 + 5/8)  i 5/8. 

It  Is  Interesting  to  consider  the  actual  values  of  the  diagonal  energy  Hj  j,  as  given  In 
Table  V,  ana  compare  with  the  energy  of  the  Heltler -London  ground  state  E ^ frocn  Table  HI. 
or  with  the  energy  E(  £ of  the  best  ground  state  from  Table  V.  We  see  that.  In  the  neigh- 
borhood of  the  minimum,  Hu  la  nearly  as  low  as  the  correct  energy  level.  In  other  words, 
the  state  L In  which  both  electrons  are  in  the  molecular  orbital  u^,  has  a diagonal  energy 
which  is  quite  a good  approximation  to  the  best  energy,  near  the  minimum.  This  la  the  basts 
of  the  method  of  molecular  orbitals,  which  we  shall  discuss  in  the  next  chapter.  In  that  meth- 
od, the  wave  function  of  a molecule  le  written  as  a single  determinant  formed  from  one- 
electron  molecular  orbitals.  These  molecular  orbitals  are  generally  approximated,  as  we 
are  doing  here,  as  linear  combinations  of  atomic  orbitals,  so  that  the  method  la  often  known 
by  that  name  (abbreviated  LCAO).  In  the  general  case,  ait  here,  we  shall  find  that  the  diago- 
nal energy  ox  such  a one -determinant  function  goes  to  t»o  high  an  energy  at  infinite  separation} 
but  sometimes  it  can  form  quite  a good  approximation  to  the  actual  molecule  at  Its  observed 
Inter  nuclear  distance.  We  nhall  find  later,  too,  that  the  method  of  energy  bands,  as  applied 
to  r^lida,  la  an  extension  of  this  method  to  solids,  and  that  it  has  the  same  convenience,  in 
that  the  wave  function  is  written  as  a single  determinant,  but  the  same  weakness,  in  lust  the 
limiting  behavior  at  large  internudear  distances  is  wrong. 

Sines  the  states  I.  end  Q ara  orthogonal  to  each  other,  the  sum  rule  applies}  that  la, 
the  sum  of  the  unperturbed  energies  equals  the  sum  of  the  perturbed  energies.  In  other 


words,  the  sum  of  H21  and  H22  equals  the  ram  of  E(*  £ and  E(*  £ or  the  average  of 
Hu  and  equals  the  average  of  h and  E(*  £ }®.  Still  another  way  of  expressing thl 

la  that  the  perturbation  pushes  the  two  s&tes  1 7 and  apart  by  equal  amounts  from 


the  diagonal  energies  Hjjud  H22-  Tide  can  be 


(fe rifled  ewsff 


easily  either  from  our  form Vaa  or 


from  cur  tables  o i values.  We  also  have  another  perturbation  problem  tu  which  the  sum  rule 

applies:  that  between  states  IV  and  V of  Table  IV.  This  results  In  the  states  ^ Y and  1 V . 

u *■'  u 

Here  the  two  unperturbed  states  are  degenerate  with  each  other,  so  '.hat  the  diagonal  energy  of 
either  one  lies  midway  between  the  energies  of  £ and  £ ^ as  given  In  Table  V sr  Pig.  2. 

It  Is  interesting  that  this  diagonal  energy  la  very  nearly  the  average  of  H12  and  H^  (though 
not  exactly).  The  energy  H21  represents  the  energy  d the  state  with  both  electrons  In  *he  u^ 
orbital}  states  IV  or  V represent  the  energy  of  the  state  with  cne  electron  in  u^,  one  1a  uu# 
and  the  state  □.  with  energy  Is  tltai  with  both  electrons  in  uu»  The  fact  that  the  energy 
of  state  IV  or  V Is  nearly  midway  between  Hj2  sod  H/  ( fits  In  with  « one-electron  Interpreta- 
tion of  these  states:  raising  one  electron  from  state  u_  to  uu  raises  the  energy  from  to 
the  energy  at  IV  or  V,  and  rtdaina  the  other  electron  raises  it  to  Both  of  these  tnvolve 
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approximately  the  same  amount  of  excitation  energy.  This  excitation  energy  Is  what  would  be 

computed  by  the  molecular  orbital  method  for  molecules,  or  the  energy  hand  h.ethod  for  aol- 


lds.  as  a measure  of  the  energy  required  to  change  the  one -electron  energy  as  the  electron 

goes  from  the  symmetric  to  the  antisymmetric  orbital.  This  energy,  for  Instance,  goes  to 

zero  at  Infinite  intcrnuclear  distance.  We  see  by  looking  at  Fig.  2.  however,  how  violently 

modified  the  molecular  orbital  picture  becomes,  when  we  apply  all  the  perturbations.  The 

lowest  anu  highjst  states  are  pushed  apart  from  the  energies  H, , ond  H,,  to  E(?  Y },  and 

E(  I ) , and  the  intermediate  states  are  pushed  apart  to  the  energies  of  T and  T . 

g 2 u u 

We  shall  find  later  that  similar  things  occur  in  the  molecular  orbital  and  energy-band  theories, 

and  ther;  here  the  most  striking  changes  come  about  st  large  internuclear  distances. 

An  important  observation  Is  ^connected  with  the  sign  of  the  exchange  integral,  which 

has  pus  bad  the  two  states  X and  Y apart.  From  the  simple  theory  of  the  spin  degeneracy 


of  two  electrons,  as  sketched  In  Chapter  1,  we  see  that  when  we  have  two  states  like  IV  and  V, 
one  corresponding  to  an  electron  of  ♦ spin  in  an  orbital  Uj,  an  electron  of  - spin  in  another 
orbital  u2>  and  the  second  corresponding  to  having  the  spins  interchanged,  we  shall  find  the 
perturbed  status  split  by  an  exchange  integral 


V<*2>  U2(xl}  ul<*2X2/r12>  • 


(2.13) 


provided  the  orbitals  are  orthogonal.  Su<_h  an  integral  is  necessarily  positive.  For  from  Its 
form  It  represents  the  Coulomb  Interaction  energy  of  a charge  distribution  Uj*(xj)  u2(Xj)  on 
Itself.  Such  •&  electrostatic  energy  can  always  be  transformed,  by  methods  familial  In  elec- 
trostatics. to  an  Integral  of  «0E^/2,  where  «Q  la  the  permittivity  of  free  space,  E the  elec- 
tric field,  over  all  apace.  Since  this  integrand  Is  everywhere  positive,  the  integral  must  be 
positive.  This  sign  la  such  that  the  triplet  will  always  He  below  the  singlet,  as  we  have  in 
this  case,  with  the  Y u lying  below  the  £u>  Another  case  of  the  same  result  Is  found  in 
atomic  two-el  »ctroa  spectra,  where  the  triplet  always  lies  below  the  singlet.  This  Is  s spe- 
cial case  of  Hand's  rule,  given  empirically  in  the  days  before  the  development  of  wave  me- 
chanics, p.cccrding  to  the  multiplets  of  highest  multiplicity  tend  to  lie  lowest  in  an 

atomic  spectrum. 

This  rule  Is  completely  dependent  on  having  ortnogonal  orbitals,  as  we  see  by  com- 
parison with  the  case  of  the  Heltler- London  method,  where  the  orbitals  are  not  orthogonal. 

The  interaction  between  states  n and  HI  in  Table  I is  of  )-*?t  the  same  sort  which  we  have  here, 
with  that  cne  exception)  and  yet  the  singlet  lies  lower  In  the  perturbed  problem,  as  we  see 
from  Fig.  1.  The  separation  here  depends  on  the  exchange  Integral  Hj,  of  Eq.  (2. 1),  which 
is  written  out  in  detail  In  Eq.  (2.2).  when  we  examine  the  terms  of  H^,  we  see  that  the  terms 
la  2/r  and  2 /r2fc  are  the  ones  which  come  In  with  negative  sign,  and  which  outweigh  the 
positive  terms,  and  result  In  a negative  exchange  Integral  Hj,  \m  w'C  wCC  ITi  Tat/iv*  1H>  These 
terms  necessarily  vanish  if  the  orbitals  a and  b are  orthogonal.  Thus  we  see  that  any  ex- 
planation of  the  binding  of  (he  morscuic,  resulting  in  o singlet  ground  state,  in  terms  at  t spin 
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degeneracy,  as  In  the  method  of  Heitler  and  London,  Is  impossible  if  we  use  orthogonal  or- 
bitals. We  can  sea  this  more  clearly  in  the  next  section,  where  we  set  up  orthogonal  orbitals 
A and  E,  rather  similar  to  a and  b in  that  A is  concentrated  on  atom  a B on  atom  b,  mid 
yet  ortho  penalized  to  each  other.  When  we  use  these  orbitals,  as  we  shall  see.  the  triplet 
ntate  lies  below  the  singlet,  and  we  are  forced  to  take  into  account  the  Interaction  with  the 
ionic  states  to  get  a correct  picture  o'  the  state.  Let  us  now  proceed  to  this  method 

of  describing  the  molecule,  in r comparison  with  those  already  used. 

3.  Orthf>gonalt»ed  Atomic  Orbitals 

The  molecular  orbitals  u^  and  uu  are  not  the  only  orthogonal  combinations  of  the  or- 
bitals a and  b,  which  we  can  use  for  expressing  our  problem  In  terms  of  orthogonal  orbitals. 

Wa  can,  of  course,  set  up  an  infinite  number  of  orthogonal  combinations  of  a and  b,  but  most 
of  these  would  not  appeal  to  uo,  for  we  naturally  wish  a certain  amount  of  symmetry  as  re- 
gards the  nuclei.  Our  functions  u^  and  uQ  ar  e particularly  convenient  in  this  way,  in  tiiat  the 
determinants!  functions  formed  from  them,  as  given  in  Table  IV,  automatically  snow  the  prop- 
arty of  being  symmetric  or  antisymmetric  In  the  nuclei.  The  original  functions  a and  b have 
a somewhat  different  symmetry  properly;  one  goes  into  the  other  when  we  reflect  in  the  mld- 
plane  between  the  atoms.  Let  us  ask  If  we  cannot  set  up  two  orthogonal  orbitals  A and  B, 
linear  combinations  of  a and  b,  which  have  this  s ?me  property,  so  that  the  perturbation  prob- 
lem set'up  in  terms  of  them  will  have  as  close  s resemblance  as  possible  to  the  Heitler  - 
London  problem,  The  answer  la  that  we  can.  Let  us  demand  that  A ■ CjS  ♦ c^b,  B * Cjb  + 

CjS,  where  C|  and  are  to  be  chosen  so  as  to  mska  A und  B normalised  and  orthogonal. 

Ws  can  impose  this  condition  easily,  and  the  dais rmlr^ailon  of  Cj  and  c?  becomes  a simple 
problem  in  algebra.  We  find  without  trouble  that 

c.  * _ t _ , c,  ■ , - . (2.14) 

1 2 yiTs  2 v i - a * 2 yr+A  z yv-  a 

! 

We  site  that  c , is  positive,  c2  negative.  Furthermore,  In  the  limit  aa  Interau clear  distance 
becomes  large,  when  A goes  to  aero,  c j approaches  unity,  approaches  zero,  so  that  inthis 
limit  A and  B approach  a and  b respectively.  At  smaller  distances,  however,  Cj  decreases, 
c.  increases  numerically,  so  that  A is  made  mostly  of  a contribution  of  a,  but  supplemented 
by  a contribution  of  b with  opposite  sign.  Just  large  enough  to  make  the  two  functions  orthogo- 
nal. We  shall  indicate  the  relation  of  these  orthogonal  orbitals  to  others  which  have  been  pro- 
posed for  molecular  and  solid-state  problems  in  a later  section. 

Let  us  now  set  up  our  perturbation  problem  in  terms  of  the  orbitals  A and  B,  and  see 
how  Its  results  work  out.  By  now,  we  realise  that  the  final  states  will  be  exactly  the  same  as 
those  found  by  the  method  of  molecular  orbital?.,  or  as  found  by  the  IleiUer -London  method 
supr^mr  ated  by  ionic  states.  But  the  steps  encountered  In  getting  the  results  wilt  be  quite 
different.  WLal  m ire  really  doing  is  exploring  s number  of  different  meihsdr  of  calculation. 
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to  see  which  one  Is  most  convenient  for  generalization  to  problemn  of  more  complicated  mole- 
cules. We  can  set  up  a tabic,  like  Table  1 or  Table  IV,  indicating  the  determinant*!  states 
which  can  be  constructed  out  of  the  orbitals.  By  now,  we  realize  that  we  must  use  all  six 
possible  determinants,  so  that  while  we  have  the  four  states  like  those  of  Table  I,  In  which 
one  electron  Is  in  orbital  A,  one  in  B,  we  must  also  have  the  two  states  in  r.hich  both  elec- 
trons are  in  one  orbital.  We  can  make  linear  combinations  of  these  determinants,  as  before, 
tc  take  advantage  of  our  information  about  spin  and  g^mmrtry.  Thus  tne^four  states  analo- 
gous to  those  of  Teble  I will  combine  into  s triplet,  £ . and  a singlet,  £ . The  two  ionic 
states,  In  which  both  electrons  are  in  A or  both  in  B,  will  combine  into  two  singlets,  sue  of 
the  nature  of  £ , the  other  £ . When  we  do  this,  we  find,  as  we  should  expect  by  now, 

^ j f j 

that  the  wave  function?  for  the  £ and  the  £ states  are  Just  sa  in  the  two  previous  meth- 

lr  • 

ode,  so  thai  we  have  no  new  problem  here.  Only  the  two  X s are  different. 

1 _ i M 

Let  us  denote  as  X the  state  formed  from  the  two  Determinants  in  which  one  clec- 
t iP  « 

tron  is  in  A.  one  in  E,  and  as  £ that  in  which  both  are  in  one  orbital,  analogous  to  the 
ionic  state  in  the  Heitler -London  method.  We  then  find  that  the  two  wave  functions  are  the 
following;  { . 


, , a(l)b(2j  v VK l)a(i)  - A/a(l)af2)  ♦ b{l)b(2)} 

V 

1 „ a(l)a(2)  + b(I)b<2)  - Ja(l)b(2)  ♦ b<l)a(2)}  ^ 


(2.15) 


The  matrix  components  of  energy  between  these  states,  which  we  shall  denote  H^,  H^,  Hjv. 
are  given  by 

Hl.  .-2*1*  • jl  i <*'  ♦ J'/»  ♦ »/»!*  ♦ ll  • . <»/«  - •»•> 

R (1  . >/l  . a2l 


2(1  - A<) 


2 , £ + *2J  - *KaX1  - /l  + (K1  + J'/Z  ♦ 5/8)(l  + s2)  - 4aL  f (5/4  - J1) 
R T (1  - A2)2  2(1  - el) 


(2. 16) 


- i)  + 


2L(1  + A 


(5/4  + J'  ♦ 2K' 


By  comparison  with  Eq.  (2.  11),  it  is  clear  that  the  roots  of  the  secular  equaiicn  formed  from 
these  matrix  components,  derived  from  the  ortbogor^lixed  atomic  orbitals,  will  be  \h?  same 
as  for  the  secular  equation  formed  from  the  components  of  Eq.  (2.  11).  formed  from  molecular 
orbitals.  Tn  fact,  th«  interrelation  between  Eqs.  (2.  1 1)  and  (2.  16)  is  so  close  that  we  can  Im- 
mediately read  off  the  component:  t*  Eq.  {Z.  it)  from  the  entries  of  Table  V.  li»  Fig.  3, 
show  the  energies  of  all  four  states  £ ^,  £u<  and  £u«  tor  comparison,  as  in 

Fig*  2.  and  *he  energies  H,  j end  K?2  compuieu  iroro  Eq.  (2.  16),  the  diagonal  matrix  com- 


! 

; 
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•rrwwuw  orwct  (atoms  inti) 

Fig.  3 

Energy  of  hydrogen  molecule  as  function  of  lnternuclear  distance. 
Full  curves.  energies  as  derived  from  secular  equation.  Dotted 
curves-  diagonal  energies  oi  1 T states  constructed  from  orthogo- 
nalised  atomic  orbital  functions,  Vrithout  considering  interaction. 


ponents  cf  energy  for  the  two  states  1 X end  1 X of  Eq.  (2.  15). 

We  can  now  draw  some  rather  spiking  conclusions  from  the  results  of  Fig.  3.  The 
state  X 1*  one  formed  from  orthogonal  lx  ed  atomic  orbitals  A and  B,  in  just  the  same 
way  that  ftw  ground  state  ot  the  ueitler -London  method  is  formed  from  the  ordinary  atomic 
orbitals  a and  b.  In  contrast  to  the  Hettler- London  ground  state,  shown  in  rig.  1,  which 
shows  oinding  almost  equal  to  that  of  the  best  function  which  we  have  set  up,  the  state  X °* 
Fig.  1 shows  ns  binding  at  all.  The  binding  arises  entirely  in  the  secular  problem  between 
the  two  states  X *od  X * ^ other  wox  ds,  using  orthogonallzed  atomic  orbitals,  it  is 
imperative  to  carry  out  the  mixing  of  the  two  states  X and  X • of  which  the  second  is 
analogous  to  the  ionic  state  in  the  Heitl8r -London  method.  This  1$  a contrast  to  the  Heltler- 
London  esse,  where  we  have  already  seen  that  mixing  in  some  of  the  ionic  state  makes  a very 
small  difference  in  the  final  energy  of  the  ground  state.  We  can  see  from  Eq.  (2.  15)  why 
there  is  this  difference.  The  state  * X.  • **  we  see  from  Eq.  (2. 15),  is  made  up  of  a con- 
tribution from  the  function  «(l)b(2)  + ufl)«{2),  vrhicn  la  the  Hei*l»r-London  ground  stats,  but 
also  a contribution,  proportional  to  a.  of  the  function  a(l)a(2)  ♦ b(i)b(2),  which  is  the  KeUler- 
Loudon  Ionic  state.  This  latter  function,  coming  in  as  A increases,  or  as  the  atoms  get 
closer  together,  completely  neutralises  the  sttrsctlon  found  in  the  Hettler -London  ground 
state,  ami  results  in  a repulsive  state,  as  seen  in  Fig.  3. 
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it  is  clear  from  quite  a different  argument  that  this  state  must  be  repulsive.  The  two 
slates  aiiu  are  oerivec  :reui  a secular  equation  between  the  two  states  tn  which  or- 

bital A has  an  electron  of  ♦ spin,  B has  or.;  of  - spin,  or  vice  versa.  This  secular  equation 
is  like  the  Heitier-London  secular  equation,  with  the  exception  that  the  orbitals  are  orthogonal. 
Since  they  are  orthogonal,  the  exchange  integral  between  them  must  be  positive,  and  the  trip- 
let state  must  lie  below  the  singlet.  We  see  from  Fig.  3 that  this  Is  indeed  the  case.  Fur- 
thermore, the  rather  small  separation  between  singlet  and  triplet  shows  that  this  exchange 
tntegral  is  numerically  small,  in  complete  contrast  to  tb<j  Heltler -London  esse.  Thus  we  see 
In  still  another  way  that  the  use  of  non -orthogonal  orbitals  is  a necessary  feature  of  the 
Heltler -London  method.  On  the  other  hand,  we  must  realise  that  it  is  only  the  simple  Heltler- 
London  method  In  which  Ionic  states  are  not  considered  which  is  dependent  on  this  use  of  non- 
orthogonal  orbitals.  The  beauty  of  the  Heltler -London  method  is  that  we  do  not  have  to  solve 
a secular  equation  (aside  from  the  trivial  one  involved  in  separating  the  singlet  and  triplet 
states}  in  order  to  get  the  ground  statei  the  wsve  function  con  be  written  down  by  inspection. 
Once  we  incit'd*  ionic  states,  however,  we  must  solve  s quadratic  secular  equation  to  find  the 
(round  state,  and  we  have  seen  that  the  final  result  of  solving  this  secular  equation  is  the 
same,  whether  we  use  the  Heltler -London  functions  including  the  ionic  states,  or  the  molecu- 
lar orbital  states,  or  those  formed  from  orthogonal  stomlc  orbitals.  It  le  then  this  more  gen- 
eral procedure,  including  ionic  states,  and  using  orthogonal  orbitals  of  either  the  molecular 
or  stomlc  variety,  which  g*.ve«  *>«  a method  which  can  be  generalised  to  the  case  of  more  com- 
plicated molecules. 

4,  Comparison  of  Various  Wsve  Functions 

In  the  preceding  sections  we  have  examined  three  different  starting  points,  all  leading 
to  the  same  final  result:  the  Heltler -London  method  supplemented  by  ionic  states,  ltd  me  mod 
of  molecular  orbitals,  and  the  method  of  orthogonallzed  stomlc  orbitals.  It  is  interesting  to 
intercompare  the  wave  functions  resulting  from  these  methods,  so  as  to  see.  if  possible,  what 
their  relations  are.  We  have  sees  that  all  three  starting  point*  result  in  identical  wave  func- 
tic..  ' for  the  and  *£u  states,  so  th^t  we  have  no  problem  of  comparison  to  carry  out 
hare.  It  is  only  with  the  two  lT  functions  that  we  have  differences.  We  can  write  these  two 

1 _ i I 

functions,  i*g\  J,gi>  a*  linear  combinations  oi  the  Heitier -London  ground  state  and 

ionic  state:  as  linear  combinations  of  the  molecular  orbital  states  I and  L!  of  Eq.  (2.  3>j  and  as 
linear  combinations  of  the  orthogonallzed  orbital  states  of  Eq.  (2. 13). 

In  examining  the  interrelations  between  these  various  functions,  if  is  useful  to  use  the 
concept  of  the  scalar  pi  uuuct  of  two  vectors  In  s very  literal  sense.  If  we  have  two  normal- 
ised functions  Uj  end  w*  know  that  we  can  regard  them  as  unit  vectors  in  a function  space, 
and  as  far  aa  these  two  vectors  are  concerned,  this  space  is  merely  s plane,  so  that  it  is 
ads? ted  i.',  graphical  discussion.  Then  the  integral  J Uj<x)  u,(x)  dx  is  analogous  to  the  scalar 
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product  of  ttrase  two  vectors,  or  to  the  cosine  of  the  angle  between  them.  We  can  then  exhibit 
all  the  functions  considered  in  our  present  discussion  as  unit  vectors  in  a plane,  and  can  find 
the  angles  between  them.  Let  ua  find  the-  angles  between  the  various  vectors,  so  that  we  can 
exhibit  them  graphically.  ' 

We  know  first,  of  course,  that  the  two  molecular  orbital  functions  of  Eq.  (2.  5)  are  or- 
thogonal to  each  other]  that  means  quite  literally  that  the  vectors  representing  them  are  at 
right  angles  to  each  other.  Similarly  the  two  functions  of  Eq.  (2. 15)  are  st  right  angles  to 
each  other.  We  may  well  first  ask,  what  la  the  relation  between  these  two  sets  of  functions? 

If  we  take  the  scalar  product  of  one  of  the  functions  of  Eq.  (2.  5),  and  one  of  those  of  Eq. 

(2. 15).  we  find  that  It  la  1/^/7.  This  la  the  coaine  of  45°j  in  other  words,  the  two  orthogonal 
vustcra  of  one  set  form  the  bisectors  of  the  angles  between  the  two  orthogonal  vectors  of  the 
other  set.  We  can  in  similar  ways  find  the  angles  between  the  other  sets  of  vectors.  Thus 
we  find  that  the  cosine  of  the  angle  between  the  Heltler  L ondon  ground  state  and  the  ionic  state 
Is  2 A/(l  4 A2).  This  is  sero  st  Infinite  lnternuclear  distance,  where  Ale  zero,  so  that  in  this 
limit  the  vectors  are  orthogonal]  but  st  smaller  distances  it  approaches  unity,  and  the  vectors 
became  parallel  to  each  other.  This  la  the  fundamental  reason  why  we  made  such  a small 
change  in  the  energy  of  the  Heltler -London  ground  state  by  adding  some  of  tre  tonic  state:  we 
were  really  hardly  changing  the  wave  function  at  all.  though  we  were  writing  it  in  quite  a dif- 
ferent way. 

It  is  easy  in  similar  ways  to  find  the  angles  between  all  the  various  functions  which  we 
hsve  considered.  Thus  we  find  easily  that  the  contne  of  the  angle  between  the  Heltler -London 
ground  state  function,  and  the  molecular  orbital  ground  state  function,  as  given  by  function  7, 
Kq.  (2.  5).  is  (1  ♦ A)//2(l  ♦ A2).  For  the  anglu  betweer  this  molecular  orbital  ground  state 
function,  and  the  final  ground  state  function  arrived  at  by  solving  the  secular  equation  between 
states  I n,  Eq.  (2. 5),  we  must  remember  that  the  final  function  may  be  written  as  s linear 
combination  TjUj  + T2U2,  where  Uj,  U2  era  the  functions  I and  n of  Eq.  (2.  5).  From  the 
linear  equations  determining  the  T's,  we  see  that  T2/T^  ■ H12/(H22  - E).  where  Hi2,  H??. 

and  E are  given  in  Table  V,  the  E for  the  ground  state  being  denoted  as  E(l  V ),  In  inat  table. 

2 2 » 1 

Since  Uj  and  U2  are  normalized  and  orthogonal,  we  know  that  Tj  + ■ 1,  and  that  fur- 

thermore Tj  itself  is  the  desired  cosine  of  the  angle  between  the  function  Uj  and  the  linear 
,-;i..bis;tier.  T^li  j r T^U^-  We  then  find  st  once  that 

T i ■ — 7—^—  ■ ' 1 1 ■ 

y*  ♦ 2 - => 

Using  these  relations,  we  esn  then  find  the  angles  between  the  various  vectors,  or 
functions.  In  question.  We  "how  these  in  Table  VI.  We  hsve  referred  all  these  angles  to  the 
direction  of  the  final  function  repre sorting  the  ground  state,  as  zero,  so  that  the  final  function 
representing  the  other  1 T „ state  la  in  ivory  case  90°.  We  show  the  angles  of  the  following 
function*:  the  frcuud  atitej  the  ionic  &t&t*t  th-  molecular 
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Table  VI 

R H-L  Ground  State  K-L  Ionic  Stats  M-O  Ground  State  O-A-O  Ground  *'tate 


0.5 

1.6° 

4.0C 

2.  8° 

- 42.  2° 

1.0 

0.  1 

8.  8 

4.  5 

- 40.5 

1.5 

-2.2 

15.  9 

6.9 

- 28.  1 

2.0 

- 4.  3 

24.  9 

10.  3 

- 34.7 

2.5 

- 5.6 

35.  2 

14.8 

- 30.  2 

3.0 

- 5.6 

46.0 

20.  2 

- 24.8 

4.0 

- 3.0 

65.6 

31.  3 

- 13.7 

m 

0.0 

90.  0 

450 

0.0 

orbital  ground  state}  and  the  ortfeogonallsed  atomic  orbital  ground  state.  Prom  '.hese,  we  can 
get  the  angle  of  the  molecular  orbital  excited  state  by  adding  90°  to  the  angle  of  tbe  molecular 
orbits!  ground  state,  and  can  get  the  angle  of  the  ortbogonaltsed  atomic  orbital  excited  state 
by  adding  90°  to  the  angle  of  the  orthogonal  lx  ed  atomic  orbital  ground  state.  We  observe  that 
the  angle  at  the  molecular  orbital  ground  state  is  45°  greater  than  that  at  the  ortbogoaallxed 
atomic  orbital  ground  state,  as  it  should  be. 

T hs  firs:  striking  observation  from  Table  VI  is  the  closeness  of  the  Hel tier -London 
ground  state  to  the  correct  wave  function,  as  shown  by  tbe  smallness  of  the  angle  between 
them.  Through  the  whole  range  from  infinite  distances  to  smali  distances  the  angle  is  only  a 
few  degrees.  We  also  see  how  small  is  the  angle  between  the  Hei  tier -London  ground  ztate  and 
ionic  state  for  small  interatomic  distances,  though  of  course  these  two  functions  become  or- 
thognU  a*  infinite  distance.  It  is  this  smallness  of  angle  which,  as  we  have  already  pointed 
out,  makes  it  relatively  unimportant  whether  we  introduce  some  of  the  ionic  state  to  correct 
the  Heitler -London  ground  state.  Then  again,  we  notice  the  small  angle  between  the  molecu- 
lar-orbital ground  state  and  the  correct  function,  at  small  interim  clear  distances.  It  is  this 
small  angls  which  vesults  in  the  approximate  correctness  of  the  molecular  orbital  function 
near  the  actual  Interim  clear  distance.  On  the  other  hand,  we  see  that  this  angls  approaches 
45°  at  infinite  Intamuclear  distance,  explaining  the  failure  of  the  molecular  orbital  method  at 
large  distances.  Finally  wa  note  that,  though  the  orthogonallxed  atoAiic  orbital  ground  state 
is  corract  in  the  limit  of  Infinite  lnternudear  distance,  it  becomes  extremely  poor  near  the 
actual  lnternudear  distance. 

With  this  comparison  cf  rrave  functions,  we  have  finished  our  study  of  the  various  ap- 
proximations to  the  hydrogen  problem  arising  from  simple  use  of  determinants!  wave  functions 
oaaed  on  the  la  atomic  orbitals  on  the  two  atoms.  A comparison  at  the  type  discussed  In  this 
chapter  seems  to  have  been  first  given  by  the  present  writer,  ^ In  a paper  in  which  the  results 
were  presented  graphically}  the  calculations  on  which  the  graphical  discussion  was  based  were 

4J.  C Slater.  Phys  Rev.  2'..  509  (1930);  41,  255  (1932). 
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Identical  with  those  of  the  present  chapter.  A later  dlscuaeiou  by  Wetnbaum  ' carried 
through  similar  calculations,  but  extended  them  by  varying  the  Is  atomic  functions  out  of 
which  the  molecular  functions  were  constructed;  these  Is  functions  were  given  variable  pa- 
rameters which  were  varied  as  a function  of  internuclear  distance,  to  get  * minimum  energy 
for  the  around  state,  resulting  In  appreciable  improvement  in  the  wave  function  and  e iergy  at 
the  observed  inte*  nuclear  distance. 

Discussion  of  the  comparison  betwoen  the  various  wave  functions,  of  the  sort  given  in 

the  present  section,  was  given  by  the  present  writer^  in  s paper  whose  main  purpose  was  to 

examine  the  usefulness  of  the  ortbogonallxed  r ‘omtc  orbitals  for  problems  in  molecular  struc- 

(71 

ture.  Functions  of  this  type  had  been  introduced  by  Wannler*  ' for  use  in  crystal  problems, 
and  had  been  extended  to  molecular  problems  by  Ldwdln.  ^ who  has  also  made  much  use  of 
them  in  the  study  of  solids.  We  shall  have  much  further  use  for  functions  both  of  this  type, 
and  of  the  molecular  orbital  type,  in  our  further  study. 

It  should  not  be  thought  that  a comparatively  simple  treatment  of  the  hydrogen  mole- 
cule, such  as  we  have  discussed  in  this  chapter,  represents  all  that  has  been  done  on  this  im- 
portant problem.  Wa  have  presented  these  simple  calculations  only  on  account  of  their  direct 
application  to  further  problems  of  more  complicated  molecules.  There  have  been,  however, 
a great  many  papers  written  on  ibe  theory  of  the  hydrogen  molecule,  though  we  shall  not  quote 
many  of  them  here.  We  give  later  in  this  report  a very  full  bibliography  of  papers  on  all 
branches  of  the  theory  of  the  electronic  energy  levels  of  molecules,  and  many  papers  in  that 
bibliography  deal  with  hydrogen.  Many  of  them  were  undertaken  with  a view  of  throwing  light 
on  more  complicated  problems  of  molecular  structure,  and  we  shall  comment  on  them  at  suit- 
able points  in  later  chapters.  Two  of  them,  however,  are  so  straightforward  that  they  de- 
serve some  comment  at  this  point. 

In  tha  first  place,  one  very  ob’dous  improvement  in  the  theory  as  we  have  presented  it 
would  be  to  vary  the  else  of  the  atomic  orbitals  out  of  which  we  have  constructed  our  wave 
functions,  in  a way  depending  on  internuclear  distance.  At  infinite  separation,  it  la  reason- 
able that  we  should  use  hydrogen  orbitals,  but  as  the  nuclei  approach  each  other,  the  problem 
approaches  that  of  a helium  atom,  which  it  reaches  when  the  nuclei  come  into  contact.  This 
helium  atom  has  a aelf-cboalstent  solution  in  which  the  wave  functions  are  hydrogon-llke,  but 
corresponding  to  an  effective  nuclear  charge  nccr-r  two  unite  than  one;  as  a matter  of  fact, 
hydrogen-like  wave  functions  corresponding  to  a nuclear  charge  of  1.  6875  units  prove  to  rep- 
rasent  the  host  approximation.  We  should  expect,  then,  that  we  could  Improve  matters  con- 
siderably if  we  carried  out  an  analysis  just  like  that  of  the  present  chapter,  but  used  for  each 

*8.  Welnbsum,  J.  Chem.  Phys.  I,  593  (1933). 

6J.  C.  Slater.  J.  Chem.  Phys.  J9,  220  (1951). 

7G.  Wannler,  Phys.  Rev.  52,  151  (1937). 

V. -O.  Luwdin.  J.  Chem.  Phys.  18,  365  (1950). 
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lnternuciear  distance  an  atomic  orbital  which  would  not  be  proportional  to  **-r,  the  hydrogen- 
like function  (wh***»  r is  in  atomic  units),  but  e~*'r,  where  Z is  an  effective  nuclear  charge, 
which  may  be  expected  to  vary  from  1 at  infinite  separation,  to  1.  6875  as  the  separation  goes 

to  zero,  it  is  easy  to  carry  out  this  calculation;  all  the  integrals  sure  essentially  as  in  the 

2 

present  chapter,  but  with  factors  multiplying  them  which  are  as  simple  as  Z or  Z . In  the 
final  answer  for  energy,  then,  we  vary  Z to  make  the  energy  a minimum,  for  each  inter  nu- 
clear distance.  Such  a calculation  was  first  made  by  Wang,  and  was  extended  by  Weinbaum, 
In  the  paper  already  referred  to,  and  has  been  used  and  extended  by  other  writers.  It  makes 
a very  significant  improvement  In  the  energy,  reducing  the  discrepancy  between  the  observed 
and  calculated  energies  of  the  ground  state,  at  the  equilibrium  distance,  to  about  two  thirds  of 
the  value  found  by  the  Heitler  -London  method. 

A very  much  greater  improvement  was  made  in  1933  by  James  and  Coolidge, ' 1C^whose 
work  has  become. a classic  of  careful  numerical  solution  of  Schrbdlnger's  equation.  James 
and  Coolidge  gave  up  the  attempt  to  build  up  a wave  function  by  starting  with  atomic  wave  func- 
tions, but  instead  considered  directly  the  form  of  the  differential  equation,  and  the  best  meth- 
ods of  approximating  its  solution.  Let  us  consider  the  problem  in  the  following  way  (though 
this  is  riot  precisely  the  method  James  and  Coolidge  used).  The  first  electron  may  be  de- 
scribed uy  three  variables,  of  which  two  are  coordinates  in  a plane  passing  through  the  elec- 
tron and  the  two  nuclei,  and  the  third  is  the  angle  of  rotation  of  this  plane  with  respect  to  a 
:’ixed  plane  through  the  nuclei.  Similarly  the  second  electron  may  be  described  by  two  vari- 
ables in  the  plane  passing  through  it  and  the  nuclei,  and  by  the  angle  of  this  Becond  pl  *r- 
The  whole  wave  function  of  the  ground  state  will  not  depend  on  all  of  these  six  variables,  how- 
even  for  on  account  of  the  fact  that  its  component  of  orbital  angular  momentum  around  the 
axis  of  the  molecule  is  zero,  it  can  be  shown  that  only  the  difference  of  the  angles,  or  the 
angle  between  the  two  planes,  can  enter  the  solution,  and  not  either  angle  separately.  Thus 
there  are  really  only  five  variables  determining  the  wave  function.  James  and  Coolidge  now 
set  up  a series  of  terms  depending  on  th«  s«  five  variables,  falling  off  exponentially  as  both 
electrons  went  far  from  the  nuclei,  so  as  to  insure  proper  behavior  of  the  wave  function  at 
infinity,  and  chosen  so  that  a CUuiLurntiuu  ui  these  functions  would  be  almost  sure  to  be  flexi- 
ble enough  to  represent  the  true  ground  state  accurately.  As  parameters,  they  used  the  co- 
efficients of  these  various  functions,  and  they  computed  the  energy  as  a function  of  the  param- 
eters, and  vai  led  the  parameters  so  as  to  get  a minimum  value  of  energy. 

They  carried  out  their  procedure  by  starting  with  a rather  small  number  of  functions, 
minimizing  the  energy,  and  then  adding  a term  at  a time,  to  see  how  much  improvement  they 
got.  They  continued  the  process  up  to  something  cl  the  order  of  fourteen  terms,  at  which 
point  the  addition  of  further  terms  was  making  a negligible  improvement.  The  net  result  of 

9S.  C.  Wang,  Fhys.  Rev.  31,  579  (19^8). 

1 R£.  James  and  A,  S.  Coolidge,  J.  Cnem.  Fhys.  _1,  8X5  (1933&  and  later  papers. 
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this  was  that  their  final  energy  differed  from  the  obsei  ved  energy  of  the  molecule  by  a quan- 
tity ci  the  order  of  magnitude  «?  the  experimental  uncertainty  in  this  energy.  In  other  words, 
they  had  done  two  things;  they  had  produced  a wave  function  which  was  a practically  perfect 
solution  of  Schroditiger's  equation,  in  the  form  of  a sum  of  a number  of  analytic  terms;  ana 
they  had  verified  that  the  solution  of  Schrodinger's  equation  agrees  with  experiment  with  great 
accuracy  in  this  case.  This  latter  point  should  not  be  overlooked,  in  evaluating  the  impor- 
tance of  their  result.  Aside  from  the  hydrogen  atom  and  a few  soluble  problems,  the  suc- 
cesses of  Schrddinger's  equation  have  been  mostly  qualitative,  on  account  of  the  great  diffi- 
culty of  getting  accurate  numerical  solutions.  Very  few  many-body  problems  have  been 
carried  through  with  very  great  accuracy.  One  of  these  is  the  ground  state  of  the  helium 
atomt  Hylleraas,  ^ ‘ ^ some  years  before  James  and  Coolidgs,  had  used  a very  similar  method 
for  this  problem,  and  had  likewise  found  a result  agreeing  with  experiment  to  practically 
spectroscopic  accuracy.  The  hydrogen  molecule  is  practically  the  only  other  case.  The  very 
good  agreement  in  both  these  cases  has  convinced  everyone  that  the  Sckrodinger  equation 
resliy  doss  agree  with  experiment  for  the  many-body  as  well  as  the  one -body  problem,  and 
this  encourages  us  to  take  the  further  steps  to  be  described  in  these  notes,  approximating 
more  and  mere  closely  to  problems  of  more  complicated  molecules  and  of  solids,  confident 
that  the  results  will  approach  experimental  values  more  and  more  closely,  the  further  we 
carry  our  appr  oximations.  This  confidence  is  at  the  very  foundation  of  our  theory  of  mole- 
cules and  solids,  and  it  la  based  more  than  anything  else  on  the  careful  calculations  of  Hyl- 
leraas  and  of  James  and  Coolidge  which  we  have  just  quoted,  together  with  the  other  aspect  of 
the  problem,  the  widespread  qualitative  agreement  between  experiment  and  the  theories  of 
multiplet  structure  and  such  things  provided  by  our  approximate  methods. 


UE.  Hylleraas,  Z.  Physik48,  469  (1928). 
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THE  METHOD  OF  MOLECULE  ORBITALS 


Following  the  wo:  k on  the  hydrogen  molecule  which  we  have  described  in  the  preceding 
chapter,  there  has  been  a very  large  amount  c!  theoretical  work  on  the  structure  of  molecules 
of  all  sorts.  We  shall  present  later  a bibliography  of  the  nepers  on  this  subject}  it  comes  to 
many  hundreds  of  papers.  It  Is  obvious  that  we  cannot  quote  all  this  work,  or  give  references 
to  it  ms  we  proceed,  and  in  our  discussion  we  shall  generally  merely  mention  the  principal 
worsers  in  the  field  and  the  nature  of  their  contributions,  leaving  it  to  the  reader  to  locate 
their  papers  in  the  bibliography. 

The  first  tbing  to  notice  about  this  great  literature  is  that  tt  la  rather  sharply  divided 
into  two  main  schools  of  tho>:ghi.  One  of  these  developed  directly  from  the  work  of  Heltler  and 
London,  trying  to  eet  up  wave  functions  for  complicated  molecules  by  direct  analogy  with  the 
Heltler-London  function  for  hydrogen.  We  shall  discuss  these  methods  in  the  next  chapter. 
They  suffer  from  two  greet  drawbacks.  In  the  first  place,  they  deal  with  nan-orthogonal 
atomic  orbitals,  as  tbs  Heltler-London  method  does}  In  the  second  place,  they  must  vise  a 
linear  combination  of  determinants  to  get  a representation  of  the  ground  state.  The  second 
school  of  thought  developed  from  the  fact  that  the  molecular  orbltsl  type  of  wave  function, 
which  we  mentioned  in  the  preceding  chapter,  itself  forms  a fairly  good  approximation  *o  the 
ground  state  of  molecules.  This  method  is  more  convenient  than  the  Heltler-London  method 
in  that  it  deals  with  a function  which  is  made  up  as  s single  determinant.  «**d  ihs  molecular 
orbitals  which  it  uses  are  automatically  orthogonal.  It  is  thus  simple  to  use.  It  has  the  com- 
pensating drawback  that,  as  in  hydrogen,  it  does  not  reduce  to  the  correct  limiting  values  at 
infinite  interaudear  separation.  For  this  reason,  work  with  tha  molecular  orbital  method  has 
generally  been  carried  out  only  at  the  equilibrium  lnternuclear  distance  or  close  to  it,  and 
there  it  haa  shown  itself  capable  of  giving  a great  many  valuable  results.  On  account  of  Its 
simplicity,  we  shall  describe  this  molecular  orbital  method  first,  devoting  the  present  chapter 
to  it.  Than  in  the  negt  chapter  we  shall  consider  methods  which  involve  taking  linear  combina- 
tions of  determinants.  This  includes  the  extension  of  the  Heltler-London  method  to  compli- 
cated molecules,  but  it  also  includes  the  general  method  of  configuration  interaction,  similar 
to  what  we  have  described  in  Chapter  1 for  atoms.  That  method  In  its  general  form  is  more 
Inclusive  than  the  Heltler-London  procedure,  and  represents  the  best  method  which  we  have 
for  approximating  to  the  solution  of  Schr^dinger's  equation  for  molecules  and  solids. 

1.  The  Oeneral  Mature  of  the  Molecular  Orbital  Method 

The  molecular  orbital  method  baa  grown  up  somewhat  gradually,  and  it  has  become 
clarified  as  it  has  developed.  Before  we  (race  this  historical  development,  we  wish  to  know 
clearly  what  the  method  is.  In  the  present  -eetien.  therefore,  we  shall  state  what  we  shall 
mew  by  tbo  method.  Then  w«  shall  go  on  In  later  sections  to  describe  it?  history.  and  ts  siais 
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the  various  approximations  which  have  been  used  to  carry  it  through  in  practice. 

Brieily.  the  method  is  a straightforward  application  o i the  method  of  the  seif-consist- 
ent  field.  We  assume  tliat  we  solve  a one-electron  problem  for  the  motion  of  in  electron  in 
the  field  of  the  nuclei,  and  the  averaged  charge  distribution  of  all  other  electrons.  The  re- 
sulting wave  functions  are  called  molecular  orbitals.  Each  will  have  its  one-electron  energy, 
as  in  the  atomic  case,  and  as  In  that  case  we  can  show  by  Koop mans'  theorem  that  these  oae- 
electroa  energies  approximate  the  energy  required  to  remove  the  corresponding  electron  from 
the  molecule.  We  then  build  up  the  ground  stete  of  the  molecule  by  filling  up  these  wave  func- 
tions, starting  with  those  of  the  lowest  one -electron  energies,  with  one  electron  each  (for  each 
spin),  until  we  have  accomodated  all  electrons.  We  note  that  Koop mans'  theorem,  by  a slight 
extension,  indicates  that  tbis  should  represent  the  state  of  lowest  energy.  For  we  can  argue, 
as  we  do  in  the  study  of  x-ray  term  values,  that  the  energy  required  to  move  an  electron  from 
one  energy  level  to  another  is  approximately  the  difference  of  the  one -electron  energies  of  the 
two  levels,  so  that  certainly  the  energy  of  the  whole  system  will  decrease  If  we  go  from  a 
state  in  which  one  inner  level  is  unoccupied,  to  another  in  which  an  electron  has  fallen  from 
an  upper  level  into  this  previously  unoccupied  Inner  level.  In  other  words,  we  can  justify  the 
elementary  picture  that  all  electrons  want  to  fell  into  the  lowest  poa*iK,e  energy  levels,  to  get 
the  ground  state. 

In  an  atom,  in  a similar  way,  we  set  up  the  configuration  of  the  ground  state  by  filling 
all  one -electron  levels  in  order  of  increasing  energy.  From  each  resulting  assignment  of  el- 
ectrons to  wave  functions,  we  set  up  a single  determinants!  function.  With  atoms,  we  have 
seen  that  on  account  of  orbital  and  spin  degeneracy,  we  very  often  have  a number  of  such  de- 
terminants whose  diagonal  energies  are  about  the  same,  so  that  v*  must  treat  the  degeneracy 
problem  between  these  determinants  by  solving  a secular  equation,  resulting  in  a linear  com- 
bination of  the  resulting  detorminenta.  With  molecules,  on  the  contrary.  In  a great  majority 
of  the  cases  we  find  that  there  are  just  enough  electrons  to  fill  certain  one-electron  functions, 
and  that  there  U a considerable  difference  in  energy  between  this  configuration,  and  spy  other 
configuration  formed  by  putting  certain  electrons  in  other  orbitals.  Thus  In  the  case  of  H?, 
ws  have  found  two  orbitals,  which  we  called  u„  and  u„,  which  are  the  two  lowest  orbitals  in 
the  problem  from  the  standpoint  of  energy.  With  our  two  electrons,  ws  can  put  one  of  each 
spin  in  the  orbital,  to  represent  the  ground  state.  If  one  ts  removed  from  this  orbital,  the 
next  higher  state. comes  if  it  is  in  the  uu  orbital,  the  remaining  one  being  in  u^,  and  our  dis- 
cussion of  Chapter  2 has  shown  that  this  corresponds  to  a considerably  higher  energy.  Thus 
■ single  determinant  corresponding  to  me  two  electron  being  in  the  u^  orbital,  one  with  each 
spin,  represents  by  itself  s good  approximation  to  the  ground  state,  and  it  is  this  which  we 
have  described  as  the  molecular  orbital  function,  in  Chapter  2. 

Similarly  in  a great  majority  of  molecules  we  can  represent  the  ground  state  by  a sin- 
gle determiner*.:  and  the  molecular  orbital  method  is  just  that  in  which  this  single  determinant 
la  used  as  an  approximate  wave  function  for  the  molecule.  Having  formed  the  determinants! 
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wave  function,  we  can  then  proceed  to  find  a potential  from  it,  and  to  use  this  potential  as  the 
starting  point  of  « further  stage  of  the  self-coneisten!  method.  Since  we  are  dealing  with  a 
single  determinant,  we  have  a case  to  which  the  Hartree-Fock  method  la  directly  applicable. 
On  the  other  hand,  if  we  are  interested  eventually  in  interactions  with  higher  configurations, 
so  that  we  wish  to  find  a set  of  orthogonal  orbitals,  we  will  do  better  to  use  the  extension  of 
the  Hartree-Fock  method  described  in  Eq.  (1.  21),  since  this  will  give  a single  potential  func- 
tion for  all  the  orbitals.  In  most  of  our  descriptive  discussion  we  shall  assumed  that  this 
method  of  Eq.  (1.  21)  is  used,  though  in  some  of  the  applications  a method  clo  er  to  the  Har- 
tree-Fock has  been  applied. 

It  is  not  an  accident  that  most  molecular  problems  can  be  approximate  a by  a single  de- 
terminant. We  recall  the  atomic  cases  where  a similar  approximation  is  good:  we  have  such 
t.  case  when  the  ground  state  is  a *S  state,  and  this  results  when  the  electrons  form  a closed 
shell,  as  in  the  inart  gas  atoms.  Ever  since  the  original  suggestions  of  G.  N.  Lewis  on  the 
nature  of  valence,  ihc  chemists  have  believed  that  there  was  a strong  connection  between  the 
existence  of  stable  molecules,  and  the  formation  of  a closed  sheli  of  some  sort  by  their  outer 
electrons.  This  is  only  a qualitative  idea,  which  can  be  made  more  precise  as  we  go  further 
into  the  theory:  hut  it  makes  it  seem  very  likely  that  the  reason  why  many  molecules  have  a 
ground  state  which  can  be  approximated  by  a single  determinant  is  the  simple  fact  that  it  is 
these  molecules  which  are  stable,  and  which  are  ordinarily  formed  in  nature.  There  are  of 
course  some  exceptions  to  ibis  nils,  but  they  are  relatively  unimportant.  And  of  course  in 
the  excited  states  of  molecules,  we  no  longer  have  this  simplification,  and  must  use  combina- 
tions of  determinants!  functions.  The  ground  states,  however,  are  particularly  appropriate 
for  the  use  of  the  molecular  orbital  method,  on  account  of  this  fact  that  generally  they  can  be 
well  described  by  a single  determinants!  function. 

Wa  have  talked  of  this  self-consistent  calculation  as  if  it  wera  a simple  and  straight- 
forward thing,  and  in  principle  it  is.  In  practice,  however,  it  is  so  hard  that  hardly  any 
molecule  has  ever  be*o  carried  through  by  its  the  only  really  u«rlous  attempt  to  use  it  in  de- 
tail has  been  that  of  Coulson^  on  Hji  where  by  methods  similar  to  those  of  James  and 
Coolldge,  ha  obtained  molecular  orbitals  much  closer  to  self-consistency  than  the  simple 
combinations  a i b which  we  have  mentioned  in  Chapter  2,  and  got  a corresponding  lowering1 
of  the  energy  of  the  molecular  orbital  state:  though  it  still  was  shout  as  far  above  th»  correct 
energy  of  the  ground  state  as  the  molecular  orbital  energy  which  we  have  discussed  in  Chapter 
2 was  above  the  lowest  energy  calculated  by  the  methods  of  Chapter  2.  The  reason  for  this 
difficulty  is  obvious:  we  have  to  solve  s one -electron  problem  of  the  motion  of  an  electron  In 
the  field  of  many  centers,  and  this  problem,  unlike  the  corfespondtng  central-field  problem 
for  an  atom,  does  not  permit  separation  of  variables,  and  is  very  hard  to  solve  accurately  by 
any  approximation  method.  Accordingly  we  mult  look  for  the  best  methods  we  can  find  for 

*C.  A.  Coulaon,  Proc.  Cambridge  Phil,  Soc,  'H,  204  (19**). 
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approximating  to  such  a solution,  and  we  shall  discuss  this  further  in  the  present  chapter. 
Even  if  we  have  found  an  approximate  wave  function,  we  still  have  further  difficulties  ahead, 
for  we  must  find  the  diagonal  matrix  component  of  trie  whole  energy,  in  order  to  get  the  total 
energy  of  the  molecule,  and  this  Involves  integrals  which  may  be  very  hard  to  evaluate.  As  a 
matter  of  fact,  most  of  the  work  which  has  been  done  so  far  has  contented  Itself  with  a calcu- 
lation of  the  one -electron  energies,  and  has  not  carried  through  the  whole  calculation  of  the 
energy  of  the  molecule. 

2.  The  Historical  Development  of  the  Molecular  Orbital  Method 

With  the  sketch  which  hss  bean  given  in  the  preceding  section,  we  understsnd  what  the 
molecular  orbital  method  is  well  enough  so  that  we  can  now  go  back  intelligently  and  consider 
its  development.  The  names  of  three  physicists  ere  connected  with  Its  origin,  more  perhaps 
than  of  any  others:  Bund,  Mulllken,  and  Lennard -Jones.  Mulliken  and  Hund  had  been  work- 
ing si  the  analysis  of  the  electronic  spectra  of  diatomic  molecules,  even  before  the  beginning 
of  wave  mechanics  tn  1926.  We  realise,  of  course,  that  each  electronic  energy  level  of  a di- 
atomic molecule  corresponds  to  a curve  at  energy  as  a function  at  internuclear  distance. 

This  curve  represents  the  energy  of  the  electronic  system,  including  electronic  kinetic  en- 
ergy, electronic  potential  energy  in  the  fields  of  the  nuclei  and  at  each  other's  repulsions,  and 
the  wuclear  repulsive  energy,  as  a function  of  distance,  when  the  nuclei  are  assumed  <o  be 
bald  fixed.  Hund  and  Mull  Iran  were  engaged  in  applying  the  ideas  of  the  vector  modal  and 
complex  spectrum  theory  to  the  observed  molecules,  at  the  time  when  wave  mechanics  was 
invented.  It  was  very  natural,  since  the  energy  levels  at  the  separated  atoms  could  be  ex- 
plained by  the  self-cons  latent  field  method,  plus  the  Interactions  between  angular  momentum 
vectors  treated  in  complex  spectrum  theory,  to  suppose  that  a similar  method  could  be  used 
for  the  combined  molecule  as  well.  And  in  this  way  they  began  to  think  of  a molecule  as  built 
up  from  one -electron  wave  functions  which  ware  solutions  of  the  two-center  problem,  the  low- 
est one-electron  energy  levels  being  filled  far  enough  to  accomodate  all  the  electrons,  and  the 
uppe.'  ones  being  empty,  though  occupied  in  excited  states. 

The  problem  at  the  solutions  of  the  two-center  problem  thus  became  of  great  impor- 
tance. The  firsi  cane  of  this  sort  that  was  accurately  solved  was  the'  of  the  hydrogen  mole- 
cule-ion, whose  solution  by  Burran^2)  has  already  been  mentioned.  This  exact  solution, 
however,  was  lass  useful  than  ihs  approximate  solution  made  up  as  a linear  combination  of 
atomic  orbitals,  such  as  we  have  discussed  in  the  preceding  chapter:  this  way  of  approxtmat- 

t%\ 

lag  to  the  two-center  problem  was  discussed,  among  others,  by  Pauling'"'  and  by  Moras  and 
Stseckslberg.  Then  in  19a 9 Lennard -Jones,  tn  an  important  paper,  • ■ - considered  the 

• w • *•  ••»••••••*• 

ty.  Burrau,  Xgl . Oanske  Vid.  Sels.,  Mat.  -fys.  Med.  7,  14  (1927). 

*L.  Pauling,  Cham.  Revs.  5.  173  (1928). 

*P.  2d.  Mors*  wjadfc.  C.  ai^okelberg,  Phye.  Rev.  3£.  (i?29). 

*J.  E.  Leonard -Jones,  Trans.  Faraday  Soc.  25,  668  (1929). 
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probable  nature  of  the  energy  levels  as  a function  of  interauclear  distance,  in  the  problem  of 
two  attracting  centers  which  represented  successively  the  self-consistent  fields  for  the  mole- 
cules Li2,  Be2,  Bj,,  C2.  Nj,,  02.  and  so  on.  It  was  of  course  too  hard  tc  get  exact  or  even 
approximate  solutions  for  these  two-center  problems,  but  by  piecing  together  various  sort*  of 
information.  Lennard-Jones  was  able  to  deduce  the  general  form  of  the  energy  levels,  and  to 
find  which  were  the  loweet,  and  consequently  which  onea  were  occupied  in  the  ground  state  of 
the  molecule.  In  this  way  he  arrived  information  about  tha  ground  stataa.  and  waa  even 
able  to  explain  why  the  molecule  O,  is  paramagnetic,  having  a triplet  state  as  its  ground  state. 

These  general  principles  ware  rapidly  extended,  by  Hund,  Mulllken,  Hersberg,  and 
ethers  in  the  next  few  years,  to  give  a good  description  of  the  structure  of  the  diatcmlc  moie- 


(6) 


cules.  both  homofiolar  (consisting  of  two  like  atoms)  and  ha tero polar  (having  two  different 

atoms).  It  was  a natural  atap  to  start  on  tha  polyatomic  molecules,  and  Mulllken  started  in 

1932  writing  papers  about  polyatomic  molecules}  for  these,  and  the  large  literature  of  the 

subject,  the  reader  is  referred  tc  the  Mbiiogi  «pby.  In  one  particularly  important  paper, 

he  discussed  the  symmetry  of  the  electronic  wave  function,  arising  from  the  symmetry  of  the 

molecule.  Thus  in  a homopolajr  diatomic  molecule,  we  bars  saan  that  tha  wave  function  must 

be  symmetric  or  antisymmetric  on  reflection  in  the  plane  midway  between  tha  atoms.  This 

is  merely  tha  simplest  example  of  a very  general  sat  of  symmetry  principles,  which  wa  shall 

examine  in  a later  section.  The  general  formulation  of  these  symmetry  principles  is  best 

given  by  the  group  theory)  but  in  many  important  cases  the  results  are  simple  enough  so  that 

they  can  be  understood  by  inspection.  In  any  case,  in  a polyatomic  molecule,  wo  no  longer 

have  tha  conservation  of  angular  momentum,  and  the  consequent  orbital  anguluj  momentum 

and  Its  related  quantum  numbers,  to  help  us  in  our  problem  of  classifying  tbc  orbitals  and 

helping  in  factoring  the  secular  equation.  Wa  do.  however,  have  these  symmetry  properties, 

and  they  fulfill  many  of  tha  same  functions.  Thus  a study  of  such  symmetrical  molecules  as 

methane,  ammonia,  and  many  others,  really  demanded  tha  study  of  the  symmetry,  and  the 

nature  of  Uw  molecular  orbitals  and  structure  of  these  molecules  advanced  rapidly. 

- f7l 

She--  Uy  before  tha  papers  «?  which  w*  have  lust  epssss,  Suckel,  • ia  • very  impor- 
tant ret  of  papers,  laid  tha  foundation  for  the  theory  cf  the  benzene  molecule.  Earlier  he  and 
others^  had  attacked  the  problem  of  the  carbon  double  bond,  and  the  application  of  this  to 
the  benrene  problem  was  obviously  desirable.  Let  us  recall  for  the  non-chemical  reader  tha 
particular  problem  of  the  benzene  molecule.  We  recall  that  it  is  a regular  hexagon  of  six 
carbon  atoms,  with  a hydrogen  projecting  out  from  each  carbon  at  an  angle  of  120°  to  the 
bonds  joining  it  to  its  carbon  i*eigWw*.  Thu*  each  carbon  forma  three  obvioue  bonde,  two 
with  its  neighboring  carbons  and  one  with  the  hydrogen)  and  yet  the  chemists  ture  in  the  habit 


6R.  8.  Mulllken,  Fhys.  Rev.  43,  279  (1933). 

7*.  H&ckel,  Z.  Psyalk  70,  204  (1931))  72,  310  (1931))  76,  620  (1933). 
Kuci.il,  s.  Physlk  oC,  423  (1930). 
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of  thinking  that  carbon  should  form  four  bonds.  Kekult  suggested  many  years  ago  that  this 
could  be  explained  if  there  were  double  bonis,  say,  between  carbon  atoms  1 and  2,  between 
3 'and  4,  and  between  5 and  6,  if  we  number  them  in  order  around  .he  ring,  but  single  bonds 
between  2 and  3,  between  4 and  5,  and  between  6 and  !.  This  would  Involve  us  in  a difficulty, 
however,  for  the  tnternuclear  distance  iu  a double  bond  is  known  to  be  less  than  in  a single 
bond,  from  many  compounds  where  the  bonding  is  unambiguous,  and  yet  in  the  benzene  mole- 
cule the  distances  are  all  the  same.  This  was  commonly  explained,  in  terms  of  single  and 
double  bonds,  by  bringing  in  the  alternative  structure  in  which  the  double  bonds  were  between 
atoms  2 and  3,  4 and  5,  and  6 and  1,  with  single  bonds  between  the  others,  and  by  assuming 
that  somehow  the  actual  structure  was  a compromise  between  these  two  possibilities. 

In  terms  of  the  valence  bond  theory,  which  we  shall  describe  in  the  next  chapter, 
Pauling^9)  explained  this  by  assuming  that  each  of  the  two  possibilities  represented  an  unper- 
turbed wave  function,  and  that  the  true  wave  function  was  a linear  combination  of  the  two;  in 
this  particular  case,  since  the  two  states  ware  degenerate,  it  would  be  a sum  of  ths  two,  and 
on  account  a!  making  the  linear  combination,  the  energy  of  the  resulting  ground  state  would  be 
decreased  by  the  amount  of  the  non-diagonal  matrix  component  between  the  two  states.  This 
process  of  combining  the  degenerate  atates  was  called  resonance  by  Pauling,  in  analogy  with 
Heisenberg's  original  use  of  the  term  resonance  in  discussing  the  interaction  of  two  identical 
systems.  In  this  way  Pauling's  resonance  theory  of  chemical  binding  grew  up,  as  we  shall 
describe  mere  la  detail  in  the  next  chapter. 

Huckel,  however,  in  the  papers  which  we  have  quoted,  proceeded  in  quite  a different 
wa)r,  by  using  the  ideas  of  molecular  orbitals.  Let  us  consider  very  briefly  the  symmetry 
properties  of  the  molecular  orbitals  in  a force  field  auch  as  tha . of  the  benzene  molecule.  In 
the  first  place,  the  potential  energy  is  symmetrical  with  reapset  to  raflectlon  in  the  plane  of 
all  the  atoms.  One  can  thee  deduce  that  all  electronic  wave  functions  must  be  either  sym- 
metries! or  atnisymmetrical  under  such  a reflection.  The  electrons  whose  wave  functions  are 
sy&unvit  iu  m e called  <x-  electrons,  those  with  antisymmetric  wave  functions  are  w-electrons. 
A study,  which  ws  shall  reserve  for  later,  shows  that  the  a -electrons  are  responsible  for  the 
three  ordinary  bonds  of  which  we  have  spoken,  and  there  is  nothing  remarkable  about  them. 

Aa  for  the  w -electrons,  each  carbon  atom  by  itself  would  have  an  atomic  p-electron 
orbital  whose  wave  function  would  have  a nodal  plane  in  the  plane  of  the  benzene  atoms.  The 
•-electron  molecular  orbitals  are  built  up  out  of  these  atomic  orbitals,  if  we  wish  to  use  the 
approximation  of  making  linear  combination*)  of  atomic  orbitals,  as  we  did  with  H,.  Thus  we 
have  six  atomic  p functions,  which  of  course  will  combine  into  six  molacular  orbitals.  We 
realise  that  the  sU  atoms  in  their  ring  are  very  much  like  a one  -dimensional  crystal  of  six 

9L-  Pauling.  J.  Am.  Chom.  Soc.  53,  1367,  3225  (1931)*  54.  988,  3570  (1932)}  Proc.  Nat. 
Acad.  Scl.  18,  293  (1932)}  J.  Chem.  Pfays.  1.  28v  (1933)}  L.  Pauling  and  O.  W Wheland, 
J.  Coena.  l_,  *6?.  (193.’-/j  sed  later  paper*. 

,ttW.  Heiaenberg,  Z.  rhyelk  38,  411  (1926)}  39,  499  (1926);  41,  239  (1927). 
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atom*,  closed  on  itself}  and  Huckel  used  tho  analogy  of  the  crystalline  problem  which  had  been 
worked  out  shortly  before  by  Bloch.  to  deduce  tbs  nature  of  tho  wave  functions.  If  we 
label  the  atomic  orbitals  a^,  where  J goes  from  1 to  6,  then  the  analogy  with  the  metallic 
problem  (which  of  course  can  equally  well  be  directly  deduced  fi  om  group  theory)  tells  us  that 
the  linear  combinations  of  atomic  orbltalt  hr  ring  the  correct  symmetry  to  repress:”  molecu- 
lar orbitals  are 

Z(j)  • 

6lk 

where  k is  so  chosen  that  the  function  Is  single -valued}  that  Is,  so  that  the  cocfitclent  e , 
which  we  get  by  putting  In  j ■ 6,  Is  the  same  value  that  we  should  have  had  by  putting  In]  * 0, 
which  should  equally  well  represent  the  sixth  atom.  In  other  words,  we  must  have  e ^ ■ 1, 
or  6k  ■ 2n«,  where  n Is  an  Integer,  or  k ■ nw/3.  There  are  just  six  Independent  values  of 
k.  which  we  may  take  to  be  0,  w/3,  2*/ 3,  w,  4*/ 3.  5w/3j  the  next  value  would  be  2«,  which 
yields  nothing  new.  We  note,  however,  that  e***/3  equals  3 , and  e”***'*  equals  e"**^3, 
so  that  we  can  equally  well  take  k to  have  the  values  0,  t w/3,  t 2 w/3,  w. 

W*  have,  then,  six  wave  function,  but  obviously  soma  degeneracy,  for  the  two  function* 
with  k ■ t w/3  will  obviously  have  the  same  energy,  as  will  those  with  k a 1 2 w/3.  The  for- 
mula for  energy  la  set  up  as  in-the  metallic  problem,  as  ws  shall  show  later  when  we  come  to 
a more  detailed  discussion  of  this  case.  Ws  find  that  k ■ 0 corresponds  to  the  lowest  one- 
elactron  energy)  this  corresponds  to  the  bottom  of  an  energy  band  In  a solid.  Tbs  two  states 
with  k a t w/3  com*  next,  than  those  with  k ■ t 2 w/3,  and  finally  that  with  k ■ w.  In  which 
the  successive  coefficients  e^  era  t 1,  so  that  the  wav*  function  alternates  in  sign  from  one 
atom  to  the  next,  la  the  highest,  and  corresponds  to  tha  top  of  the  energy  band  with  a solid. 

Wt  next  ask  h >•*  many  electrons  we  have  in  this  energy  band.  Each  carbon  atom  has 
two  la  electrons,  two  2.*,  and  two  2p,  In  tha  free  state.  Whan  wa  come  to  examine  the  prob- 
lem of  tha  molecular  orbitals  more  In  detail,  we  shall  find  that  all  but  on*  of  these  can  b*  ac- 
comodated la  the  <r -type  molecular  orbitals,  which  we  are  not  considering  at  the  moment. 

This  leave*  us  with  on*  electron  per  atom  for  the  w-electron  orbitals,  o:  alx  In  all.  Obviously 
we  should  expect  that  these  would  fill  the  three  lowest  states,  with  k » 0,  i w/3,  with  two  el- 
ectrons each,  one  of  each  spin.  This  describes  the  structure  which  Huckel  postulated  for  tha 
benzene  molecule,  and  one  sees  that,  since  each  of  these  orbitals  treats  each  <->'  the  six  carbon 
atoms  In  an  exactly  equivalent  way,  we  get  away  entirely  from  the  difficulty  of  having  to  de- 
scribe the  molecule  as  having  alternating  single  and  double  bonds.  Essentially  this  type  of 
description  saems  like  certainly  the  correct  way  to  look  at  this  problem. 

The  papers  of  Huckel.  had  a great  effect  in  turning  the  direction  of  the  workers  In  the 
field  toward  what  are  called  unsaturated  hydrocarbon*.  These  are  substances  In  which  there 
are  enough  electron*  to  form  a certain  number  of  double  bends,  but  not  as  many  a*  we  could 

llF.  Bloch,  Z.  Phyatk  52,  555  (1928). 
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imagine  geometrically  (as  benzene  may  be  considered  *o  have  three  double  bonds  among  the 
el*  bond*  connecting  carbon  atoms).  There  are  many  chain  compounds  having  thia  property, 
and  in  some  cases  some  of  the  bonds,  as  judged  by  the  internuclear  distance,  are  close  to 
double  bonds,  while  others  are  close  *c  single  bonds,  the  internuclear  distances  showing  an 
alternation.  In  ether  cases  this  alternation  is  not  present.  Compounds  showing  this  ccrt  of 
behavior  are  called  conjugated  compounds  by  the  chemists.  In  a chain  compound  of  thia  sort, 
we  again  have  an  analogy  to  a cne -dimensional  crystal,  only  now  it  is  terminated  at  the  ends, 
so  that  the  boundary  conditions  are  different  from  the  cyclic  boundary  conditions  In  the  ring 
compounds.  Leonard -Jones^*'2)  and  Ms  students,  following  this  idea,  showed  that  It  was  pos- 
sible to  get  solutions  for  the  energy  levels  of  the  molecular  orbitals  in  such  problems,  and 
derived  many  results  from  the  method,  in  agreement  with  experiment)  the  solution  of  the 
secular  equations  for  the  molecular  orbitals  actually  yielded  the  sort  of  alternation  observed. 
Work  along  the  same  lines  has  proceeded  rather  continuously  since  these  early  papers,  ftful- 
llken'1*)  and  Ms  coworksrs  have  written  considerably  on  it)  and  since  the  War  It  has  been 
*ekcn  up  again  by  many  workers. 

Another  line  of  research  inspired  by  tSe  work  of  HOckel  concerns  the  excited  energy 
levels  of  bensene  and  of  the  aromatic  or  ring  compounds.  In  an  important  paper,  Ooeppert- 
Mayer  end  Sklar^15)  applied  molecular  orbital  methods  to  s calculation  of  excited  energy  leva1 « 
of  bensene.  They  used  the  general  formulation  of  Bucket,  but  they  went  far  beyond  Mm  in  the 
general  technique  of  handling  the  problem.  Bucket  bad  computed  the  one-electron  energy  of 
an  electron  in  the  field  of  six -fold  symmetry  representing  the  bensene  molecule,  and  had  got 
the  energy  levels  in  terms  of  certain  exchange  or  resonance  Integrals,  wMch  he  did  not  try  to 
compute  from  first  principles.  He,  and  many  succeeding  users  of  the  molecule*  orbital 
method,  merely  used  these  one -electron  energies  to  represent  the  energy  levels  of  the  mole- 
cule, celling  essentially  on  Koopmana*  theorem  to  justify  this  (though  not  always  recognising 
this  theorem  by  name).  Ooeppert-Mayer  and  Aklar.  however,  proceeded  in  a more  funda- 
mental way,  setting  up  * determinants!  function  constructed  out  of  the  molecular  orbitals,  and 
setting  about  to  compute  the  energy  of  the  n'-ny- electron  problem  by  averaging  the  Hamiltonian 
over  this  wave  function.  They  could  not  carry  this  very  far,  for  certain  three -center  integrals 
(wMch  we  shall  later  examine  more  In  detail)  were  too  difficult  to  compute  properly.  But  they 
set  a pattern  for  many  later  calculations,  in  wMch  such  determinant al  many -electron  functions 
are  sat  up. 

One  rather  remarkable  line  of  work  has  resulted  freo.  this  study  of  excited  energy 


*2J.  E.  Lennard -Jones,  Proc.  Roy.  Soc.  (London)  A1S8,  280  (1937)  and  later  papers. 

13S«e  for  Instance  R.  S.  Mulliken  end  C.  A.  Rleke,  J.  Am.  Cbem.  Soc.  63,  1770  (1941). 

i48ee  for  instance  C.  A.  Coulson  and  H.  C.  Longuet -Higgins,  Proc.  Roy.  Soc.  (London)  A 191, 
39  (1947),  red  many  later  papers. 

Ooeppert-Mayer  and  A.  L.  Skiar,  J.  Cbem.  v>hy*.  6,  645(1938). 
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levels  of  aromatic  compounds:  an  extensive  set  of  papers  on  the  colors  of  organic  dyestuffs. 
This  work  more  or  less  started  with  further  papers  by  SkJar  and  Herxfeld^1^  following  fairly 
directly  from  the  work  on  benzene.  It  h««  developed,  however,  along  a rather  different  line. 
T’:c  reader  familiar  with  the  theory  of  metals  will  realize  that  the  Bloch  theory  of  energy 
L-ndi  often  can  bz  well  approximated  by  the  simpler  Somme  riel d theorv  of  free  electrons.  It 
occurred  to  a number  of  workers  in  the  field  that  tn  a similar  way  the  distribution  of  energy 
levels  In  the  aromatic  and  unsaturr.ted  compounds  might  be  approximated  by  thinking  of  the 
molecules  as  ore  -dimensional  regions  In  which  free  electrons  of  a Somme  rf  aid  type  were  free 
to  move,  with  merely  the  quantum  condition  that  there  be  a whole  number  at  half  wavelengths 
of  the  da  Broglie  waves  in  the  length  of  the  chain,  or  a whole  number  of  wave  lengths  around 
a closed  ring  In  a cyclic  compound.  We  realise,  of  course,  that  there  is  a cloaa  resemblance 
between  the  two  points  of  view  In  the  study  of  metals,  where  the  Bloch  theory  gives  a distribu- 
tion of  energy  levels  much  like  what  we  should  find  with  the  Somme rf eld  theory  but  with  an  af- 
fective mass  rather  than  the  true  electronic  mass,  provided  we  are  interested  only  in  the  dis- 
tribution of  levels  at  the  bottom  of  the  energy  bend.  With  this  point  of  view,  an  extensive  set 
of  papers  has  grown  up,  relating  to  the  behavior  of  the  conjugated  molecules,  the  absorption 
of  light  by  dyestuffs,  and  so  on.  In  which  the  workers  In  the  field  appear  to  find  extensive 
agreement  with  experiment.  The  theories  In  this  particular  part  of  the  subject  may  well  be 
overslmpliftw4:  yet  one  gets  the  Impression  that  this  type  of  approximation  ought  to  be 

rather  good,  and  that  It  may  well  be  that  much  of  the  work  along  these  lines  may  prove  on 
closer  examination  to  be  a good  first  approximation. 

Pram  the  survey  which  we  have  given,  it  la  clear  that  the  method  of  molecular  orbitals 
has  found  wldaspresd  application  in  chemical  problems.  Most  of  the  work  before  the  War  was 
only  sami -qualitative  is  character.  Since  the  War,  however,  there  has  been  a great  burst  of 
activity  In  the  field,  including  much  work  of  a quantitative  degree  of  accuracy  not  attempted 

feat 

before.  In  this  country.  Mulllken'**'  and  his  coworksra  iiave  initiated  a program  of  numerical 
calculation  of  molecular  orbitals,  by  a modification  of  the  self-cons  latent  field  method  using 
linear  combinations  of  atomic  orbi’sla,  often  abbreviated  LCAC.  They  set  up  such  linear 
combinations  ot  atomic  orbitals  (like  our  combinations  a i b for  the  hydrogen  problem)  having 
tbs  prooer  symmetry  to  represent  molecular  orbitals,  and  In  most  cases  have  enough  stomlc 
orbitals  so  that  *he  coefficients  of  the  LCAO's  cannot  be  predicted  uniquely  from  symmetry 
conside rations  alone,  as  they  could  in  the  hydrogen  case.  They  then  set  up  a determinants' 


1 Various  papere  by  A.  L.  Sklar  and  K.  F.  Herzfeld,  1937-1942. 

17Set  papers  by  O.  Schmidt,  1938-1940)  R.  Daudel,  P.  Daudel,  A.  Pullman,  and  B.  Pullman 
1945  to  the  present, 

~*8ee  for  lnaumcs  R.  S.  Mulllken,  J.  Chem.  Phya.  44,  <97,  675  (1949)i  C.  C.  J.  Roothaen. 
Revs.  Modern  Phys.  23,  69  (1951)*  R.  O.  Parr  iukTB.  L.  Crawford,  Jr.,  J.  Chom.  Phys. 
16,  526,  1049  (191<8)»"C.  C.  J,  Root haan  and  R.  3.  Mulllken,  J.  Chem.  Phys.  16.  118 
TTO8)l  J.  E.  Mulligan,  J.  Chem.  Phy«.  »9,  147  even  numerous  other  papers. 
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wav*  function  for  the  ground  etatc  of  the  molecule,  made  up  out  of  these  molecular  orbitals 
expressed  in  terms  of  atom!"  orbitals.  These  determinants!  wave  functions  of  course  Involve 
the  coefficients  involved  in  the  LCAO‘a,  as  yet  undetermined.  They  compute  the  energy  of 
the  molecule  from  this  determinants!  wave  function,  arid  then  vary  the  undetermined  coeffi- 
cients to  make  this  energy  a minimum.  Ir,  this  way  they  determine  the  final  coefficients  re- 
quired to  represent  the  molecular  orbitals  in  terms  of  atomic  orbitals,  and  from  thla  can 
easily  get  tne  ooe -electron  energies  corresponding  to  the  molecular  orbitals.  We  see  that  if 
they  had  complete  flexibility  In  the  functions  which  th«>  varyirg,  their  procedure  would 

be  precisely  that  leading  to  the  Hartree-Fock  method.  Since  their  l<CAO's  are  not  completely 
flexible  functions,  the  results  cannct  be  as  good  as  those  of  a Hartrte-Fock  calculation,  but 
nevertheless  they  represent  a conscientious  attempt  to  take  the  first  really  quantitative  step 
toward  a self-consistent  treatment  of  molecules,  and  their  results  have  shown  very  gratifying 
agreement  with  experiment. 

In  England  as  well  tbo  method  of  molecular  orbitals  is  being  developed  at  a very  rapid 
rate  at  the  present  time.  Extensive  groups  of  papers  in  the  last  fivu  years  by  Leonard- Jones, 
Coalman,  Pople,  Hall,  Longuet -Higgins,  Dewar,  and  a number  of  others  have  contributed 
greatly  to  oar  understanding  of  the  method,  end  of  its  application  to  r- hemic  al  problems.  The 
literature  is  becoming  so  exteuir:  that  the  reader  <•  referred  to  the  bibliography  for  the  de- 
tailed references.  More  and  more  it  is  becoming  deer  that  the  method  of  molecular  orbitals 
represents  an  approach  to  chemical  problems  which  is  more  satisfactory  than  any  other,  end 
that  as  it  becomes  more  and  more  quantitative,  it  can  be  hoped  to  ley  e really  exact  founda- 
tion for  chemical  theory  We  must  remember  one  reservation,  however.  From  the  preced- 
ing chapter,  we  remember  that  the  method  oi  molecular  orbitals  does  not  lead  to  correct  be- 
havior at  infinite  internuclear  distances,  unless  we  take  into  account  the  configuration  inter- 
action with  higher  configurational  thus  in  the  H2  molecule  we  have  to  take  into  account  not 
only  the  molecular  orbital  ground  state,  in  which  both  electrons  are  in  the  symmetric  orbital 
a + b,  but  also  its  configuration  interaction  with  '.ae  excited  state  in  which  both  electrons  are 
In  the  antisymmetric  orbital  a - b,  In  order  to  ^ct  s correct  description  of  the  molecule  si 
infinite  separation.  Such  configuration  interaction  has  not  been  taken  Into  account  in  most  of 
the  work  done  by  the  molecular  orbital  method.  It  la  probably  not  a very  serious  source  of 
error,  but  nevertheless  it  must  w arn  us  that  the  method,  as  usually  used,  is  only  partially 
correct.  Some  beginnings  in  the  direction  of  configuration  interaction  have  been  made,  for 
instance,  by  Craig.  But  they  will  have  to  be  carried  much  further  before  we  really  have 
a satisfactory  theory  of  molecular  structure.  In  the  next  chapter,  we  shall  take  up  lit  detail 
these  quest! cm  of  configuration  interaction,  and' of  the  efforts  to  understand  them  being  made 
in  the  Solid-State  and  Molecular  Theory  Oroup  at  M.  I.  T. , where  they  form  the  main  topic  of 


*^D  F.  Craig,  t^oc.  Roy.  Soc.  (London)  AZOO,  474  ()9S0),  and  other  papers. 
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3.  Diatomic  and  Linear  Trlatomlc  Molecule* 

We  have  now  followed  the  history  or  the  development  of  the  molecular  orbital  theory 
fax  enough  so  that  we  are  ready  to  go  into  more  details  regarding  it.  Our  main  problem  is 
that  of  finding  the  one -electron  orbitals:  given  a potential  function  representing  the  potential 
of  all  nuclei,  and  all  electrons  but  one,  acting  on  the  remaining  electron  in  a molecule,  how 
do  we  solve  a oae -electron  Schrddlnger  equation  for  that  electron?  We  cannot  separate  vari- 
ables as  with  the  atomic  problem,  solving  the  angular  parts  of  the  Schr&dlnger  equation  ex- 
actly by  means  of  spherical  harmonics,  and  being  left  oal>  with  a function  of  r to  be  deter- 
mined by  numerical  integration.  Nevertheless,  the  symmetry  properties,  which  are  the 
nearest  analogue  to  the  spherical  symmetry  of  the  single  atom  which  we  have  left  with  a 
molecule,  can  often  be  a great  help  in  the  solution  of  the  Schr&dlnger  equation,  and  In  this 
Section  we  shall  consider  those  symmetry  properties,  as  well  as  considering  the  problem  of 
setting  tap  wave  functions  of  tbs  proper  symmetry.  The  symmetry  properties  can  be  most 
systematically  handled  by  means  of  the  group  theory.  Nevertheless  most  of  the  simpler  cases 
can  also  be  treated  by  elementary  means,  and  we  shall  follow  that  method  her*,  believing  that 
after  the  reader  has  handled  the  problems  by  elementary  methods,  he  will  be  able  to  under- 
stand the  group  theory  treatments,  such  as  that  already  quoted  by  Mulllken.  more  thoroughly, 
and  will  be  less  likely  to  make  mistakes  in  its  use.  In  our  treatment,  we  shall  use  the  method 
of  handling  a number  of  typical  special  cases,  rather  than  of  trying  to  build  up  s general 
theory. 

First  we  consider  diatomic  moleculesi  they  are  the  simplest,  and  ware  for  s number 
of  years  the  only  case  simple  enough  to  treat,  and  they  were  the  problem  for  which  the  method 
of  molecular  orbitals  was  really  devised  in  the  first  place.  Hers,  sines  vhe  potential  is  un- 
changed If  we  rotate  around  the  axis  of  the  molecule,  we  can  still  carry  out  a separation  of 
variables,  though  not  as  complete  as  with  the  spherically  symmetrical  problem.  W*  can 
write  the  wave  function  as  a product  of  a function  of  the  angle  of  rotation  about  the  axis,  and 
a function  of  the  two  coordinates  in  s plane  passing  through  the  axis,  and  find  at  once  that  the 
function  of  the  angle  is  a simple  exponential,  e1™^,  if  ♦ is  the  angle,  or  cos  m+  or  sin  mf 
whare  m is  an  Integer.  By  analogy  with  the  atomic  cas*;  we  denote  an  orbital  with  m ■ 0 
as  • C state,  one  with  m ■ t 1 as  a v state,  m » t ?.  e ft  state,  1 3 i ♦ state,  and  so  on  (o, 
v,  |,4  being  the  Qreek  equivalents  of  s,  p,  d,  f ).  The  two  v states  with  t 1 for  m can  be 
denoted  v+  and  w_,  to  distinguish  them.  If  we  are  building  up  our  molecular  orbitals  as  linear 
combinations  of  atomic  orbitals,  it  is  obvious  that  we  must  use  aiumlc  orbitals  with  the  same 
value  of  m as  ins  corresponding  molecular  orbital.  Tnus  in  the  case  of  hydrogen,  as  treated 
In  the  preceding  chapter,  we  buili  up  a o’  molecular  orbital  out  of  atomic  is  orbitals.  We 
could  equally  well  have  built  up  orbital  a of  the  same  symmetry  cut  c i stemtr  2s  orbitals.  But 
wd  could  also  ha* « used  atomic  ip  orbitals  corresponding  to  m • 0.  According  to  a commonly 
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accepted  notation  for  molecular  orbitals,  a <j  orbital  formed  from  atomic  2s  functions  would 
be  called  Zttr.  and  one  from  2p  orbitals  a 2p<r.  On  the  other  hand,  we  could  build  « orbitals 
out  of  the  2p  atomic  orfeilais  having  m -•  t I,  and  in  that  case  we  should  call  them  2p*  or- 
bitf>tn.  prtenaion  oftHs  notation  to  higher  states  is  obvious. 

In  a homopolar  molecule,  one  composed  of  two  like  atoms,  there  Is  a further  require- 
ment that  the  wave  function  be  either  symmetric  or  antisymmetric  If  we  reflect  In  the  mid- 
point of  the  line  joining  the  atoms.  A wave  function  which  la  even  Is  denoted  by  the  subscript 
g (for  gerade),  one  which  Is  odd  by  a subscript  u (for  ungerade).  It  Is  worthwhile  asking  at 
this  point  why  we  must  have  thia  symmetry  or  antisymmetry)  we  accepted  it  without  question 
In  the  preceding  chapter,  but  It  Is  the  simplest  example  of  a type  of  symmetry  which  we  shall 
find  In  many  other  cases,  and  we  should  understand  Its  origin.  Suppose  we  have  a wave  func- 
tion which  is  neither  symmetric  nor  antisymmetric  with  respect  to  reflection  in  the  midpoint. 
On  account  of  the  symmetry  of  the  potential  function,  the  wave  function  which  we  get  from  the 
original  function  by  reflection  must  also  be  an  eigenfunction  of  tin  problem.  Let  the  original 
function  be  U|,  the  reflected  function  u^.  Also  by  symmetry  the  eigenvalue  corresponding  to 
Uj  must  equal  that  for  Uj.  Hence  we  have  a degenerate  problem,  and  any  linear  combinations 
of  u,  and  u.  may  be  used  as  eigenfunctions  as  well  as  Uj  and  u2  themselves.  Let  us  then 
build  up  the  combinations  Uj  t u2-  The  first  of  these  functions  is  symmetric,  th»  second 
antisymmetric.  Thus  we  have  shown  that  if  we  start  with  «,  wavs  function  which  la  neither 
symmetric  nor  antisymmetric,  we  must  have  two  degenerate  levels  from  which  we  can  form 
s symmetric  and  an  antisymmetric  combination.  It  la  than  a self-contredictor-y  assumption 
to  S....TW14I  that  wm  hsrc  a • J-;generale  stats  which  was  neither  symmetric  nor  anti- 

symmetric. Hanes  If  we  have  a non -degenerate  stats,  it  must  necessarily  be  either  sym- 
metric or  antisymmetric i while  If  we  have  a degenerate  stats,  wa  can  make  symmetric  and 
antlaymm«.  trie  functions  from  the  two  degenerate  states.  In  either  case,  the  final  functions 
are  symmetric  or  antisymmetric. 

It  la  now  clear,  with  a homopolar  molecule,  that  from  each  atomic  function  on  a sin- 
gle atom,  we  can  build  up  a symmetric,  and  an  antisymmetric,  combination,  mut  aa  in  iha 
preceding  chapter  we  built  up  the  combinations  sib.  We  may  Uwu  build  up  a set  of  func- 
tion* resembling  molecular  orbitals,  in  that  each  one  depends  on  angle  through  the  factor 

and  la  either  symmetric  or  antisymmetric  under  s reflection  In  the  midpoint,  by  linear 
combinations  of  atomic  orbitals.  These  functions  of  course  will  not  be  real  molecular  or- 
bitals, for  those  are  defined  aa  real  solutions  of  the  aelf-conalstent  field  problem.  Never- 
theless for  qualitative  work  we  may  use  them  aa  molecular  orbitals,  as  we  did  in  the  preced- 
ing chapter.  If  we  wish  more  accurate  approximations  to  molecular  orbitals,  *•  may  make 
•linear  combinations  of  a number  of  those  approximate  functions.  To  make  the  best  combina- 
tions, of  course  we  compute  the  average  energy  of  the  combination,  uelng  the  orw -electron 
Hamiltonian  derived  from  the  self-cone  latent  field  problem,  and  vary  the  coefficients  of  the 
linear  combination  to  make  the  energy  stationary.  As  we  know,  thia  is  equivalent  to  solving 
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* secular  equation  beiween  the  various  unperturbed  functions,  and  for  this  secular  equation 
we  must  compute  the  matrix  components  of  energy  between  the  unperturbed  wove  functions. 

We  now  find  very  easily  that  there  will  be  no  non-diagon«?  matrix  components  «'}*  cuci'  «y  be- 
tween two  functions  with  different  m values  or  between  an  even  and  an  odd  function.  Thus 
the  secular  equation  factors,  md  we  have  separate  problems  fur  each  m value,  end  for  each 
symmetry.  We  thus  aee  the  advantage  In  picking  out  combinations  of  atomic  orbltala  having 
the  proper  symmetry  behavior.  The  combinations  of  atomic  orbitals  havuq:  this  proper  sym- 
metry are  often  called  symmetry  orbitals.  In  a later  section  we  shall  go  much  further  Into 
the  details  of  the  method  of  getting  the  best  linear  combinations  of  these  symmetry  orbitals 
to  approximate  the  real  molecular  orbltala.  We  note  that  with  a heteropolar  molecule,  con- 
sisting of  two  unlike  atoms,  we  no  longer  have  the  symmetry  property  of  the  orbitals,  so  that 
our  secular  equation  does  not  factor  as  completely  as  for  the  homopolar  molecule 

Let  ua  now  consider  a few  specific  molecules.  We  know  surprisingly  little  about  the 
•sect  details  of  the  molecular  orbitals  for  the  diatomic  molecules)  In  the  last  few  years, 
when  we  have  had  the  mathematical  techniques  for  computing  molecular  orbitals  fairly  ac- 
curately, the  interest  has  shifted  to  more  complicated  molecules,  and  for  tbs  simpler  ones 
we  sttil  must  use  the  rather  early  speculations  mads  In  the  first  days  of  molecular  orbital 
theory.  For  H,.  as  we  have  seen  In  Chapter  2,  the  lowest  molecular  orbital  la  the  one  vWrh 
we  might  denote  by  la and  the  ground  state  of  the  molecule  la  that  In  which  this  orbital  is 
occupied  by  two  electrons  (provided  we  disregard  the  configuration  interaction  with  the  at  ate 
in  which  both  electrons  are  In  the  state  lso^,  as  we  are  doing  In  this  chapter).  In  the  two 
helium  stoma  which  would  form  a He2  molecule  If  there  were  binding  between  them,  two  elec- 
trons are  in  the  lacr^,  two  In  lao*u,  the  total  energy  of  the  resulting  combination  being 
greater  than  for  two  separated  atoms,  so  that  there  la  no  molecule  formation.  In  Ll^,  pre- 
sumably the  next  molecular  orbital  energy  level  above  the  lsc^  and  ls<r|]  la  the  one  which  we 
could  denote  as  2s and  this  Is  occupied  by  the  two  outer  electrons  of  the  molecule,  giving 
a binding  not  unlike  that  in  Hj.  In  Se2>  presumably  the  antisymmetric  function  Zso^  Us* 
above  the  eymmetHc  function  and  th*  laltv*  presumably  is  occupied  by  the  outer  two 

electrons,  the  former  being  empty.  If  Instead  we  had  the  2ao,u  occupied  by  two  electrons,  we 
could  reasonably  expect  a repulsion,  as  between  two  helium  atoms. 

Let  us  next  pass  to  N2,  02,  and  F2>  whose  band  spectra  are  well  known,  so  that  the 
order  of  their  molecular  orbital  energies  can  be  deduced  with  fair  certainty.  In  these  mole- 
cules, it  seems  likely  that  the  order  of  energy  levels,  going  from  the  most  tightly  bound,  la 
approximately  '.so  . lso\.,  2a<r  . 2ac7,  2p<r  . 2p*+,„  2pv*  , 2p<r.  In  N,,  with  ite  four- 

| t*  J U | i *•  e§  U £ 

teen  electrons,  the  lower  seven  of  these  orbitals  are  filled  with  two  electrons  each t that  la, 
they  ere  filled  through  2pv4.|J.  This  gives  a state)  each  orbital  la  filled  with  two  elec- 
trons, one  of  each  spin,  loading  to  the  singlet:  there  sre  equal  numbers  of  orbitals  with  posi- 
tive am!  negative  components  of  orbital  angular  momentum  around  the  axis,  so  that  it  Is  a 
Tt  state;  and  the  number  of  u orbltala  la  even,  so  that  whrr.  we  reflect  in  the  midpoint,  the 
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whole  wave  function  does  not  change  sign,  and  we  have  a g state.  In  Oj,,  the  ne.it  two  elec- 
trons go  Into  the  ~P*+g  »tatea.  There  are  two  of  these  states,  however,  bo  that  there  are 
six  possible  configurations:  two  in  which  both  electrons,  one  of  each  spin,  are  either  In  2p^0 
or  2p  . and  four  In  which  one  electron  Is  In  cite  orbital,  one  In  the  other.  The  first  poa- 

*»  i 

Sibllitlss  will  lend  to  A states,  the  total  orbital  angular  momentum  being  two  units,  where- 
as the  last  four,  In  the  familiar  way.  will  lead  to  a singlet  and  a triplet.  In  this  cose  1 £ and 
. As  in  an  atom,  the  will  He  below  the  *£  , and  It  proves  to  ba  the  lowest  state  In  the 
molecules  giving  one  oi  the  few  molecules  with  a triplet  for  a ground  state,  and  explaining  the 
paramagnetic  nature  of  oxygen,  si  lalng  on  account  of  the  magnetic  moment  associated  with 
the  spin.  Careful  consideration  of  the  symmetry  of  the  electronic  wave  function  In  this 
state  shows  that  It  la  *£g*  as  we  should  expect.  In  F2>  the  2P*fg  states  are  filled,  leaving 
only  the  2pou  states  unoccupied,  and  leading  again  to  a1!  state.  Finally  with  two  Ne  atoms 
all  these  states  are  filled,  and  we  have  repulsion  as  with  two  heliums. 

This  gives  us  s jood  Idas  of  the  behavior  ot  the  molecular  orbitals  in  homopolar  di- 
atomic molecules.  In  heteropolar  molecules.,  ws  do  not  have  the  simplification  introduced  by 
the  symmetry.  Let  us  suppose  that  the  two  atoms  are  quite  different  in  properties.  Then 
the  energy  levels  of  the  inner  electrons  in  the  two  atoms  will  be  quite  different  from  each 
other.  Whan  wa  set  up  the  two-center  problem,  there  will  still  be  wave  functions  and  energy 
levels  for  these  Inner  electrons,  practically  as  in  the  Isolated  atoms.  The  wave  function 
corresponding,  say,  to  the  Is  electron  In  the  first  atom  wlil  be  very  small  In  tbs  neighbor - 

of  tbs  second  atom,  and  vies  versa.  For  the  outer  electrons,  on  ine  contrary.  It  may 
well  be  that  the  real  wave  functions  will  extend  from  one  atom  to  the  other.  As  a very  sim- 
ple example,  suppose  we  were  dealing  with  a molecule  NaK.  In  Na2<  there  would  be  a <r 
orbital  formed  from  the  3s  electrons  on  both  Na  atomnj  these  could  combine  to  form  sym- 
metric and  antisymmetric  orbitals.  We  should  certainly  expect  that  in  N tSZ  there  would  be 
rather  similar  orbitals,  but  formed  from  the  3s  electron  of  Na  and  the  4s  of  K.  This  sug- 
gests that  in  many  cases  it  may  happen  that  one  atomic  energy  level  of  one  atom,  and  another 
level  of  the  other,  may  have  approximately  the  same  energy.  Then  the  corresponding  wave 
functions  trill  become  periurbed  when  the  atoms  form  Into  molecules,  and  the  resulting  mo- 
lecular orbitals  will  be  combinations  of  the  atomic  wavs  functions  of  the  two  stoma,  often 
with  quite  complicated  properties.  Ws  shall  give  an  example  of  this  situation  shortly,  ir.  the 
case  of  a trlatomlc  molecule. 

Thera  is  one  property  of  the  molecular  orbitals  In  the  heteropolar  molecules  which  is 
quits  different  from  what  we  find  with  the  itC-zopolar  ones,  and  which  has  Important  conse- 
quences. On  account  of  the  lack  of  symmetry,  each  orbital  will  generally  correspond  to  hav- 
ing different  amounts  of  charge  on  the  two  atoms.  In  a symmetric  or  antisymmetric  wave 
function,  such  as  we  hove  with  the  symmetric  molecule,  we  necessarily  have  equal  charges 
w each,  but  we  have  just  sr»en  that  in  the  extreme  case  of  sc  Inner  electron  in  a heteropolar 
molecule,  the  charge  can  be  entirely  concentrated  in  one  atop*,  and  we  can  have  ail  inter- 
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mediate  caaea  between  this  situation  and  that  o f symmetrical  charge  distribution.  Then  when 
w*  build  up  a determinants!  wave  function  out  of  these  orbitals,  adding  the  charge  distrlhu  - 
tiona  in  the  various  orb  it  els,  we  are  by  no  means  bound  to  come  out  with  just  enough  elec- 
tronic charge  on  each  atom  to  balance  its  nuclear  charge*  According  to  our  rules,  we  fill  the 
lower  oroitais  with  electrons,  going  far  enough  up  to  accomodate  all  electrons,  and  we  may 
well  leave  the  atoms  with  some  degree  of  ionisation,  though  of  course  the  total  oharra  on  the 
molecule  as  a whole  will  balance.  This  amount  of  ionization,  plus  on  one  atom  and  minus  on 
the  other,  obviously  does  not  have  to  be  any  integral  multiple  of  an  electronic  charge,  and  the 
net  dipole  moment  of  the  molecule  which  arises  from  it  can  have  any  value.  There  has  been 
a certain  amount  of  study  of  the  dipole  moments  of  diatomic  molecules  from  this  point  of 
views  in  general,  the  amount  of  ionisation  found  on  each  atom  la  small,  much  smaller  than 
naive  ideas  of  the  formation  of  the  molecule  from  ions  would  suggest.  There  is  room  for 
much  further  study  along  the  same  lines. 

Diatomic  molecules  are  not  the  only  ones  having  the  type  of  symmetry  of  which  we 
have  been  speaking  in  this  section.  It  is  obvious  that  any  linear  molecule  will  have  the  same 
quantisation  of  the  component  of  angular  momentum  along  the  axis,  with  the  same  or,  w,  i, 
and  so  on  characterising  its  molecular  orbitals.  And  any  linear  molocule  with  a center  of 
symmetry  will  have  the  properties  of  having  symmatric  and  antisymmetric  orbitals.  There 
are  a number  of  Important  molecules  falling  into  this  class.  For  instance,  among  inorganic 
compounds,  an  important  one  is  CO^.  v/hich  is  a linear  molecule  with  the  arrangement  OCOi 
among  organic  compounds  there  la  acetylene  C^H^.  again  a linear  compound  with  the  ar- 
rangement HCCH.  Both  of  tbeae  compounds  obviously  are  symmetrical  about  their  midpoints, 
so  that  their  orbitals  are  all  either  symmetric  or  antisymmetric  with  respect  to  inversion  in 
this  midpoint.  A very  thorough  calculation  of  the  molecular  orbitals  in  C02  has  recently 
been  made  by  Mulligan.  and  »•  shall  discuss  his  results  in  moderate  detail  This  ex- 
ample will  give  ua  a chance  to  become  somewhat  acquainted  with  the  LCAO.  or  linear  com- 
bination of  atomic  orbital,  method,  which  of  course  we  have  already  discussed  for  H^,  but 
which  underlies  moo*  of  the  recent  work  on  molecular  orbitals,  and  which  we  shall  discuss 
more  completely  in  a later  section. 

A carbon  or  oxygen  atom  has  electrons  in  la,  2s,  snd  2p  orbitals.  On  account  of  thw 
threefold  degeneracy  of  the  2p  orbitals  in  an  atom,  there  are  five  such  orbitals  for  each  atom. 
Out  of  these  five  atomic  functions  in  the  three  atoms,  we  can  construct  fifteen  linear  combina- 
tions, which  can  represent  approximations  to  the  molecular  orbitals.  We  could.  If  we  chose, 
determine  the  fifteen  molecular  orbitals  in  the  following  fashion.  We  could  set  up  the  matrix 
components  of  a one-electron  Hamiltonian  operator  between  these  functions,  the  operator 
consisting  of  tbs  klnstlc  ensrgy,  and  the  potential  energy  In  the  self-consistent  field  of  nu- 
clei and  all  other  electrons,  determined  for  Instance  by  the  methods  taken  up  in  Chapter  1. 

20J.  y.  J.  Coem.  rr^m.  ^9.  347  (1951). 
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We  could  then  solve  the  resulting  secular  equation  iui  the  fifteen  oaa -electron  energies  or 
eigenvalues  of  the  problem,  and  for  the  eigenvectors  or  coefficients  of  the  linear  transforms* 
tions  expressing  the  correct  wave  functions  as  linear  combinations  of  the  original  unperturbed 
functions.  Thus  we  should  find  the  molecular  orbitals.  The  method  used  by  Mulligan  was 
slightly  different,  forming  a direct  analogy  to  the  Hartree-Fock  method,  but  the  results  will 
be  very  approximately  the  same  by  either  scheme.  We  shall  take  up  the  relations  between 
these  two  methods  in  s later  section.  For  the  moment  let  us  merely  consider  Mulligan's  re- 
sults. 

In  the  first  pises,  ws  can  simplify  the  problem  greatly  by  Introducing  at  the  outset 
combinations  of  atomic  orbitals  having  proper  symmetry.  The  one-electron  Hamiltonian  will 
have  no  matrix  components  between  two  wave  functions  with  different  components  of  angular 
momentum  along  the  exist  and  it  will  have  no  matrix  components  between  two  functions  one  bf 
which  is  symmetric  and  the  other  antisymmetric  with  respect  to  Inver In  the  midpoint. 

It  Is  than  vary  convenient  to  introduce  linear  combinations  of  the  atomic  orbitals,  each  char- 
acterised by  a definite  value  at  component  ox  angular  momentum  along  the  aids,  and  each  of 
which  la  symmetric  or  antisymmetric.  Such  a combination  of  atomic  orbitals  1«  often  called 
a symmetry  orbital.  The  secular  aquation  will  than  automatically  be  factored,  and  will  break 
down  into  a number  of  separata  secular  aquations,  one  fc  r each  type  of  symmetry.  Let  us 
analyse  this  problem  of  CO2  in  detail,  to  see  how  many  functions  of  sach  symmetry  we  shall 
have. 

Each  of  the  three  atoms  has  three  orbitals  with  sero  component  of  angular  momentum 
along  the  axis:  the  Is,  2s,  and  Zpa.  Thus  out  of  the  nine  functions  of  this  type,  we  can  con- 
struct Bins  a orbitals  of  the  molecule.  Each  stem  has  one  orbital  with  ♦ 1 component  of 
angular  momentum,  and  sach  has  one  with  - 1 component.  Thus  there  will  be  three  w+  or- 
bitals, and  three  w_'s.  Within  each  type,  we  shall  have  orbitals  symmetric  and  antisym- 
metric with  respect  to  inversion,  or  of  g and  u type.  Let  us  see  how  many  of  these  we  have. 
To  do  this,  1st  us  construct  the  symmetry  orbitals.  It  is  convenient  to  have  soma  notation  for 
the  atomic  orbitals,  and  we  may  a&  well  use  Un  uuuuiuu  employed  by  mUui>:rn  He  refers  to 
the  Is  orbitals  on  tbs  two  oxygen  stoma  as  o and  o'j  to  the  two  2s's  on  the  oxygens  as  s and 
s'j  to  the  Is  on  tbs  carbon  as  c,  and  to  the  2s  on  the  carbon  as  bq.  For  the  pa's  on  the  oxy- 
gens, he  used  the  notation  a end  s',  er«d  for  the  pa  on  the  carbon,  tbs  notation  s^.  The  rea- 
son for  this  notation  for  the  pa's  is  tbs  following.  Ws  inks  the  s axis  to  be  along  the  axis  of 
the  molecule,  the  oxygen  atom  with  unprimed  orbitals  being  found  at  negative  s,  the  carbon 
atom  at  tbs  origin,  and  the  oxygen  atom  with  primed  orbitals  at  positive  s.  The  2p a orbital 
then  is  written  La  spherical  coordinates  as  having  a factor  r cos  #,  where  6 is  the  angle  in 
polar  coordinates.  That  is,  for  the  carbon  atom,  this  orbital  has  a factor  s,  with  a nodal 
plane  at  s ■ 0,  end  positive  values  of  the  function  for  positive  a,  negative  for  negative.  In  a 
similar  way  the  corresponding  orbitals  of  the  oxygens  have  nodal  planes  perpendicular  to  the 
a xx and  par>lrg  through  their  zutetc*-  end  in  each  css*  the  atomic  function  i<i  pos'ttv*  on 
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the  side  of  the  nodal  plane  pointing  clonjr  the  direction  of  * z. 

We  can  now  see  eaily  that  from  our  nine  atomic  <r  orbitals,  we  con  construct  five 
symmetric  or  g functions,  four  antisymmetric  or  u functions.  We  may  take  the  g sym- 
metry crtiitcls  as  o + o',  s * s',  c,  sc>  and  z - s'.  All  of  these  arc  obvious  except  per- 
haps the  lust.  The  reason  why  we  need  the  minus  sign  with  the  functions  z and  s'  is  that  z is 
positive  on  the  positive  side  of  the  nodal  plane  through  the  oxygen  nucleus;  that  is,  it  is  posi- 
tive toward  the  carbon  atom,  negative  away  from  it.  For  a g function,  we  must  combine  the 
corresponding  function  on  the  other  oxygen  which  is  positive  toward  the  oxygen,  but  this  func- 
tion is  negative -toward  increasing  z's,  and  hence  is  - z*.  In  an  analagous  way,  the  u sym- 
metry orbitals  are  o • o',  s - s',  z ♦ z',  and  zc<  Thus  in  our  secular  equation  for  the  mo- 
lecular orbitals,  we  shall  have  a fift.o  degree  equation  for  the  states  of  <rM  symmetry,  and  a 
fourth  degree  equation  for  those  of  <ru  symmetry.  Mulligan  simplifies  by  assuming,  as  is 
undoubtedly  legitimate,  that  the  Is  orbitals  will  not  appreciably  be  mixed  in  with  the  2s  and 
2p  in  making  up  the  molecular  orbitals.  That  is,  he  assumes  that  two  of  the  crg  molecular 
orbitals  are  identical  with  the  symmetry  orbitals  o ♦ o'  and  c,  and  that  one  of  the  o*u  molecu- 
lar orbitals  is  Identical  with  o - o'.  He  then  solves  a cubic  equation  for  the  three  linear 
combinations  of  a ♦ s',  s„.  and  s s’  representing  the  three  remaining  orbitals  of  <rg  tyP*« 
and  another  cubic  equation  for  the  three  linear  combinations  of  s - s',  i t z',  and  zc  to  form 
the  three  remaining  ctu  orbitals. 

The  final  linear  combinations  which  Mulligan  obtains,  at  the  equilibrium  distance  of 
separation,  are  given  in  Table  VII.  As  we  see,  he  uses  the  notation  lcr^,  2 <r^  etc. , for  the 

Table  VII 

lag  - 0.48(s  ♦ s')  ♦ 0.  32sc  ♦ 0.  21(z  - s'),  1<TU  = 0.  38(a  - s')  ♦ 0.  11(*  + s')  - 0.  51zc 

2 <rg  »-0l51(s  ♦ s')  ♦ 0. 40sc  ♦ 0.  46(z  - s'),  2<ru  ■ 0.  64{s  - s')  ♦ 0.  37(x  ♦ s')  - 0. 65zc 

3 <r  « 0.  55(s  ♦ s')  - 1.  32a  ♦ 0.  64(z  - s').  3cr  ■ 0.  8S(s  - s')  ♦ 0.  84{z  ♦ s')  ♦ 1.  55z 

S C U C 

various  resulting  functions,  the  energies  increasing  as  we  go  from  l<rg  to  2<rg,  etc.  From 
the  values  in  the  table,  it  is  clear  that  we  cannot  Identify  any  one  of  these  orbitals  with  any 
one  of  the  atoms;  the  corresponding  atomic  levels  in  the  carbon  and  oxygen  atoms  are  so 
nearly  the  same  that  we  have  combinations  which  are  large  on  both.  It  is  rather  hard  to  in- 
terpret these  functions  without  seeing  them  actually  computed  and  plotted,  and  li.  Fig.  a we 
give  such  a plot,  though  Mulligan  does  not  give  it.  The  thing  which  has  been  plotted  is  the 
value  of  the  wave  function  at  points  along  the  line  passing  through  the  nuclei,  computed  from 
the  formulas  for  the  various  atomic  orbitals  given  in  Mulligan's  paper.  To  understand  the 
figure,  we  must  first  remember  the  general  form  of  the  atomic  orbitals.  We  remember  that 
an  2s  function,  like  s,  s',  and  s„  above,  is  finite  at  the  nucleus,  very  rapidly  de- 

creases, goes  through  a node  and  changes  sign,  and  has  an  outer  part  of  considerable  extent, 
of  opposite  sign  to  the  value  «t  the  nucleus.  Tbe  wave  function  actually  is  not  as  large  in  this 
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Wave  function*  for  states  lo« 3cru  of  C02>  along 

Internuclear  axis,'  following  Mulligan. 

outer  region  as  it  is  near  the  nucleus!  but  the  volume  of  space  near  the  nucleus  is  so  small 
Uia<  only  a small  fraction  of  the  charge  is  located  near  the  nucleus,  most  of  it  being  in  the 
outer  part  of  the  wave  function.  Thus  1*«  Fig.  4 we  clearly  see  the  high  peaks  In  the  wave 
function  near  each  nucleus,  but  we  must  remember  that  these  are  unimportant  in  considering 
the  general  behavior  of  the  charge  distribution. 

To  help  the  reader  fix  his  attention  on  the  important  features  of  the  wave  function,  we 
have  drawn  dotted  lines  in  Fig.  4,  showing  the  general  trend  of  the  wave  functions  if  we  dis- 
regard these  peaks  near  the  nucleus.  Once  we  look  at  these  dotted  curve*,  »o  see  what  is 
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going  on:  as  *f  go  from  liT  to  la  , 2o  , and  so  on,  we  have  a succession  cf  curves 

g u g u 

each  having  one  node  more  than  the  preceding  one,  and  looking  much  like  the  aurre«sive  wave 
functions  of  a one -dimensional  linear  oscillator,  or  like  the  successive  sine  curves  repre- 
senting the  states  of  a one -dimensional  particle  in  a box.  The  true  nature  of  the  wave  func- 
tions, as  we  see  in  this  way,  is  much  like  that  of  electrons  freely  wandering  through  the  whole 
molecule.  If  we  set  up  a cylindrical  region  about  the  size  of  the  molecule,  with  a constant  po- 
tential inside  it,  and  a potential  which  rapidly  rose  outside  the  box,  we  should  have  wave 
functions  for  an  electron  In  this  cavity  which  would  vary  along  the  lengtu  of  the  cavity  much 
like  those  which  we  have  found,  and  which  would  fall  off  as  we  went  out  from  the  center  of  the 
cavity  in  a radial  dir;  ctlon.  Of  course,  in  higher  quantum  numbers  the  wave  function  would 
also  have  nodes  as  we  went*  out  along  the  radius,  but  these  would  correspond  to  higher  excita- 
tions than  we  are  considering  here.  This  sort  of  situation,  in  which  the  molecular  orbitals 
have  resemblance  to  the  wjve  functions  of  a free  electron  in  a cavity  of  the  same  size  as  the 
molecule.  Is  of  very  widespread  occurrence.  Of  course,  the  real  wave  function,  as  we  see 
from  Fig.  4,  Is  modified  near  each  nucleus,  but  this  does  not  affect  Its  general  behavior. 

There  Is  an  obvious  resemblance  between  these  wave  functions  and  the  sort  found  in  a 

crystalline  solid.  We  a rs  familiar  with  the  procedure  of  Bloch,  who  superposed  atomic 

orbitals  to  get  one-electron  functions  in  a crystal,  showing  that  the  resulting  wave  functions 

(■>21 

are  similar*  to  sinusoidal  waves  as  found  for  a free  electron.  The  present  writer'**  ' has 
drawn  curves  for  the  wave  functions  of  conduction  electrons  in  metallic  sodium,  drawing  dot- 
ted lines  through  the  wave  functions  In  just  such  a way  as  we  have  done  in  Fig.  4,  and  the 
similarity  of  those  curves  to  these  computed  for  COj  is  quite  striking.  It  Is  this  similarity 
which  makes  It  reasonable  to  approximate  the  behavior  of  electrons  In  aromatic  and  other 
compounds  by  replacing  them  by  free  electrons  in  a potential  trough,  as  we  discussed  In  the 
preceding  section. 

We  have  now  consiaerea  tne  cr  orbitals  In  the  C02  problem  In  a good  deal  of  detail:  we 
shall  next  take  up  the  w orbitals,  though  not  going  Into  them  so  thoroughly.  We  have  a w+  or- 
bital on  each  of  the  atoms,  so  that  as  mentioned  earlier,  we  can  set  up  three  w+  molecular  or- 
bitals. The  w+  orbital  on  the  carbon  atom  depends  on  r and  9 through  ihe  factor  r sin  0:  mat 
Is,  It  is  always  positive,  and  has  then  the  same  value  for  equal  positive  and  negative  values  of 
z,  provided  the  angle  4 !■  ihe  same.  Inversion  through  the  origin  can  be  thought  of  a a made 
up  of  two  operations:  reflection  in  the  plane  z * 0,  which  does  not  change  the  value  of  the 
function,  and  rotation  through  180°  around  the  axis  of  the  molecule,  or  Increase  of  4 by  180°, 
which  changes  the  sign  of  the  factor  el*  which  appears  ifl  the  wave  function.  Hence  this  func- 
tion is  of  the  u form,  changing  sign  on  an  inversion.  The  sum  of  the  two  oxygen  w+  orbitals 
similarly  has  a u symmetry,  and  the  difference  has  a g symmetry.  Thus  we  have  two  u 

Z1F-  Bloch.  Z.  Physik52,  555  (1928). 

22J.  C.  Sl»t»r,  Revs,  M~*»rn  Phye.  t>,  2no  0934}j  «ee  p.  247. 
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symmetry  orbitals,  and  one  g,  made  out  of  these  atomic  functions,  so  that  *he  g function 
is  uniquely  determined  without  solving  a secular  equation,  and  we  must  solve  a quadratic 
secular  equation  to  find  the  two  u's.  We  shall  have  another  set  of  two  u's  and  one  g,  deter- 
mined from  the  w_'s,  degenerate  with  the  first  set.  Mulligan  has  determined  these  functions, 
~nd  expressed  them  in  terms  similar  to  those  of  Table  Vll. 

Now  that  we  are  familiar  with  the  molecular  orbitals,  wc  can  consider  which  ones  are 
occupied  tr.  the  ground  state  of  the  C02  molecule.  Mulligan  has  found  the  one-electron  ener- 
gies of  the  orbitals,  and  his  major  interest  Is  to  compare  these  with  observed  energy  levels 
as  found  in  the  band  spectra;  the  argreement  Is  quite  good.  For  our  present  purposes,  how- 
ever, we  care  only  about  the  order  of  the  levels.  The  molecule  has  twenty-two  electrons, 
six  from  the  carbon,  eight  from  each  oxygen.  The  fifteen  molecular  orbitals  would  accomo- 
date thirty  electrons,  so  that  the  highest  four  orbitals,  capable  of  holding  eight  electrons, 
must  be  unoccupied,  and  the  remaining  ones  are  those  filled  In  making  up  the  determinants! 
wave  function.  These  highest  four  orbitals  prove  to  be  the  3a^  and  3au  given  in  Table  VII 
and  Fig.  4,  and  thf  higher  of  the  two  vu‘a  formed  from  the  w+  and  *_  atomic  orbitals.  Thus 
we  understand  exactly  how  to  construct  the  molecular  orbitnl  wave  function. 

A great  deal  of  thought  has  gone  Into  the  problem  of  how  to  estimate  the  nature  of  the 
molecular  orbitals,  and  the  value  cf  their  one -electron  energies,  in  molecules  of  various 
types,  without  actually  going  through  calculations  such  as  Mulligan  has  made.  We  have 
noted  In  our  historical  survey  that  Mulllken  and  others  for  many  years  have  been  engaged  In 
interpreting  band  spectra,  with  comparatively  little  use  of  detailed  mathematical  analysis. 

The  methods  used  have  mostly  amounted  to  qualitative  attempts  to  understand  the  nature  of 
the  wave  functions,  and  to  see  what  features  of  the  wave  functions  are  associated  with  bonding. 
Thus  from  H2  we  assume  that  a molecular  orbital  like  the  symmetric  function  itb,  which 
has  a maximum  In  the  region  between  the  atoms,  has  s lower  energy  than  an  orbital  like  the 
antisymmetric  function  a - b,  which  has  a node  between  the  atoms.  We  can  see  why  this 
should  be  so.  In  either  of  two  wayi.  First,  it  is  s general  rule  of  wave  mechanics  that  In- 
creasing the  number  oLnodes  increases  the  energy  of  the  wave  function,  though  this  rule  can- 
not be  taken  uncritically  in  any  problem  tn  more  than  one  dimension.  Secondly,  the  charge 
distribution  betwee*;  <e  nuclei  in  the  symmetric  function  Is  tn  a region  where  the  potential 
energy  Is  lowered,  on  account  of  the  fact  that  In  this  region  both  nuclei  are  attracting  the  el- 
ectronic charge,  and  this  lowers  the  energy  of  this  state  tn  comparison  to  the  antisymmetric 
case,  where  charge  is  removed  from  this  region  between  the  atoms.  In  similar  ways  we  can 
argue  that  the  orbitals  denoted  as  la^  and  iau  tn  Fig.  4,  which  have  large  charge  concentra- 
tions and  no  node®  between  the  carbon  an*  oxygen  atoms,  should  correspond  to  strong  binding, 

and  orbitals  3a  and  3a,  , which  have  nodes  between  the  carbons  and  oxygens,  should  have 
g u 

high  energy  and  discourage  binding.  Such  qualitative  arguments  have  been  very  useful,  but 
as  time  goes  on  and  we  get  more  ard  more  quantitative  results  like  those  of  MulUgen,  we 
shall  no  doubt  have  less  need  of  such  methods. 
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The  chemists  generally  draw  the  CO^  molecule  by  showing  double  bonds  between  the 
atoms.  0=C*0,  In  order  to  satisfy  their  general  rules  that  two  bonds  arc  to  be  attached  to  an 
oxygen  aiom.  and  ( our  to  a carbon.  Mulligan  undertook  his  study  to  see  what  would  be  meant 
by  this  double  bond.  It  Is  clear  that  the  actual  situation  la  complicated.  However,  one  fea- 
ture that  is  definite  In  the  structure  Is  that  both  <r  electrons  and  « electrons  are  Included  In 
the  bonding  process,  and  this  seems  to  be  a characteristic  of  a douDle  bond.  Wc  shall  see 
later  that  cr-type  electron  alone  are  concerned  in  single  bonds,  just  as  in  hydrogen.  On  ac- 
count of  the  way  In  widch  the  wave  (unctions  are  spread  over  the  molecule,  however,  as 
shown  In  Fig.  4,  It  Is  rather  clear  that  we  cannot  assign  some  of  the  electrons  to  the  forma- 
tion of  bonds,  and  others  to  the  separated  atoms,  In  any  such  definite  way  as  the  chemists 
are  accustomed  to  do. 

4,  Simple  Planar  Molecules  --  Water  and  Ethylene 

We  have  now  become  fairly  familiar  with  the  problem  of  the  linear  molecule,  and 
shall  go  on  to  the  next  degree  of  complication,  a molecule  In  a plane,  using  as  Illustrations 
two  simple  cases,  water  and  ethylene.  We  first  take  water,  e triangular  molecule  with  the 
oxygen  atom  at  the  apex,  the  lines  from  oxygen  to  hydrogens  making  an  angle  of  something 
over  s right  angle.  For  the  sake  of  having  the  geometry  definite,  let  ue  take  the  plane  of  the 
molecule  to  the  yx  plane,  the  z axis  being  the  bisector  of  the  angle  between  the  two  OH  bonds, 
and  the  oxygen  being  at  the  origin.  Then  we  note  that  there  are  a number  of  symmetry  opera- 
tions which  can  be  applied  to  the  molecule,  leaving  It  unchanged.  Thus  we  can  reflect  in  the 
y*  plane,  or  change  x into  -xj  we  can  reflect  In  the  x~  p'^ne,  changing  y Into  - y,  so  that  one 
hydrogen  changes  into  the  other.  We  can  rotate  about  the  z axis  through  180°,  but  this  op- 
eration is  not  Independent  of  the  others)  It  Is  easy  to  show  that  successive  reflections  In  the 
yx  and  the  xs  plane  are  equivalent  to  such  a rotation.  We  may  then  reasonably  expect  that 
every  molecular  orbital  will  be  symmetric  or  antisymmetric  on  reflection  in  the  yx  plane, 
and  symmetric  or  antisymmetric  on  reflection  in  the  xz  plane. 

We  expect  thatthere  will  be  no  degeneracy  left  In  the  molecular  orbitals  in  this  prob- 
lem. Let  us  see  why  this  la,  in  an  elementary  way.  Let  us  suppose  that  we  started  with  a 
fictitious  problem  In  which  the  hydrogen  atoms  were  brought  into  coincidence  with  each  other 
and  with  the  oxygen  atom,  so  that  all  three  nuclei  were  located  at  the  origin.  Then  we  ask 
what  happens  as  we  move  the  two  hydrogen  atoms,  still  coinciding  with  each  other,  away  from 
the  oxygen  atom  along  the  z direction,  to  form  a diatomic  molecule.  Finally  we  separate  the 
two  hydrogens,  moving  one  In  the  4 y direction,  the  other  In  the  - y direction,  to  form  the 
triangular  configuration  of  the  actual  molecule.  The  original  combined  molecule  Is  Identical 
with  a neon  atom,  and  has  spherical  symmetry,  so  that  in  th  seif -consistent  field  prooiem 
we  have  the  degeneracy  characteristic  of  the  central  field  problem,  and  all  states  of  the  same 
I value,  Independent  of  tholr  m.  have  the  same  energy.  Thus  In  particular  the  three  Zp  or- 
h.tala  all  have  the  same  energy.  Now  wc  move  the  two  nydrexens,  stlU  coinciding  with  each 
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o'  her,  along  the  z axis,  tc  form  a molecule  which  in  fact  would  form  an  oxygen  pnd  a 

Kelt  am  atom.  We  should  now  have  the  type  of  linear  symmetry  considered  in  the  preceding 

section  All  orbitals  would  have  quantized  angular  momentum  about  the  z axis.  Out  of  the 

oxygen  atomic  orbitals  we  could  construct  symmetry  orbitals  of  a 9 and  a v type.  The  « 

t 

orbitals  would  have  angular  dependence  of  the  form  of  e “T  wiih  respect  to  rotation  about  the 
axis,  and  would  be  zero  along  the  lnternuclear  axis,  while  the  9 orbitals  would  be  indepenrt- 
ent  of  rotation,  and  would  have  their  maximum  values  along  the  axis.  Thus  these  two  types 
of  orbitals  would  have  quite  different  energies,  since  the  9 types  are  more  concentrated  in 
the  region  between  the  two  atoms  than  tne  * types.  We  must  realize  that,  since  we  are  not 
dealing  with  a homopolar  molecule,  we  «ha)f  not  have  g and  u-type  combinations,  but  never- 
theless some  orbitals  will  have  nodal  planes  between  the  two  atoms,  and  others  will  not,  and 
the  9 -type  orbitals  with  no  nodal  planes  will  have  lower  energies,  those  with  nodal  planes 
will  have  higher  energies,  while  the  w-type  orbitals  will  not  be  spilt  so  much  in  their  energy. 

We  are  still  left  with  s certain  amount  of  degeneracy  with  this  linear  molecule:  with 
each  v-type  orbital  we  have  two  degenerate  states  corresponding  to  wave  functions  with  fac- 
tors e ^ . We  can  also  write  these  w eve  functions  In  a different  way,  more  convenient  for 
what  will  follow  Immediately.  We  can  write  the  functions  with  factors  cos  ♦ and  sin  4,  or 
what  is  the  same  thing,  with  factors  x and  y,  giving  nodal  planes  respectively  ss  the  y*  and 
xs  planes.  That  is,  the  first  type  of  function  is  antisymmetric  with  respect  to  reflection  in 
the  yx  plane,  the  second  antisymmetric  with  respect  to  reflection  in  the  xx  plane,  but  eech  is 
symmetric  with  respect  to  reflection  in  the  other  plane.  Now  let  us  see  what  happens  when 
the  two  hydrogen  atoms  are  separated  as  In  the  actual  molecule.  It  is  clear  that  the  effects 
on  the  w-Uke  functions  with  nodal  planes  In  the  plane  of  the  molecule,  the  yz  plane,  will  be 
quite  different  from  those  with  nodal  planes  In  the  xz  planet  the  former  types  of  orbitals  are 
zero  at  the  positions  of  the  hydrogen  atoms,  while  the  latter  types  have  maxima  here.  Thus 
the  degeneracy  between  the  two  types  of  functions  which  would  be  v-orbitals  In  the  linear  case 
Is  removed,  and  at  the  same  time  we  see  that  by  setting  up  our  functions  with  nodal  planes  In 
the  yx  or  xs  planes,  we  automatically  have  got  the  correct  sort  to  represent  the  symmetry  of 
the  final  molecule. 

It  le  perhaps  worthwhile  at  this  point  to  say  something  a little  more  profound  about 
the  requirement  that  our  wavs  fur.-:ior,a  L >%,  symmetric  or  antisymmetric  or.  reflection  In  the 
xs  and  yx  planes,  and  that  the  degeneracy  be  removed;  this  is  the  sort  of  statement  which  we 
shall  have  to  make  in  all  the  various  types  of  symmetry  which  we  shall  meet,  and  while  we 
shall  not  go  Into  the  group  theory  to  prove  the  consequences  of  the  symmetry  in  the  matter  of 
the  behavior  of  the  wave  function,  nevertheless  we  may  as  well  begin  to  understand  the  funda- 
mentals of  symmetry  operations.  In  the  first  place,  an  operation  of  reflection,  or  of  rota- 
tion, ta  not  In  principle  different  from  any  other  operation  In  quantum  mechanics.  To  reflect 
in  the  yx  plane,  for  Instance,  we  have  seen  that  we  change  x into  - x.  in  other  words,  under 
this  operation  a given  function  of  x,  j.  and  r.  is  changed  i.-.U  another  function.  The  new  func- 
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tion  may  be  identical  with  the  original  function  (if  the  original  function  is  symmetric  in  ;c)  c>r 
equal  to  Its  negative  (if  it  is  antisymmetric).  More  generally  It  might  be  a quite  different 
function.  If  we  have  such  an  operator,  which  we  may  call  R,  we  can  let  this  operate  on  each 
wave  function  of  a complete  orthogonal  set,  and  obtain  this  way  a set  of  functions  Ru.. 

Ru2,  ....  where  Uj,  u2>  • • • formed  the  complete  orthogonal  set.  These  transformed 
functions  may  in  turn  be  expanded  in  terras  of  the  complete  orthogonal  act,  so  that  we  may 
find  the  matrix  components  of  R,  which  are  lust  the  expansion  coefficients:  Ru^  - £ (j)  ^jluj‘ 
If  Ft^  Is  a diagonal  tn«U  lx,  the  operation  R transforms  u^  Into  a constant  times  Itself,  and 
in  the  cases  of  symmetric  and  antisymmetric  functions  this  constant  is  1 and  - 1 respective- 
ly. If  Is  not  digger.*!.  must  be  written  as  a linear  combination  of  more  than  one 
member  of  the  complete  orthogonal  set. 

Before  we  are  through,  we  shall  find  examples  of  both  diagonal  and  non-diagonal  ma- 
trices for  such  operators,  but  our  present  simple  case,  where  all  functions  are  either  sym- 
metric or  antisymmetric  with  respect  to  reflection  both  in  the  yz  and  the  xz  plane,  is  one 
where  both  these  operations,  which  we  may  call  Ryz  and  Rxz>  simultaneously  have  diagonal 
matrices.  We  realize  from  our  general  knowledge  of  quantum  mechanics  that  we  cannot  have 
two  operators  whose  matrices  are  simultaneously  diagonal  unless  two  conditions  are  satis- 
fied: first,  each  operator  must  commute  with  the  energy.  In  order  that  Its  matrix  be 
diagonal  with  respect  to  functions  which  are  eigenfunctions  of  the  energy;  secondly,  the  two 
operators  must  commute  with  each  other.  If  the  two  operators  both  commuted  with  the  en- 
ergy,  but  did  not  commute  with  each  other,  we  could  make  either  one  diagonal,  but  not  both. 
We  have  met  this  situation  before:  In  Chapter  1,  we  found  that  the  x,  y,  and  z components  of 
angular  momentum  have  operators  each  of  which  commutes  with  the  energy,  but  which  do  not 
commute  with  each  other.  We  then  were  able  to  diagonalize  one  of  these  operators,  which 
we  generally  chose  to  be  the  z component  of  angular  momentum,  but  could  not  diagonalize 
the  others.  The  x and  y components  of  angular  momentum  had  non-diagonal  matrix  com- 
ponents, and  yet  they  represented  constant  quantities,  since  they  commuted  with  the  energy. 
The  way  they  achieved  this  was  that  there  was  degeneracy,  and  the  x and  y components  had 
non-vanishing  matrix  components  only  between  two  degenerate  states,  whose  time  depend- 
ence therefore  had  zero  frequency. 

We  now  see  that  this  ultuation  can  be  perfectly  general.  If  we  have  two  symmetry 
operators,  say  Rj  and  R2,  both  of  which  commute  with  the  energy,  but  which  do  not  commute 
with  each  other,  then  we  can  chooss  eigenfunctions  which  will  diagonalize  both  the  energy  and 
one  of  the  operators,  say  Rj.  But  then  R2  cannot  be  diagonal,  so  that  we  must  have  degen- 
eracy, and  R2  will  have  non-vanishing  matrix  components  between  the  various  degenerate 
states.  This  situation,  then,  of  having  non-commuting  symmetry  opei  ators,  necessarily 
leads  to  degeneracy.  We  shall  later  have  more  to  say  about  why  the  angular  momentum  op- 
erators have  these  properties,  so  that  we  get  the  degeneracy  In  problems  of  rotational  sym- 
metry. For  the  Moment,  however,  we  are  more  Interested  in  the  simpler  cases  where  all 
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symmetry  operators  commute  with  each  other  as  well  as  with  the  energy.  For  in  this  case, 
which  we  have  with  water,  we  can  diagonalize  each  of  the  symmetry  operators,  so  that  each 
operator  must  transform  the  eigenfunction  into  a constant  times  itself,  the  constant  tn  this 
simple  case  being  either  + 1 or  - 1.  As  a result  of  this  we  have  no  degeneracy. 

We  must  check,  before  we  go  further,  that  our  two  reflections  R and  R commute 

yz  xz 

with  each  other  and  with  the  energy.  In  the  first  place,  all  the  symmetry  operators  we  shall 
consider  commute  with  the  energy;  this  is  their  fundamental  characteristic.  We  can  easily 
show  that  any  symmetry  operator  which  transforms  the  potential  energy  into  itself  will  com- 
mute with  the  Hamiltonian.  The  reason  is  simple,  as  we  can  see  from  the  ca*e  where  the 
operation  is  transforming  x into  - x.  We  have  in  *his  case  Ru(x,  y,  z)  * u(  - x,  y,  z).  Thus 
HRu(x,  y,  z)  s Hu(  - x,  y,  z).  But  RHu(x,  y,  z)  is  what  we  get  when  we  transform  x into 
- x in  the  function  Hu(x.  y,  z).  We  find  x appearing  in  this  function  both  through  its  appear- 
ance in  u,  and  in  H.  In  H it  appears  in  the  kinetic  energy  (where  changing  x into  - x ob- 
viously makes  no  difference),  and  in  the  potential  energy,  where  by  hypothesis  no  change  is 
to  be  made  by  the  transformation.  Thus  the  result  is  Hu(-x,  y,  z),  so  that  we  see  that  HRu 
> RHu,  or  R and  H commute  with  each  other. 

As  for  the  other  fact,  that  our  two  reflections  commute  with  each  other,  this  is  al- 
most obvious.  The  first  operation  changes  x into  - x;  that  is,  it  changes  the  first  of  the 
three  arguments  of  u into  its  negative.  The  second  changes  the  second  of  the  three  argu- 
ments of  u into  its  negative.  It  is  obvious  that  these  operations  can  be  applied  In  either  or- 
der. We  must  be  on  our  guard  at  this  point,  however:  wo  shall  find  some  operators  before 
we  arc  through  which  do  not  commute  with  cuch  ether,  sc  that  we  must  examine  each  case 
carefully. 

We  have  now  digressed  long  enough  to  examine  the  philosophy  behind  the  s;  mmetry 
of  our  orbitals  In  the  case  of  water,  and  we  may  return  to  the  very  simple  situation  win  h we 
remember  that  we  have  here.  First,  all  orbitals  must  be  either  symmetric  or  antisymmet- 
ric on  reflection  in  the  yz  plane,  the  plane  of  the  nuclei;  second,  all  must  be  symmetric  or 
antisymmetric  on  reflection  in  the  xz  plane,  a reflection  which  carries  one  of  the  hydrogens 
into  the  other  as  to  its  mirror  Image.  It  is  rather  customary  In  such  planar  molecules  to 
use  a notation  somewhat  similar  to  that  for  linear  molecules:  the  orbitals  which  •rtlsym- 
metrlc  In  reflection  in  the  plane  of  the  nuclei  are  often  called  v orbitals,  and  those  which  are 
symmetric  are  called  or  orbitals.  Let  us  nov.'  ask  how  orbitals  of  the  required  symmetry 
typos  can  be  built  op  as  linear  combinations  of  the  atomic  orbitals.  We  consider  the  Is,  2s, 
and  2p  atomic  orbitals  of  oxygon,  and  the  Is  of  hydrogen. 

We  note  in  the  first  place  that  if  we  write  the  oxygen  orbitals  in  the  form  of  Is,  2s, 

and  2p  , 2p  , 2p  , where  2p  , 2p  , 2p  are  of  the  form  xf(r),  yf(r),  zf(r),  these  orbitals  al- 
x y z x y z 

ready  have  the  proper  fox  m for  symmetry  orbitals:  each  one  is  either  symmetric  or  anti- 
symmetric when  x goes  into  - x,  or  y goes  into  - y.  The  two  hydrogen  Is  orbitals  by  them- 
selves cannot  se^ve  as  symmetry  orbi'als,  however,  for  they  are  neither  symmetric  nor 
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antisymmetric  on  reflection  In  the  xz  plane.  Instead,  we  must  make  symmetric  and  antisym- 
metric linear  combinations  of  them,  just  as  we  do  in  the  hydrogen  molecule:  the  sum  repre- 
sents tne  symmetric  combination,  the  difference  the  antisymmetric.  We  thus  have  seven 
symmetry  orbitals  from  which  we  can  construct  seven  molecular  orbitals.  Of  these,  four, 
which  are  respectively  Is,  2s,  2pz>  and  the  sum  of  the  hydrogen  orbitals,  are  even  in  both 
x and  y;  two,  2p^  and  the  difference  of  the  hydrogen  orbitals,  are  even  in  x,  odd  in  yj  and 
one,  2px>  is  odd  in  x,  even  in  y.  and  thus  represents  the  only  « orbital  of  the  lot.  None  of 
these  functions  are  odd  in  both  x and  y,  though  if  we  went  to  higher  quantum  numbers  we 
should  find  functions  of  this  sort.  To  find  the  molecular  orbitals,  we  then  must  solve  a bi- 
quadratic equation  to  get  the  orbitals  even  in  x and  y (though  we  may  assume,  as  Mulligan 
did  in  CO„  that  the  Is  by  itself  represents  one  of  the  orbitals,  itiui  wc  nccu  ualj  aulve  <* 
cubic  for  the  three  reaminlng  ones).  We  must  solve  a quadratic  to  get  the  functions  even  in 
x,  odd  in  yj  and  we  already  have  the  functions  odd  in  x.  even  in  y. 

When  we  do  this,  we  find  that  of  the  three  orbitals  formed  from  2s,  2p_,  and  the  sum 
of  the  hydrogen  orbitals,  the  two  of  lower  energy  will  both  correspond  to  having  considerable 
concentration  of  charge  between  the  oxygen  and  the  hydrogens,  having  some  of  the  charac- 
teristics of  the  symmetric  orbital  a 4 b in  the  H2  case,  or  the  lowest  orbitals  in  the  CC>2 
case  as  shown  in  Fig.  4.  The  highest  energy  of  the  three  will  go  with  an  orbital  which  has 
nodes  between  the  oxygen  and  the  hydrogens.  Similarly  of  the  two  functions  formed  from  2py 
and  the  difference  of  the  hydrogens,  the  one  of  lower  energy  will  have  concentration  of  charge 
between  oxygen  and  hydrogens,  while  the  higher  will  have  nodes.  As  for  the  w orbital,  it  has 
no  considerable  charge  distribution  near  the  hydrogens,  and  is  unimportant  as  far  as  the 
binding  is  concerned.  In  the  ground  state  of  the  molecule,  whore  we  have  ten  electrons  to 
accomodate,  eight  from  the  oxygen  and  two  from  the  hydrogens,  we  shall  have  two  electrons 
each  in  the  lower  five  of  these  orbitals:  the  empty  ones  will  be  those  which,  as  we  have  just 
seen,  have  nodes  between  the  oxygen  and  the  hydrogens.  The  charge  distribution  correspond- 
ing to  this  determlnantal  function  will  then  have  cor.ccntrstions  between  the  oxygen  and  the 
hydrogens  corresponding  in  a general  way  to  the  two  bonds,  but  also  there  will  be  the  cor.  • 
centratlon  arising  from  the  w electrons,  extending  In  a direction  perpendicular  to  the  plane 
of  the  nuclei.  This  concentration  In  the  w crbltal  becomes  particularly  important  in  the  case 
of  ethylene,  which  we  shall  take  up  next,  and  which  in  some  ways  resembles  two  water  mole- 
cules placed  adjacent  to  each  other. 

The  ethylene  molecule,  C2H4,  as  we  have  just  stated,  is  much  like  two  water  mole- 
cules in  its  shape.  Along  the  z axis  we  may  locate  the  two  carbons,  spaced  at  equal  ils- 
tances  from  the  origin.  The  two  hydrogens  attached  to  each  carbon  are  in  a plane,  which  as 
with  water  we  take  to  be  the  yz  plane,  stretching  out  in  two  triangles  much  like  water  mole- 
cules in  shape  and  size.  Our  molecular  orbitals,  as  with  water,  must  be  symmetrical  or  antisym- 
metrlcal  on  reflection  in  tne  yz  and  xz  planes.  Here,  however,  we  have  «r.  additional  symmetry 
operation,  reflection  in  the  *y  plane,  which  brings  oneCHp,  group  into  the  position  formerly  oocu- 
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pled  by  the  other  CH  , Since  these  three  reflections  all  represent  operations  which  commute 
with  ? ach  other,  the  molecular  orbitals  will  be  eigenfunction-  for  each  operation,  and  iney 
will  be  symmetric  or  antisymmetric  when  ws  carry  out  reflections  in  this  xy  plane. 

To  set  up  the  symmetry  orbitals,  we  can  first  proceed  just  as  in  water,  setting  up 
seven  orbitals  for  each  CH2  group.  For  each,  we  have  the  carbon  Is,  2s,  and  2pz>  and  the 
sum  of  the  hydrogen  Is  functions,  giving  four  functions  which  are  even  on  reflection  in  the  yz 
«*nd  the  xz  planes;  the  carbon  2p^,  and  the  difference  of  the  two  hydrogen  Is  functions,  giving 
two  functions  which  are  even  on  reflection  in  yz,  but  odd  in  xz;  and  the  carbon  2px,  a « or- 
bital. odd  on  reflection  in  yz.  r ven  in  xz.  None  of  these  orbitals  as  they  stand  are  either 
symmetric  or  antisymmetric  on  reflection  in  xy,  but  we  can  make  sums  and  differences  of 
the  seven  orbitals  on  the  two  CH2  groups,  so  that  each  of  the  seven  orbitals  of  each  group 
generates  two  orbitals  for  the  whrle  molecule,  one  even  and  the  other  odd  on  reflection  inxy. 
We  thus  have  fourteen  orbitals,  capable  of  bolding  twenty-eight  electrons;  but  the  molecule 
has  only  sixteen  electrons,  so  that  six  of  the  fourteen  orbitals  must  be  empty  in  the  molecu- 
lar orbital  representation  of  the  ground  state  of  the  molecule.  It  is  very  important,  then,  to 
const1- - the  order  of  the  energies  of  the  various  orbitals,  to  see  which  ones  are  occupied. 

n he  first  place,  if  the  CH2  groups  were  far  enough  apart  so  that  they  hardly  inter- 
acted t\  „t'  each  other  at  all,  the  final  molecular  orbitals,  as  well  as  the  symmetry  orbitals, 
would  be  very  nearly  the  sums  and  differences  of  the  symmetry  orbitals  on  the  two  groups, 
and  since  the  overlapping  of  the  two  would  be  very  unimportant,  the  symmetric  and  antisym- 
metric orbitals  generated  from  any  single  orbital  of  the  CH2  problem  would  have  almost  ex- 
actly the  same  energy.  Thus  we  could  expect  that  in  this  case  the  orbitals  would  resemble 
strongly  those  which  we  have  described  for  water,  supplemented  by  their  mirror  image  (with 
or  without  change  of  sign)  on  the  other  group.  As  with  water,  we  should  expect  that  the  two 
highest  symmetric  orbitals,  and  the  two  highest  antisymmetric  ones,  would  resemble  the  two 
which  are  unoccupied,  in  water,  having  nodes  between  the  carbon  and  the  hydrogens.  This 
would  leave  five  orbitals  which  are  symmetric  in  the  xy  plane,  and  five  which  are  antisym- 
metric, capable  of  actfbmodatlng  twenty  electrons.  When  the  CH2  groups  come  closer  to- 
gether, howev-r,  each  of  the  orbitals  which  is  antisymmetric  on  reflection  in  the  xy  plane 
has  a node  between  the  two  carbons,  while  the  symmetric  orbitals  dd  not.  Thus  we  may  rea- 
sonably expect  a considerable  splitting  of  those  orbitals  whose  wave  functions  overlap  con- 
siderably in  the  region  between  the  carbons,  the  symmetric  orbital  having  its  energy  lowered, 
the  antisymmetric  ones  having  the  energy  raised. 

There  are  two  orbitals  out  of  each  CH2  group  which  .hi»  property  of  having  con- 
siderable density  between  the  carbons.  Going  back  to  the  problem  of  water,  we  remember 
that  the  five  occupied  orbitals  had  the  following  behavior:  one  was  essentially  the  oxygen  (or 
in  this  case  the  carbon)  la  orbital;  a second  and  third  were  combinations  of  the  2s,  2p_,  and 
the  sum  of  the  hydrogen  orbitals;  the  fourth  was  a combination  of  the  oxygen  2p^  and  the  dif- 
ference of  thtf  hydrogens;  the  fifth  was  the  2px,  a » orbital.  When  we  examine  the  actual 
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charge  density  in  these  o'bltals,  we  find  of  course  that  the  Is  is  concentrated  near  the  nu- 
cleus, so  that  these  orbitals  will  not  overlap  or  interact.  Of  the  two  combinations  of  the  2s, 

2 p2>  and  the  «um  of  the  hydrogens,  one  has  a charge  concentration  which  is  largely  located 
between  the  oxygen  (or  carbon)  and  the  hydrogens,  and  is  largely  responsible  for  the  oxygen- 
hydrogen  binding.  The  otner  is  rather  small  between  the  oxygen  and  hydrogen,  having  a nodal 
surface,  and  is  large  on  the  side  of  the  oxygen  away  from  the  hydrogens.  That  is.  this  or- 
bital Is  one  of  those  which,  in  the  ethylene  molecule,  will  have  large  concentration  between 
the  carbons.  Thus  we  expect  that  in  ethylene  the  symmetric  combination  of  these  orbitals 
will  correspond  to  a binding  effect  between  the  two  carbons,  while  the  antisymmetric  com- 
bination will  have  a much  higher  energy,  and  will  be  unoccupied  in  the  molecule.  Next  we 
> ome  to  the  combination  of  the  carbon  2p^  and  the  difference  of  the  hydrogens.  This  has  a 
concentration  which  is  largely  between  the  carbons  and  the  hydrogens,  so  that  It  contributes 
to  the  carbon -hydrogen  binding,  and  has  small  charge  density  between  the  carbons.  Both  the 
symmetric  and  antisymmetric  combinations  of  these  orbitals  on  the  two  CH^  groups  will  then 
have  about  the  same  energy,  though  the  antisymmetric  orbital  will  lie  somewhat  h ghsr,  and 
both  will  be  occupied  in  the  ethylene  molecule.  Finally  the  « electrons  are  not  shared  with 
the  hydrogens,  forming  molecular  orbitals  by  themselves.  Thus  they  will  extend  to  a con- 
siderable extent  toward  the  other  carbon,  anti  thetr  symmetric  combination  will  correspond  to 
a considerable  binding  effect,  and  will  be  occupied  In  the  molecule,  while  their  antisymmetric 
combination  will  have  a much  higher  energy,  and  will  be  unoccupied. 

We  have  thus  identified  the  orbitals  which  are  occupied  in  the  ( ompleted  molecule. 

We  see  that  In  water  there  are  two  orbitals,  one  of  c type  and  one  of  w type,  which  do  not 
take  part  in  the  binding  with  the  hydrogens,  but  which  are  located  so  that  the  corresponding 
orbitals  In  ethylene  can  extend  from  one  carbon  toward  the  other.  In  water  each  of  tliese  or- 
bitals Is  occupied  by  two  electrons.  Such  pairs,  not  contributing  to  binding,  have  been  called 
lone  pairs  by  Lennard-Jones.  In  the  ethylene  molecule,  the  orbitals  corresponding  to  these 
lone -pair  electrons- combine  into  a symmetric,  binding  combination,  and  an  antisymmetric 
combination  of  much  higher  energy.  The  lower,  binding  orbital  is  occupied  by  two  electrons 
In  each  case,  while  the  higher  orbitals  Is  empty,  consistent  with  the  fact  that  ethylene  has 
four  fewer  electrons  than  two  water  molecules.  The  two  lor.e  pairs,  so  to  speak,  are  shared 
between  two  carbons. 

According  to  the  language  of  the  chemists,  there  is  a double  bond  between  the  two  car- 
bons in  ethylene,  and  since  the  time  of  G.  N-  Lewis  such  a double  bond  has  been  identified 
with  two  pairs  of  electrons  We  now  see  that  this  corresponds  closely  to  the  facts.  One  of  the 
double  bonds  Is  formed  from  an  orbital  of  the  <r  type,  one  of  the  w type,  and  this  seems  to  be 
a general  characteristic  of  double  bonds.  There  Is  now  a vc.j  important  experiments  iact 
about  this  double  bond  In  ethylene,  and  in  other  cases:  it  does  not  show  the  property  of  free 
rotation.  Ethane.  C;,!!*..  differs  from  ethylene  in  that  ethane  has  a single  oond  betv  <en  i».e 
carbons,  and  the  three  hydrogens  are  located  in- a triangle  in  a plane  normal  to  tne  C-C  axis, 


THE  METHOD  OF  MOLECULAR  ORBITALS 


on  in*  far  side  of  the  carbon  from  the  ether  CHj  group,  so  that  the  thr**«*  hyrf?  ->£«ms  and  the 
one  carbon  surrounding  each  carbon  form  approximately  a regular  tetrahedron.  It  Is  now 
found  that  In  ethane  either  triangular  set  of  hydrogens  is  very  free  to  spin  around  the  axis  of 
the  molecules  there  Is  only  a very  slight  tendency  for  the  two  groups  of  hydrogens  to  take  up 
a definite  orientation  with  respect  to  each  other,  and  this  tendency  is  thought  to  arise  from 
the  Interactions  between  hydrogens  on  the  two  CHj  groups,  a very  small  interaction  on  account 
of  the  large  distance.  In  ethylene,  however,  the  situation  Is  completely  different.  The  mole- 
cule definitely  wants  to  form  a planar  configuration.  An  attempt  to  rotate  one  of  the  sets  of 
two  hydrogens  with  respect  to  the  other  two,  around  the  axis  of  the  molecule,  meets  a very 
considerable  restoring  force,  as  one  can  find  from  band  spectra,  where  the  frequency  of  such 
twisting  oscillations  can  be  observed.  The  obstacle  to  the  turning  Is  much  more  than  can  be 
explained  from  any  hydrogen- hydrogen  interaction;  there  must  be  something  In  the  double 
bond  Itself  which  opposes  this  rotction. 

This  feature  of  the  double  bond  was  brought  out  In  the  first  treatment  of  the  ethylene 
molecule  and  of  the  double  bond,  by  Huckel.^2^  In  this  paper,  one  of  the  first  dealing  with 
polyatomic  molecules  by  the  molecular  orbital  method,  Huckel  set  up  the  molecular  orbitals 
much  as  we  have  done,  and  fixed  his  attention  particularly  on  the  n orbitals.  We  shall  find 
later  that  these  are  the  ones  missing  in  ethane:  the  single  bond  In  ethane  Is  much  like  that 
formed  from  cr  orbitals  In  ethylene.  The  it  orbitals  In  each  of  the  two  CH2  groups  have  their 
greatest  Intensity  along  a line  perpendicular  to  the  plane  of  the  molecule.  Now  If  the  molecule 
is  twisted,  of  course  we  lose  the  planar  symmetry:  but  In  a very  crude  way  we  can  say  that 
each  of  the  CH2  groups  would  carry  Its  w orbitals  with  It  as  the  two  groups  were  twisted  with 
respect  to  each  other.  When  the  molecule  is  not  twisted,  the  n orbitals  on  the  two  groups 
point  in  the  same  direction,  and  can  overlap  to  a maximum  extent.  This  overlapping  of  course 
does  not  occur  on  the  line  joining  the  carbons,  for  the  * electrons  have  a node  there:  it  occurs 
In  two  regions,  one  above  and  one  below  the  plane  of  the  molecule.  Once  the  molecule  is 
twisted,  however,  the  regions  of  the  maximum  amplitude  of  the  v electrons  of  the  two  groups 
no  longer  are  found.to  overlap  as  much  as  before,  and  the  overlapping  is  reduced.  We  assume 
that  this  overlapping  Is  what  Is  responsible  for  the  reduction  in  energy  of  the  symmetric  or- 
bital, and  the  Increase  In  energy  of  the  antisymmetric  one;  in  other  words,  for  the  tightness 
of  binding.  We  shall  later  have  definite  verification  of  this,  when  we  begin  to  consider  the  cal- 
culations of  the  energies  of  orbitals.  Thus  we  see,  following  Huckel,  that  twisting  the  mole- 
cule will  make  a considerable  Increase  In  energy,  and  we  understand  the  stiffness  of  the  double 
bond  In  opposing  rotation.  This  explanation  was  one  of  the  first  real  successes  of  the  theory 
of  the  chemical  bond,  and  later  more  quantitative  calculations  iur.e  berne  out  the  correctness 
of  Huckel's  Interpretation. 


'E.  Huckel,  Z Pfcyaik  60.  421 
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5.  The  Benzene  Molecule 

We  have  alrea *.y  quoted,  in  Section  Z,  *he  papers  on  the  benrene  molecule  which 
Huckel  wrete  soon  after  he  considered  the  ethylene  molecule  and  the  nature  of  the  double  bond. 
Let  us  now  go  a good  deal  more  deeply  into  this  problem,  for  it  is  a very  informing  one  in 
many  ways.  In  the  first  place,  like  water  and  ethylene,  it  is  a planar  molecule,  so  that  one 
symmetry  oyeiation  corresponds  to  reflection  in  the  plane  of  the  molecule.  Now,  however, 
in  contrast  io  previous  cases,  we  have  a large  number  of  symmetry  operations,  which  do  not 
all  commute  with  each  other,  so  that  we  must  look  for  degenerate  wave  functions.  Before 
going  'urther,  let  us  make  a complete  analysis  of  these  symmetry  operations,  so  that  we  can 

» aII  uvKnt  t.v  <\f  ♦ K*  KaKnt  inr  nf  (ho  C 

We  give  in  Fig.  5 a diagram,  of  the  molecule. 

Let  us  new  list  all  the  operations  we  can  think  of  which 
will  carry  it  into  itself,  aside  from  the  reflection  in  the 
plane  of  the  molecule  which  we  have  already  mentioned. 

In  the  first  place,  we  can  rotate  the  whole  figure  about 
its  center,  by  60°,  or  any  integral  multiple  of  60°.  Six 
successive  rotations  through  60°  bring  the  molecule  back 
to  its  original  position,  or  correspond,  as  one  says  in 
group  theory,  to  the  identity  operation.  It  is  a character- 
istic of  the  symmetry  operations  which  we  meet  that  a 
sufficient  number  of  repetitions  of  one  operation  will  always  correspond  to  the  identity  opera- 
tion] this  is  a necessary  requirement  of  a group  of  operations.  We  have  not  pointed  it  out, 
but  two  successive  reflections  in  the  same  plane  correspond  to  the  identity  operation,  so  that 
the  reflections,  the  only  operations  we  have  considered  so  far,  fit  in  with  inis  rule,  in  addi- 
tion to  the  rotations  however,  there  are  m.tny  other  symmetry  operations  which  bring  the 
benzene  molecule  into  coincidence  with  itself.  Thus  *e  can  reflect  in  a plane  perpendicular 
to  the  plane  of  the  molecule,  passing  through  two  diametrically  opposite  carbons,  like  the 
plane  intersecting  the  plane  of  the  paper  in  the  ltne  aa  in  Fig.  5.  We  can  ala-:  reflect  ir.  a 
plane  cutting  midway  between  opposite  pairs  of  carbons,  like  that  Intersecting  the  plane  of  the 
paper  In  the  line  bb  in  Fig.  5.  Finally  we  can  rotate  through  130°  about  any  of  the  three  axes 
like  aa,  or  any  of  the  three  a\es  like  bb.  One  such  rotation,  however,  is  equivalent  to  suc- 
cessive reflections  in  the  plane  perpendicular  to  the  paper,  passing  through  the  appropriate 
axis,  and  reflection  In  the  plane  of  the  paper,  just  as  we  have  already  found  in  the  case  of 
water,  so  that  it  does  not  represent  an  independent  symmetry  operation.  The  operations 
which  we  have  already  mentioned  include  all  the  independent  ones  which  we  have  with  the  sym- 
metry of  the  oenzene  molecule. 

Let  us  now  examine  which  of  our  operations  commute  with  each  other.  In  the  first 
place  the  rc?u,.-'»r>*  of  60°  --mi  multiples  of  it  about  the  axis  pc»  eej.r.leuiar  to  the  plane  of  the 
molecule  all  commute  with  each  other:  a rotation  first  through  60v'\  followed  by  one  through 
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120°,  for  Instance,  is  clearly  equivalent  to  one  through  120°,  followed  bv  one  through  60°.  If 
these  rotations  were  the  only  symmetry  operations  which  we  had,  then,  wc  could  diagonalize 
them  all  at  the  same  time,  and  in  the  actua.  case  we  are  allowed  to  do  so,  but  not  required  to. 
Let  us  consider  the  consequences  of  diagonalizing  tnem.  The  effect  of  rotating  through*  6t:° 
would  be  to  multiply  each  wave  function  by  a constant,  which  we  may  call  «;  this  is  the  diago- 
nal component  of  the  matrix  representing  ihe  operation.  Mce  rotation  through  '20°  is  equi- 
valent to  two  successive  rotations  through  60°,  so  that  it  must  multiply  the  wave  function  by 
a2.  Continuing  in  this  way,  we  see  that  rotation  through  360°  must  multiply  by  a^.  On  the 
other  hand,  we  have  already  seen  that  this  is  the  identity  operation:  rotation  through  360° 
really  changes  nothing,  and  hence  must  leave  the  wave  function  unchanged,  or  must  multiply 
it  by  unity.  Hence  we  see  that  a*  must  equal  unity,  or  that  the  only  possible  eigenvalues  o 
for  the  rotation  operation  must  be  sixth  roots  of  unity.  There  are  six  such  sixth  roots,  which 
may  be  written  In  the  form  a * em"^^,  where  m = 1,  2.  3,  d.  5,  6.  We  shall  make  further 
use  cf  these  values  of  a a little  later. 

Before  we  go  further,  we  may  generalize  a little  the  argument  we  have  just  used,  and 
see  that  it  applies  in  other  cases  as  well.  Whenever  the  successive  application  of  the  same 
operation  n times  gives  the  identity  operation,  then  it  Is  clear  that  if  this  operation  has  a di- 
agonal matrix,  the  diagonal  matrix  components,  or  eigenvalues  of  the  operator,  must  be  one 
of  the  n n**1  roots  of  unity.  We  may  apply  this  principle  to  one  example  which  we  have  al- 
ready met  several  times.  We  have  accepted,  so  far  without  proof,  the  fact  that  if  a reflection 
in  a plane  has  a diagonal  matrix,  the  diagonal  matrix  components  must  be  1 or  - 1;  that  is, 
the  wave  function  must  be  symmetric  or  antisymmetric  with  respect  to  this  refl-cM?r.  We 
now  see  that  this  furnishes  the  simplest  illustration  of  the  general  rule  which  we  have  just 
stated.  For  it  is  clear  that  two  successive  reflections  in  the  plane  are  equivalent  to  an  iden- 
tity operation,  so  that  we  have  the  case  where  n * 2,  and  the  two  possible  eigenvalues  of  the 
reflection  operation  are  the  two  square  roots  of  unity,  1 and  - 1. 

Now  let  us  consider  our  reflection  operations,  and  see  If  they  commute  with  the  rota- 
tions, and  with  each  other.  First,  it  is  obvious  that  the  reflections  do  not  commute  with  the 
rotations.  We  may  easily  see  this  either  by  a diagram  or  analytically.  Thus  analytically  we 
may  investigate  the  effect  of  successive  rotation  through  sn  angle  8,  and  reflection  in  the  * 
axis,  by  writing  the  coordinates  of  a point  in  polar  coordinates,  uet  us  stari  wiih  ine  point  of 
coordinates  R,  + . First  rotate  through  8;  the  coordinates  go  to  R,  (4  ♦ 8).  Then  reflect  in 
the  x axis,  and  the  coordinates  go  to  R,  (-  4 ' 8).  Now  we  perform  the  operations  in  the  re- 
verse order.  Starting  again  wltt\  R,  4,  we  first  reflect  in  the  x axis,  going  to  R,  - 4-  Then 
we  rotate  through  8,  going  to  R,  ( - 4 ♦ 8).  It  is  clear  that  this  is  different  from  the  result  of 
the  first  operation. 

In  a similar  way,  we  can  see  that  reflections  in  two  different  planes  will  not  in  general 
commute  with  each  other.  Thus  le«  »«  start  with  a point  of  coordinates  P..  s-,  and  reflect  first 
In  the  >:  axis,  then  in  a plane  making  an  ar.gle  6 wii»«  il.e  x axis.  The  reflection  in  the  x axiu 
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changes  the  point  to  R,  (•  4).  Reflection  in  the  plane  making  ar.  angle  « with  the  x axis  changes 
it  to  the  point  R,  (4  + 29),  this  angle  being  as  much  greater  than  0 as  the  former  angle  - 4 
was  less  than  0.  Let  us  now  reverse  the  order  of  operations.  Again  we  start  with  R,  6. 
but  first  reflect  In  the  plane  making  an  angle  0 with  the  x axis.  The  point  Is  charged  to  R, 

(-4  + 20).  Now  we  reflect  in  the  x axis,  changing  the  point  to  R,  (4  - 20,.  in  other  words, 
reflection  in  the  two  planes  making  an  angle  of  0 with  each  other  has  had  the  same  effect  as 
rotating  through  an  angle  20,  in  a direction  pointing  from  the  first  plane  toward  '.he  second. 
The  two  operations  obviously  do  not  commute  with  each  other,  except  In  one  special  case:  if 
0 a 90°,  so  that  20  = 180°,  then  they  do  commute,  for  rotation  through  180°  is  equivalent  to 
rotation  through  - 180°.  This  explains  why  in  our  earlier  problems  we  f >und  reflections  in 
two  planes  at  right  angles  to  commute  with  each  other:  but  that  represents  the  only  caae  in 
which  two  successive  reflections  commute. 

There  Is  another  observation  which  we  can  make  in  our  present  case,  however.  All 
reflection  planes  make  angles  of  30°  or  multiples  of  30°  with  each  other.  Thus  any  two  suc- 
cessive reflections  In  different  planes  are  equivalent  to  rotations  through  60°  or  multiples  of 
60°,  or  are  equivalent  to  the  rotation  operations  which  we  have  already  considered.  Then 
any  even  number  of  reflections  are  equivalent  to  rotations  already  considered,  and  any  odd 
number  of  reflections  are  equivalent  to  a single  reflection,  plua  a rotation  of  the  type  already 
considered.  We  can  then  generate  all  our  symmetry  operations  from  rotations  and  a single 
reflection,  But  we  have  already  seen  that  reflection  In  a plane  making  an  angle  0 with  the  x 
axis  changes  the  point  R,  4 to  the  point  R,  (-  4 ♦ 20).  Since  all  the  reflection  planes  make 
angles  of  multiples  of  30°  with  the  x axis,  we  see  that  this  is  eqilvalent  to  a reflection  in  the 
x axis,  plua  a rotation  through  a multiple  of  60°.  Therefore  flmilly  we  conclude  that  the  ro- 
tations of  multiples  of  60°  about  the  axis  normal  to  the  plane  of  the  molecule,  which  we  take 
to  be  the  z axis,  plus  reflections  In  the  xz  plane,  are  capable  of  representing  all  possible 
symmetry  operations. 

We  are  new~ready  to  examine  the  consequences  of  the  non-commutabiltty  of  the  rota- 
tions with  the  reflection  ir.  the  xz  plane.  We  have  a choice:  we  mgy  diagonalize  the  rotation 
operations.  In  which  case  the  reflection  will  not  be  diagonalized;  or  we  may  diagonalize  the 
reflection,  and  not  the  rotations.  In  either  case,  by  the  general  principles  which  we  have 
examined  before,  we  see  that  we  must  have  a degeneracy.  Thus  If  we  diagonalize  the  rota- 
tion operations,  th*  reflection  ooeration  must  transform  each  wave  function  Into  another  wave 
function,  or  a combination  of  others,  but  since  the  reflection  operation  commutes  with  the 
Hamiltonian,  these  other  wave  functions  must  correspond  to  the  same  energy  values  as  the 
original  one,  so  that  we  have  degeneracy.  We  can  understand  the  situation  much  better  by 
seeing  how  the  wave  functions  arc  described,  In  detail. 

Let  us  first  consider  the  case  In  which  we  diagonalize  the  rotations.  Then  we  have 
•VeeRy  seen  ♦hat  tolatlon  through  60°,  or  through  the  angle  */3.  must  multiply  the  wave 
function  by  one  of  the  sin  eigenvalue*  3)  where  m * 1 . . 6.  In  other  words,  the  wave 
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function  behaves  under  a rotation  exactly  like  the  function  We  can  be  more  precise 

thin  this.  Let  us  consider  the  behavior  of  the  wave  function  in  cylindrical  coordinates,  r, 
z.  Then  rotation  through  an  angle  $ = it/  J,  keeping  r and  z constant,  will  multiply  the 
function  by  This  Is  consistent  only  with  the  assumption  that  the  wave  function  itself 

is  a product  of  a factor  e*m^,  by  a function  which  is  periodic  with  period  w/3  on  rotation. 

This  Is  a special  case  of  Floquet's  theorem,  whose  use  in  the  theory  of  energy  bands  in  crys- 
tals is  familiar  to  the  solid-state  theorist.  We  may  tnen  write  u(r,  z)  = eirn^  vm(r, 
where  v(r,  4 + »/J,  z)  = v(r,  41,  z). 

Now  let  us  inquire  regarding  the  effect  of  a reflection  in  the  xz  plane,  on  such  a wave 

function.  We  start  with  the  six  wave  functions  corresponding  to  m = 1,  2,  3,  4,  5,  6.  When 

im* 


we  reflec*  In  the  * t plane,  the  function  e 


. -*  . ..  -im*. 
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must  be  expressible  as  a linear  combination  of  the  original  six  functions,  and  the  coefficients 
of  this  combination  represent  the  matrix  components  of  the  reflection  operation.  Now  we 
note  that  when  we  rotate  through  »/3,  our  function  e"lm^  v (r,  - ♦,  z)  is  multiplied  by  the 
factor  e This  factor,  however,  equals  ei^  ”m^  , which  i»  jusl  the  original  factor 
multiplied  by  e2w*  ■ 1.  In  other  words,  the  function  which  we  get  by  letting  the  reflection 
operate  on  the  function  with  a given  m transforms  into  a new  function  which  behaves  under  a 
translation  like  the  function  whose  index  is  6 - m.  Since  we  have  only  one  function  which 
transforms  in  this  way,  our  rotated  function  must  equal  a constant  times  the  function  cor- 
responding to  6 - m.  We  find,  in  other  words,  that  the  function  with  a given  value  of  m,  and 
with  the  value  equal  to  6 - m,  are  degenerate  with  each  other.  To  be  specific,  the  functions 
with  m * 1 and  5 are  degenerate,  and  those  with  2 and  4 are  degenerate. 

These  relations  become  easier  to  understand  if  we  note  multiplication  by  the  factor 
«i(6  ts  equivalent  to  multiplication  by  e"  ^mw/3>  as  has  been  mentioned  earlier.  Thus 

we  could  from  the  beginning  have  denoted  our  six  states  by  the  values  m » 0,  t 1,  t 2,  3. 
Rotation  through  »/3  leaves  the  function  with  m = 0 unchanged;  multiplies  those  with  m = t 1, 
t 2 by  e**w^3,  and  multiplies  that  with  m = 3 oy  - 1.  Then  our  statement  regard- 

ing energies  is  that  the  States  with  equal  positive  and  negative  values  of  m are  degenerate 
with  each  other,  a very  natural  result.  We  have,  then,  four  distinct  energy  levels,  for  m = 

0,  1,  2,  3,  out  of  our  set  cl  six  functions,  the  states  with  m = 1,  2 being  two-fold  degenerat  • 

We  should  now  expect  that  we  could  choose  our  functions  a?  linear  combinations  of  the 
six  which  diagonalize  the  rotations,  in  such  a way  as  to  diagonalize  the  reflections  in  the  xz 
plane.  In  making  these  linear  combinations,  we  are  allowed  of  course  only  to  combine  states 
which  are  degenerate  with  each  other.  for  only  in  this  way  will  we  still  have  eigenfunctions  of 
the  energy.  Since  there  is  only  one  state  with  m = 0,  and  only  one  with  m = 3,  these  func- 
tions themselves  must  be  eigenfunctions  for  the  reflection.  In  other  words,  they  must  trans- 
form into  themselves,  or  into  the  negative  of  themselves,  under  a reflection  in  'he  xz  plane, 
or  they  must  be  symmetric  or  amisymmeitic  functions  wu»»  respeo  ;o  a transformation  of  y 
into  - y.  We  have  two  states  however,  with  m = t 1,  and  two  with  m = t 2,  and  we  must  be 
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able  to  set  up  linear  combinations  of  these  which  are  eigenfunctions  of  the  reflection.  Putting 
it  another  way,  we  see  that  we  can  write  the  functions  corresponding  to  m = t 1,  or  m * t 2, 
in  the  case  where  we  are  diagonalizing  the  rotations,  as  linear  combinations  of  one  function 
symmetric  in  /,  and  another  antisymmetric  in  y. 

We  now  know  enough  about  the  symmetry  properties  of  cur  weve  functions  so  that  we 
can  start  constructing  symmetry  orbitals  out  of  the  carbon  and  hyurogcii  atomic  oruiiwis  in 
the  benzene  problem.  Le;  us  start  with  the  simplest  case,  the  Is  atomic  orbitals  of  the  car* 
bon  atoms.  Let  <<s  number  the  carbons  by  an  Index  j,  ] « 1 corresponding  to  that  which  is  ai 
an  angle  v/3  to  the  x axis,  j = 2 to  that  which  is  at  an  angle  2r/3,  and  so  on.  up  to  j = 6, 
which  i«  on  the  x axis.  We  may  then  denote  the  Is  orbitals  of  the  atoms  as  Sj,  s^  . . s^. 

Now  let  us  make  the  linear  combination 

% * 0-0 


We  shall  now  show  that  this  combination  has  all  the  proper  characteristics  to  make  it  a sym- 
metry orbital.  In  the  first  place,  we  ask  what  happens  to  it  when  we  rotate  through  v/3,  or 
when  wr.  change  the  angle  + into  4>  r v/3.  This  of  course  transforms  s^(r,  4,  z)  into  s^(r, 

♦ + v/3,  z).  That  Is,  we  are  now  looking  at  the  Is  function  on  the  jth  atom,  not  at  the  point 
r,  4,  z,  but  at  a point  rotated  through  v/3  with  respect  to  this  point.  But  this  is  equal  to  the 
value  of  the  function  _ j at  the  position  r,  4.  z.  In  other  words,  the  operation  of  rotating 
through  v/3  transforms  um(r,  + , z),  as  given  in  (3.  1),  into 

um(r.  ♦ ♦ »/3.  x)  = XU)  =lmJ"/3  s.  _ ,(r,  ♦,  z)  . 


But  by  changing  the  name  of  the  index  of  summation,  this  may  be  transformed  at  once  into 


um(r.  ♦♦  w/3,  z)  * £(j)  elm^f  s/.r,  + , z) 


*im^3  ,Jm*r’  ♦*  z) 


(3.2) 


From  Eq.  (3-  2),  we  see  that  the  function  (3.  1)  transforms  under  a rotation  as  our  functions 
should  if  they  are  set  up  to  diagonalize  the  rotations. 

We  may  next  check  the  fact  that  our  function  (3.  1)  transforms  properly  under  a re- 
flection in  the  xz  plane.  For  m 3 C,  we  have  the  sum  of  the  is  functions  on  all  carbon  atoms, 
a function  which  is  clearly  symmetric  on  reflection.  For  m = ’.  we  have  the  sun*,  of  Is  func- 
tions with  alternating  signs,  a function  which  again  is  symmetric  on  reflection.  For  m ■ t 1, 
our  function  may  be  rewritten  in  the  form 


*♦  1 


sb  ♦ Ifs,  ♦ s5 


s4)  - s3j  - 0.866i(s J * s5  ♦ s2  - s4) 


(3.3) 


where  1 / 2 =>  cos  v/3,  0.  n sin  v/3.  Now  the  functions  Sj  and  s^  are  'he  reflections  of 
each  other  in  the  xz  plane,  and  *2  an“  "4  arc  reflections  of  each  ctbe**.  Thus  wc  see  that  the 
first  term  in  Eq.  (3.  3)  is  symmetric  on  reflec  ion  in  the  xz  plane,  and  the  second  Is  antisym- 
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rr-itrlc,  so  that  «**  have  shown  how  to  write  our  functions  for  m «=  t 1 as  a sum  of  symmetric 
and  antisymmetric  functions.  These  symmetric  and  antisymmetric  functions  are  themselves 
the  eigenfunctions  of  the  reflection,  in  case  we  choose  to  diagonalize  the  reflection  rather 
than  the  rotations.  We  note  that  these  functions  also  diagonalize  the  reflection  in  the  yz 
plane,  which  interchanges  Sj  and  s^,  s^  and  s^.  and  Sj  and  a^.  The  first  term  of  (3.  3)  is 
antisymmetric  in  this  reflection,  the  second  symmetric.  It  is  of  course  to  be  expected  that 
a wave  function  which  diagonalizes  the  reflection  In  the  xz  plane  will  also  diagonalize  that  In 
the  yz  plane,  since  these  two  reflections  commute  with  each  other. 

In  a similar  way,  the  functions  for  m » t 2 can  be  rewritten  in  the  form 

u+2  « |sfc  - s?  ♦ s5)  ♦ s3}  t 0.  866i(Sj  - s2  ♦ - s&)  . (3.4) 

Here  again  the  first  term  Is  symmetric,  the  second  antisymmetrtc,  on  reflection  in  the  xz 
plane;  but  now  the  first  is  also  symmetric,  and  the  second  antisymmetric,  on  reflection  in 
xy.  It  is  now  an  Interesting  thing  to  observe  that  the  two  functions,  one  symmetric  and  the 
other  antisymmetric  in  xz,  appearing  in  (3.  3),  are  degenerate  with  each  other,  though  they 
are  of  quite  different  appearance:  that  is,  the  two  functions  s^  ♦ l/2(Sj  ♦ " *2  " s+)  ~ 5j 

must  have  the  same  diagonal  energy  as  0.  866(s^  - Sj  t - s^),  and  similarly  the  two  func- 
tions of  Eq.  (3.4)  must  have  the  same  energy.  In  ihe«e  functions,  and  all  which  we  have  writ- 
ten so  far.  we  should  point  out  that  we  have  not  yet  normalized  the  functions,  and  of  course 
this  must  be  done  before  we  can  properly  compute  the  matrix  component  of  the  energy  or  of 
other  operators. 

We  have  now  shown  how  to  set  up  six  symmetry  orbitals  out  of  the  carbon  Is  atomic 
orbitals.  Since  these  orbitals  diagonalize  the  symmetry  operations  which  commute  with  the 
energy,  there  will  be  no  non-diagonal  matrix  components  of  energy  between  them,  so  that  use 
of  them  will  help  in  factoring  the  secular  equation,  as  in  the  previous  problems.  We  shall 
later  consider  the  solution  of  this  secular  equation,  so  as  to  find  the  energy  levels,  but  even 
before  doing  so,  we  can  use  our  general  knowledge  of  the  behavior  of  wave  functions  to  deduce 
the  order  of  the  one -electron  energies.  The  function  for  m * 0 is  simply  the  sum  of  the  func- 
tions on  the  various  carbons.  Thus  It  will  have  no  nodes,  will  correspond  to  a piling  up  of 
charge  density  between  the  atoms,  and  may  be  expected  to  have  the  lowest  one-electron  en- 
ergy. At  the  other  extreme,  the  function  for  m = 3 will  have  a node  between  each  pair  of 
atoms,  and  so  may  be  expected  to  have  the  highest  energy.  This  state  for  m « 3 may  be  con- 
sidered to  have  three  nodal  planes,  making  angles  of  30°,  90°,  and  150°  with  the  x axis.  The 
states  for  m ■ 1,  as  we  see  from  Eq.  (3.  3),  may  be  considered  to  have  one  nodal  plane.  It 
is  convenient,  for  consideration  of  these  nodes,  to  use  the  real  and  imaginary  parts  of  (3.  3), 
or  the  functions  which  diagonalize  the  reflections,  since  the  funettons  which  diagonalize  the 
rotations  are  complex,  and  do  ha ,->»  nodal  pirjien.  Then  we  see  <hat  the  real  part  of  (3.  3). 
which  is  symmetric  in  y,  haa  the  y ' oia;  c as  a nodal  plane,  and  the  imaginary  part  has  the  xz 
plane  as  a nodal  p.'ane.  In  a similar  way,  the  states  for  m i 2,  from  Eq.  (3.4),  have  two 
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nodal  planes.  Thus  the  real  part  of  (3.  4)  may  oe  considered  to  have  the  45°  planes  x = t y as 
nocial  planes,  and  the  imaginary  part  has  the  xy  and  xz  plane*;  as  nodal  planes.  We  expect, 
then,  that  zz  the  energy  will  increase  vAth  the  number  of  nodal  planes,  the  states  for  m = 1 
will  have  the  next  lowest  energy,  and  those  with  m = 2 will  have  the  next  highest  energy. 

In  addition  to  the  symmetry  orbitals  formed  from  the  carbon  Is  atomic  orbitals,  we 
have  several  other  sets  which  behave  .ust  like  these  In  the  matter  of  symmetry.  Obviously 
the  carbon  2s  orbitals  will  behave  the  same  way,  anu  so  will  the  hydrogen  is's.  As  far  as  the 
carbon  2p's  are  concerned,  we  must  first  consider  how  to  remove  the  degeneracy  of  the  atomic 
functions.  We  have  not  so  far  discussed  the  symmetry  of  the  molecule  arising  from  reflection 
in  the  plane  of  the  molecule,  or  the  xy  plane,  but  we  convince  ourselves  easily  that  this  reflec- 
tion commutes  with  all  other  symmetry  operations,  so  that  it  will  be  diagonalized.  In  other 
words,  all  symmetry  or  molecular  orbitals  will  be  either  even  or  odd  on  reflection  in  this 
plane,  and  as  with  the  earlier  cases,  we  call  the  even  orbitals  <r  orbitals,  and  the  odd  ones 
w orbitals.  Clearly,  then,  we  wish  to  set  up  carbon  2p  orbitals  which  are  either  of  the  <r  type 
or  w type,  and  the  2p  will  be  of  the  * type.  The  six  2p  orbitals  on  the  six  carbons  have  the 
same  symmetry  properties,  as  far  as  all  the  operations  except  reflection  In  the  plane  of  the 
molecule  are  concerned,  as  the  is  orbitals,  so  that  we  shall  make  up  our  symmetry  orbitnls 
from  these  in  just  the  way  we  have  already  described.  We  are  then  left  with  two  a -type  or- 
bitals arising  from  the  2p  electrons  of  each  carbon.  We  naturally  choose  one  of  these  with  a 
nodal  plane  passing  through  the  z axis,  so  that  its  wave  function  will  change  from  - to  ♦ as 
the  angle  increases,  and  we  may  well  call  it  a p^-type  orbital]  and  we  choose  the  other  with  a 
nodal  plane  tangent  to  a cylinder  passing  through  the  nucleus,  so  that  its  wave  function  will 
change  from  - to  ♦ as  the  radius  increases,  and  we  may  call  it  a Pr*type  orbital.  The  pr- 
type  has  the  same  symmetry  properties  as  the  Is,  so  that  the  discussion  which  we  have  al- 
ready given  applies  to  it.  The  p^-type  is  different,  however,  so  that  we  must  give  it  a special 
discussion. 

With  the  atoqnlc  p^  orbitals,  there  is  no  reason  why  we  cannot  use  the  method  given  in 
Eq.  (3.  1)  cf  setting  up  symmetry  orbitals,  just  as  for  the  s orbitals.  The  only  point  which 
might  be  different  from  the  s orbitals  comes  when  we  examine  in*  behavior  under  reflection 
in  the  xz  plane.  Thus  the  wave  functions  for  m » 0 and  m = 3 are  now  antisymmetric  in  re- 
flection in  the  xz  plane,  rather  than  symmetric  as  with  the  s orbitalo.  The  reason  is  the 
nodal  plane  of  the  p , orbital.  On  reflection  in  the  xz  plane,  the  p , functions  on  atoms  3 and 
4,  which  lie  on  the  x axis,  transform  into  the  negatives  of  themselves.  The  function  on  atom 
1 transforms  into  the  negative  of  th*!  on  5,  and  that  on  2 transforms  into  the  negative  of  that 
on  4.  Hence  we  see  the  antisymmetry  of  the  functions  for  m = 0 and  3 on  reflection  tn  the  xz 
plane.  By  similar  arguments,  we  can  show  that  the  function  for  m = 0 is  antisymmetric  on 
reflection  in  the  yz  plane,'  and  that  for  m = s is  symmetrtc.  Using  Eqs.  (3.  3)  ami  (3.4),  we 
can  shew  *i»at  here,  as  with  the  s orbitals,  the  functions  for  «n  * t l,  t 2 can  be  written  at 
sums  of  symmetric  and  antisymmetric  functions  on  reflection  in  the  xz  plane. 
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We  have  concluded  earlier  that  for  the  symmetry  orbitals  formed  from  --lix*  atomic 

orbitals,  the  states  of  lowest  energy  will  be  those  with  m = 0,  with  the  energy  Increasing  as 

m increases  Just  the  epposite,  however,  is  the  case  with  the  p -like  orbitals.  Thus  for 

T 

m rz  o we  have  a nodal  plane  in  the  form  of  a plane  passing  through  the  z axis,  and  through 

the  nucleus  of  each  atom;  these  nodal  planes  arise  from  the  nodes  present  in  the  p orbitals 

▼ 

themselves.  B"t  in  addition,  we  must  have  a nodal  plane  midway  between  these  other  planes, 

for  the  wave  function  changes  from  to  - as  we  go  trom  cne  atom  to  the  next,  on  account  of 

the  nature  of  the  p orbitals.  For  m = 3,  or.  the  contrary,  where  the  p orbitals  have  opposite 

v 9 

signs  on  adjacent  atoms,  the  orbitals  of  adjacent  atoms  add  rather  than  subtracting  at  the 

point  miaw&y  between  atoms,  and  there  are  no  extra  nodal  planes  between  atoms.  Examina- 
tion of  the  cases  m = t l,  t t shows  that  these  fall  between  the  limiting  cases  m = 0 and  3. 

In  other  words,  for  p.-type  orbitals,  the  symmetry  orbital  with  fewest  nodes,  and  with  charge 

T 

concentrated  in  the  region  between  atoms,  comes  for  maximum  m,  and  we  hence  expect  this 
to  have  the  lowest  energy}  whuc  the  orbital  with  most  nodes,  located  between  atoms,  which 
would  be  expected  to  have  maximum  energy,  is  that  for  m = 0. 

We  have  now  explored  the  types  of  symmetry  orbitals  which  we  can  set  up,  and  next  we 
shall  look  at  the.  extent  to  which  the  secular  equation  is  factored  on  account  of  symmetry.  In 
the  first  piece,  If  we  diagonalize  the  rotations,  we  can  see  at  once  that  there  can  be  no  non- 
diagonal  matrix  components  of  energy  between  states  of  different  m.  Furthermore,  on  ac- 
count of  the  diagonallzation  of  the  reflection  in  the  plane  of  the  molecule,  there  is  no  non- 
• llagonal  matrix  component  of  energy  between  a <r  and  a * orbital.  Thus  in  particular  the 
siymmetry  orbitals  formed  from  w electrons,  corresponding  to  given  m values,  will  be  mo- 
lecular orhltals,  .as  far  as  our  approximations  extend.  But  we  have  five  <r-lype  symmetry 
orbitals  of  each  m value,  corresponding  lu  the  hydrogen  Is  orbital,  the  oxygen  Is,  2s,  2pr> 
and  2p^.  Hence  in  general  we  may  expect  to  have  to  solve  a fifth  degree  secular  equation  be- 
tween these,  for  each  m value,  unless  there  are  additional  symmetry  features.  For  m = 0 
and  m « 3,  there  are  such  features:  we  have  seen  that  In  that  case,  the  Is,  2s,  and  2pr  sym- 
metry orbitals  are  symmetric  on  reflection  in  the  xz  plane,  while  the  2d^  symmetry  orbitals 
are  antisymmetric  on  reflection.  Thus  for  m * 0 and  m = 3,  the  secular  equation  factors, 
one  factor  representing  the  2p^-type  symmetry  orDltal,  which  Itself  forms  a molecular  or- 
bital, and  the  other  factor  yielding  a fourth  degree  secular  eouatlon  between  the  symmetry 
orbitals  arising  from  the  hydrogen  Is,  oxygen  Is,  2s,  and  2pr-  For  in  * i 1,  * 2,  however, 

ihia  factorization  does  not  occur}  the  2p  orbital  gets  mixed  up  with  the  others,  In  each  case, 

9 

cf  course,  it  m«y  bs  legitimate,  as  in  earlier  cases,  to  assume  that  the  oxygen  Is  symmetry 
orbital  forms  approximately  a molecular  orbital  by  Itself,  without  mixing  up  with  the  others. 

If  this  can  be  done,  we  are  left  with  a cubic  equation  for  m = 0,  3,  and  a fourth  degree  equa- 
tion for  the  other  values  of  m. 

We  may  now  make  a guess  as  to  the  general  nature  of  the  one-electron  energies. 

From  the  oxygen  Is  orbitals,  we  shall  have  six  molecular  orbitals,  a'l  being  very  tightly 
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bound,  with  small  en  rgy  separation  between  the  different  m values.  We  shall  expect  m = 0 
to  lie  lowest,  m - 3 highest.  Then  from  the  a orbitals  of  the  carbons  and  hydrogens,  we 
expect  four  groups  of  six  orbitals,  not  very  widely  separated  in  energy.  Let  us  first  consider 
how  these  groups  are  likely  to  behave  for  m = 0,  in  which  the  orbital  repeats  periodically  on 
each  CH  group.  For  m = 0,  we  remember  that  the  three  orbitals  formed  from  the  carbon  2s, 
the  hydrogen  Is,  and  the  carbon  2pr>  do  not  combine  with  that  formed  from  the  carbon  2p$. 

We  consider  first,  then,  the  three  combinations  of  the  2s,  Is,  and  2pr>  From  our  experience 
with  the  CO,  case,  we  may  expect  that  the  lowest  energy  will  be  associated  with  a combina- 
tion in  which  there  are  no  nodes,  except  the  nodes  near  the  carbon  nucleus  coming  from  the 
inner  node  of  the  carbon  2s.  There  will  be  a maximum  overlapping  of  charge  between  the  car- 
bon an't  hydrogen,  and  it  is  these  orbitals  which  will  be  largely  responsible  for  the  binding 
between  carbon  and  nydrogen.  Such  a combination  will  be  made  up  of  the  carbon  2s  and  hydro- 
gen Is  with  the  same  sign,  and  a considerable  contribution  of  the  carbon  2pr  of  such  a sign  as 
to  reinforce  the  other  wave  functions  in  the  region  between  carbon  and  hydrogen,  and  hence  of 
such  a sign  as  to  tend  to  cancel  the  carbon  2s  on  the  side  away  from  the  hydrogen,  or  toward 
the  center  of  the  benzene  ring.  In  other  words,  the  carbon  2s  and  2pr  will  combine  in  such  a 
way  as  to  give  a maximum  overlapping  with  the  hydrogen  Is.  This  combination  of  orbitals  on 
one  CII  group  will  now  have  its  maximum  intensity  between  the  C and  H,  sc  that  It  will  not  be 
large  between  adjacent  CH  groups.  Under  these  circumstances,  we  may  expect  that  for  the 
different  m values,  we  have  molecular  orbitals  arising  from  this  combination  of  Is,  2s,  and 
2pr,  made  up  very  much  as  indicated  in  Eq.  (3.  1),  only  now  with  this  particular  combination 
of  hydrogen  Is  and  carbon  2s  and  2pr  in  place  of  the  s^  apr>'  -_.»g  in  that  equation.  Since  the 
orbitals  are  not  large  in  the  region  between  carbons,  we  may  expert  that  the  energies  of  these 
orbitals  will  not  depend  greatly  on  m,  though  the  energy  will  increase  with  m,  since  there  is 
some  slight  tendency  . jward  carbon-carbon  bonding  in  these  oroitals  for  the  low  m's,  where 
the  wave  functions  from  adjacent  CH  groups  add  between  the  canons,  and  a corresponding 
tendency  against  bonding  for  the  high  m's,  where  there  are  nodes  between  the  carbons. 

The  orbitals  have  beer  speaking  of  resemble  the  symmetric  orbitals  in  the  H2  prob- 
lem. At  the  opposite  extreme  are  those  resembling  the  antisymmetric  orbitals  in  that  prob- 
lem. We  may  expect  that  the  highest  energy  for  m ■ 0 will  correspond  to  a combination  of 
hydrogen  is,  carbon  2s  and  2pr>  which  has  a node  between  the  hydrogen  and  carbon.  We 
should  expect  It  to  be  made  up  from  the  same  type  of  combination  of  carbon  2s  and  2pr  as  be- 
fore, but  combined  with  the  hydrogen  Is  with  opposite  sign.  By  analogy  with  the  C02  problem 
which  we  have  already  discussed,  we  should  expect  that  the  coefficients  of  the  functions  would 
be  so  arranged  that  this  wave  function  had  three  nodes,  in  addition  to  those  near  the  carbon 
nucleus,  since  it  corresponds  to  the  highest  energy  of  the  three  For  different  m values, 
again,  we  should  expect  a set  of  orbitals  with  energy  increasing  with  m,  and  probably  again 
not  varying  greatly  with  m,  since  these  functions  do  not  correspond  to  large  concentration  of 
charge  between  the  ce.  ooi;r.. 
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Intermediate  between  the*-'  two  types  of  orbitals,  we  mu<«i  t>»ve  a third  one  f >r  m = 0 
wHcb  ^ocs  nol  corresoond  to  any  such  large  concentration  ot  charge  between  the  carbon  and 
hydrogen  as  in  the  first  cast;,  and  is  more  like  a carbon  2s  wave  function  alone,  with  ju>t 
enough  admix .ure  of  the  carbon  2pr  and  hydrogen  Is  to  give  it  one  node.  We  should  expert  the 
cnarge  dtstriDuuon  m tms  oronai  to  overlap  Ukisc  from  neighboring  carbons  somewhat  more 
than  in  the  other  two  cases,  so  that  the  energy  will  increase  rather  more  rsotdly  with  m than 
for  the  other  two  types  of  orbitals. 

We  cannot  consider  this  third  typo  of  orbital  properly  without  also  taking  into  account 
the  orbitals  made  from  the  carbon  2p  orbitals.  We  have  already  seen  that  for  m = 0 and 
m = 2 the  symmetry  orbitals  made  from  these  2p  atomic  orbitals  according  to  the  prescrip- 
tion of  Eq.  (3.  1)  will  be  molecular  orbitals,  without  any  mixture  of  other  atomic  orbitals,  and 
that  the  lowest  energy  will  come  for  m = 3,  for  which  we  have  a large  charge  concentration 
between  the  carbons,  while  the  highest  energy  will  come  for  m = 0,  for  which  we  have  nodes 
between  the  carbons.  We  conclude,  then,  that  these  orbitals  are  largely  instrumental  In  the 
binding  between  carbons.  We  could  attempt  to  plot  the  energy  of  these  various  types  of  or- 
bitals, as  a function  of  m,  by  drawing  continuous  curves,  even  though  really  the  energy  is 
defined  only  for  the  discrete  values  m - 0,  t 1,  t 2,  3.  We  shall  see  later  that  a simple 
symmetry  orbital  like  that  of  Eq.  (3.  1)  has  a cosine -like  curve  giving  energy  as  a function  of 
m.  If  v><  draw  such  a curve  for  these  orbitals  coming  from  the  atomic  2p^'s,  our  curve  would 
have  a maximum  for  m * 0,  minimum  for  m = 3,  while  for  the  orbitals  coming  from  the  car- 
bon 2s  and  2pr,  and  hydrogen  Is,  the  minimum  will  come  at  m = 0,  maximum  at  m » 3.  It 
now  seems  very  plausible  that  the  energy  curves,  as  drawn  In  this  way,  for  the  middle  one  of 
the  three  types  of  orbital  formed  from  the  carbon  2s  and  2pr  and  hydrogen  Is,  will  cross  the 
curve  formed  from  the  carbon  2p4,  In  approximately  the  center  of  the  range,  that  is,  between 
m * 1 and  2. 

We  have  spoken  as  if  there  were  continuous  curves  connecting  these  various  energies, 
as  functions  of  m.  But  we  mrst  remember  that  for  m * t 1,  t 2,  the  atomic  orbitals  2p^  will 
combine  with  the  2s,  2p„,  and  hydrogen  Is;  there  ts  no  symmetry  property  which  states  that 
they  must  be  non-combining.  If  we  really  had  solved  a cubtc  secular  equation  for  giving  the 
best  combinations  of  2s,  2pr  and  hydrogen  Is,  for  each  m value,  so  as  to  give  us  an  energy 
curve  as  a function  of  m for  each  of  these  three  states,  and  had  separately  computed  the  en- 
ergy of  the  symmetry  orbital  formed  from  the  carbon  2p^'s  for  each  m value,  we  should  then 
find  that  there  would  be  non-diagonal  matrix  components  of  energy  between  these  states,  for 
m > t l,  t 2,  ihough  not  for  m = 0,  3.  If  two  of  the  curves  crossed  between  m*  =»  1 and  2,  as 
we  have  postulated,  when  we  neglect  this  interaction,  our  general  knowledge  of  perturbation 
theory  tells  us  that  the  Interaction  will  push  the  two  energy  levels  apart,  and  wLll  give  us  new 
curves  connecting  the  two  lower  branches  of  the  Interacting  curves,  and  connecting  the  two 
upper  branches.  This  presumably  happens  In  our  present  case.  Thus  wc  may  expect  to  have 
a lower  set  of  orbitals,  constating  for  m = 0 of  mostly  - ^irbon  2s-llke  orbital,  for  n»  * 3 cf 
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considerable  chai  gc  concentration  between  the  carbons;  and  an  upper  set,  consisting  for  m = 

0 of  the  caibon  2p^-Hke  orbitals,  for  m = 3 of  the  combinations  of  hydrogen  Is,  carbon  2s, 
and  carbon  2pr>  but  in  each  case  with  a node  between  adjacent  carbons.  The  orbitals  of  the 
lower  set,  in  other  words,  tend  to  bond  the  carbons  together,  and  of  the  upper  set  to  make 
them  repel. 

We  have  now  finished  our  catalog  of  the  probable  types  of  cr -orbitals  for  the  benzene 
molecule.  We  have  five  types;  the  lowest  type  is  almost  exactly  the  carbon  Is,  the  next  cor- 
responds to  charge  concentration  or  bonding  between  each  carbon  and  its  adjacent  hydrogen, 
the  next  to  charge  concentration  or  bonding  between  adjacent  pairs  of  carbons,  next  to  nodes 
or  antibonding  between  adjacent  carbons,  and  highest  to  nodes  or  antibonding  between  carbons 
and  hydrogens.  There  is  good  chemical  evidence  that  six  out  of  the  seven  electrons  in  each 
CH  group  are  actually  located  in  cr  orbitals.  Thus  we  expect  that  the  three  lowest  sets  of  six 
orbitals,  in  the  catalog  we  have  just  given,  are  each  occupied  by  two  electrons,  one  ol  r»ch 
spin,  leaving  the  two  higher  sets  of  orbitals,  corresponding  to  antibonding  between  carbon  and 
carbon  and  between  <arbon  and  hydrogen,  unoccupied.  It  is  unfortunate  that,  in  spite  of  all  the 
work  that  has  been  done  on  benzene  during  twenty  years,  the  straight-forward  calculation  of 
these  cr-iype  molecular  orbitals,  and  their  one -electron  energies,  has  not  been  made,  and  we 
are  forced  to  rely  on  guesswork  as  to  the  probable  nature  of  the  energy  values.  Almost  all  « 
the  work  on  benzene  has  been  concentrated  on  the  »-electrons,  which  have  interested  the 
chemists  on  account  of  the  way  in  which  they  led  to  an  understanding  of  the  relations  between 
single  and  double  bonds,  but  which  are  r,ot  inherently  more  important  in  understanding  the 
problem  that  the  a-orbltals  which  have  beer  so  wtdely  disregarded. 

The  problem  of  the  w-electrons,  which  remains  lo  be  considered,  is  almost  a trivial 
one  compared  to  that  of  the  o'-electrcns,  since  we  do  not  have  any  secular  prociem  associated 
with  them.  The  symmetry  orbitals  constructed  from  the  atomic  2pz  orbitals  according  to 
Eq.  (3.  1)  are  the  best  representations  which  we  have,  consistent  with  our  approximation 
scheme,  for  the  corresponding  molecular  orbitals.  The  energy  of  the  orbital  for  m » 0 will 
be  lowest,  that  for  m = 3 will  be  highest.  The  chemical  evidence  indicates  that  one  electron 
per  CH  group  in  located  in  the  w-orbitals,  and  hence  we  must  conclude  that  the  three  lower 
orbitals,  for  m = 0,  i l,  are  each  filled  with  one  electron  of  each  spin,  and  th»  three  upper 
ones,  for  m = t 2,  3,  are  empty.  This  implies  that  the  « energy  levels  for  m * 0,  t 1 lie 
lower  than  the  antibor.dlng  types  of  e-electron  orbitals  which  are  unoccupied  in  the  molecule, 
but  that  on  the  other  hand  the  v leva!*  for  m - t 2.  3(  ite  above  any  of  the  bonding  types  of 
<r -electrons  which  are  occupied.  This  seems  plausible,  and  if  true  it  would  lead  to  a complete 
description  of  the  molecular  orbitals  of  the  benzene  molecule,  and  their  energy  levels. 


6.  *yrtc  AiiilnUftiji  r.ivivw -lu 

In  our  summary  of  work  by  the  molecular  orbital  method,  we  have  mentioned  that 
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there  has  been  a great  deal  ol  work  on  conjugated  systems,  chain-like  planar  structures  com- 
posed of  CH  groups  as  In  benzene,  each  group  having  six  electrons  in  <r  orbitals  »r.d  one  in  a 
tr-orbital  In  many  of  these  cases,  there  is  a definite  tendency  tc  alternation  which  is  not 
present  in  benzene:  one  bond  definitely  seems  to  be  a single  bond,  the  next  one  a double  bond, 
and  so  on.  Also  there  has  been  much  work  on  substituted  benzenes,  in  which  a different  atom 
is  substituted  for  one  or  more  of  the  hydrogens.  Such  problems  are  strikingly  like  those  met 
in  crystals:  it  must  have  been  obvious  that  our  treatment  of  the  benzene  molecule  resembled 
that  of  a one -dimensional  crystal  with  a periodicity  of  six  atoms.  The  substituted  benzenes, 
for  Instance,  are  very  like  crystals  containing  impurity  atoms.  Since  we  shall  make  a care- 
ful study  of  such  problems  when  we  come  to  the  study  of  solids,  it  seems  best  to  postpone 
these  problems  in  molecular  structure  until  we  come  to  the  similar  problems  in  solids.  We 
shall  accordingly  go  ahead  with  a few  other  simple  molecules  at  this  point,  to  illustrate  some 
features  more  typical  of  molecular  than  of  solid-state  structure.  As  a next  illustration,  we 
lake  the  ammonia  molecule,  the  first  example  we  have  taken  up  of  a non-planar  molecule. 

The  ammonia  molecule,  NH3>  consists  of  an  equilateral  triangle  of  hydrogen  atoms, 
with  a nitrogen  atom  on  the  line  perpendicular  to  the  plane  of  the  hydrogens  and  passing 
through  the  center  of  the  triangle,  but  some  distance  out  of  the  plane  of  the  hydrogens.  In 
other  words,  the  molecule  forms  a pyramid,  with  the  nitrogen  at  the  apex.  Let  us  take  the 
hydrogens  to  be  in  the  xy  plane,  with  one  hydrogen  on  the  x axis,  and  the  origin  at  the  center 
of  the  triangle,  and  let  us  take  the  nitrogen  to  be  at  a point  on  the  positive  z axis.  Then  the 
symmetry  operations  are  very  simple-  They  consist  of  rotations  through  120°  or  any  mul- 
tiple of  It  about  the  z axis,  and  reflections  In  planes  passing  through  the  z axis,  and  making 
angles  which  are  multiples  of  60°  with  the  xz  plane.  As  in  the  case  of  benzene,  we  can  see 
that  these  rotations  do  not  commute  with  the  reflections,  but  that  we  can  generate  all  the  sym- 
metry operations  from  the  rotations,  and  from  reflection  in  the  xz  plane.  Since  the  molecule 
is  not  planar,  there  is  no  symmetry  operation  connected  wixh  reflection  in  the  xy  place. 

If  we  dlagona’.ize  the  rotations,  then  we  see,  by  analogy  with  the  case  of  benzene,  that 
rotation  through  1-0°  qiyst  multiply  the  wave  function  by  one  of  the  cube  roots  of  unity,  or  by 
e2«im/3^  wjjere  m b 0 , t 1.  We  see  also  that  the  two  states  wtth  m = 1 1 will  be  degenerate 
with  each  other,  but  not  with  the  state  m « 0.  We  must  now  construct  symmetry  orbitals  out 
of  the  atomic  orbitals  of  the  nitrogen  and  hydrogens.  First  we  consider  how  to  do  this  with 
the  hydrogen  Is  orbitals.  By  analogy  with  Eq.  (3.  1),  Section  5,  we  must  merely  make  up  the 
combinations  £ (j)  e2wlmJ/3  8 where  represents  the  hydrogen  orbital  on  atom  j,  i » 1 
corresponding  to  that  at  an  angle  120°  to  the  x axis,  and  so  on.  Thus  for  m * 0 the  correct 
symmetry  orbital  is  merely  the  sum  of  the  hydrogen  orbitals  c»n  ail  three  atoms.  From  m = 
t l,  the  symmetry  orbitals  are 

s3  - |(st  + s2)  t °.866i(s,  - s2)  • (3.5) 

It  is  obvious  that  if  we  choose  to  diagonalize  the  reflecttor  in  the  xz  plane,  rattier  than  the 
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rotat>on,  then  we  should  have  chosen  the  two  combinations  - l/2(Sj  * s^)  and  0.  866  (Sj  - 
s^)  as  oi>r  tw^>  cy^rne'^y  nrhi'-*tc  *r,e  first  being  symmetric,  the  second  antisymmetric,  in 
refle'-tion  in  the  xz  plane.  Here  again,  as  with  benzene,  it  ic  interesting  to  sec  that  these  two 
symmetry  orbitals,  though  quite  different  in  appearance,  must  be  degenerate  with  each  other. 

Nexl  we  examine  the  way  to  make  symmetry  orbitals  out  of  the  nitrogen  atomic  or- 
bitals. The  method  is  obvious:  we  merely  need  set  up  the  ordinary  atomu  orbitals,  in  which 
the  component  of  angular  momentum  along  the  z axis  is  quantized.  The  nitrogen  Is,  2s,  and 
the  component  of  2p  corresponding  to  m = 0,  are  unchanged  on  rotation  through  any  angle 
about  the  z axis,  and  hence  in  particular  are  unchanged  on  rotation  through  120°,  so  that  they 

have  the  same  symmetry  as  our  other  orbitals  corresponding  to  m = 0.  Similarly,  the  ni- 

. i a 

trogen  2p  corresponding  to  m = t 1 have  the  factor  e in  their  wave  functions,  so  that  they 

are  multiplied  by  the  factor  e^1™^  when  wo  rotate  through  120°,  or  Zmj  3.  Thus  they  already 

have  the  proper  form  for  symmetry  orbitals.  If  we  had  chosen  to  diagonalize  the  reflection 

In  *he  xz  plane,  we  should  merely  have  used  the  nitrogen  2p  , 2p  . 2p  orbitals,  of  which  the 

x y z 

first  and  third  are  symmetric,  the  second  antisymmetric,  in  this  reflection. 

We  now  have  considered  all  the  types  of  symmetry  orbitals,  and  are  ready  to  consider 
the  nature  of  the  secular  problem  leading  to  the  molecular  orbitals.  For  the  orbitals  with 
m a 0,  we  have  combinations  of  the  nitrogen  Is,  2s,  and  2p^,  and  of  the  combination  of  the 
hydrogen  orbitals  corresponding  to  m =0.  Thus  we  shall  have  a fourth  degree  lecular  equa- 
tion, which  will  reduce  to  a third  degree  equation  If  we  assume  that  one  solution  ,s  approxi- 
mately the  is  orbital.  Of  the  three  remaining  solutions,  we  may  suppose  that  the  lowest  one 
corresponds  to  a bonding  orbital  between  the  nitrogen  and  the  hydrogens.  This  would  cor- 
respond to  a combination  of  the  nitrogen  2s  ar.d  ZpQ  of  such  a type  that  these  would  reinforce 
each  ether  in  the  region  between  nitrogen  and  hydrogens,  plus  a contribution  from  the  hydro- 
gen m = 0 orbital,  such  that  we  should  have  a concentration  of  charge  between  the  nitrogen 
and  hydrogens.  The  second  of  these  remaining  solutions  would  presumably  correspond  to  a 
concentration  of  charge  largely  on  the  nitrogen  atom,  with  more  charge  on  the  side  away  from 
the  hydrogens  than  toward  them,  and  the  third  and  highest  would  be  a definitely  antibonding 
combination  with  a node  between  the  nitrogen  and  the  hydrogens.  For  m = 1.  we  shall  have 
two  combinations  of  the  nitrogen  orbital  2pj  and  the  corresponding  hydrogen  symmetry  orbital, 
one  combination  being  a bonding  one,  with  concentration  of  charge  between  nitrogen  and  hy- 
drogens, and  the  other  being  antibonding,  with  a node  between.  The  same  thing  will  be  true 
for  m * - 1 . 

In  the  ammonia  molecule,  we  have  ten  electrons.  Two  will  be  in  the  ls-like  orbital, 
two  in  the  bonding  m = 0 orbital,  two  each  in  the  bonding  m = t 1 orbitals,  and  the  remain- 
ing two  in  the  m = 0 orbital  concent,  aied  largely  on  the  nitrogen,  in  the  direction  away  from 
the  hydrogens.  These  two  are  lone-pair  electrons,  in  the  sense  of  Lennard-Jones,  as  we  saw 
that  there  were  four  lone -pair  electrons  in  the  water  molecule.  They  are  the  electrons  that 
tend  to  attract  an  additional  proton,  forming  tha  ammon’cm  ion  (NH^)  ',  which  has  the  Same 
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tetrahedral  structure  a?  methane,  which  we  shall  discuss  next.  Finally,  the  ending  or- 
bitals are  empty. 

An  interesting  question  connected  with  the  ammonia  molecule  is  why  it  is  not  planar. 
To  answer  this  question  properly,  we  should  have  to  calculate  the  energy  as  a function  of  the 
distance  of  the  nitrogen  from  the  plane  of  the  hydrogens,  allowing  the  triangle  of  hydrogens 
to  adjust  itself,  for  each  position  of  the  nitrogen,  to  a size  correct  to  give  minimum  energy. 
Then  we  should  have  to  find  the  total  electronic  energy  of  the  molecule  as  a function  of  nitro- 
gen position,  and  see  where  the  minimum  came.  The  expet  imental  situation  is  well  known; 
there  are  two  rather  shallow  minima  of  energy,  one  with  the  nitrogen  on  each  t ide  of  the 
plane  of  the  hydrogens,  with  a maximum  of  energy  when  the  nitrogen  is  in  the  plane.  On  the 
other  hand,  this  energy  maximum  in  the  plane  is  not  very  high  above  the  minima,  so  that  the 
tendency  away  from  planar  configuration  is  not  very  strong.  Though  we  cannot  predict  this 
situation  from  our  qualitative  discussion  of  molecular  orbitals,  at  least  we  can  easily  «ee  the 
features  which  will  go  into  the  calculation. 

In  the  first  place,  there  is  naturally  a repulsion  between  the  hydrogen  atoms  and  the 
inner  K shell  of  the  nitrogen,  which  will  tend  to  keep  the  hydrogens  at  some  distance  from 
the  nitrogen.  This  repulsion  would  come  in,  in  our  picture,  if  the  nitrogen-hydrogen  distance 
were  small  enough  so  that  the  nitrogen  Is  and  hydrogen  Is  wave  functions  were  appreciably 
mixed  in  any  of  the  molecular  orbitals.  It  would  tend  to  hinder  the  nitrogen  from  squeezing 
through  the  center  of  the  hydrogen  triangle.  More  important,  however,  would  be  the  effect 
on  the  nitrogen-hydrogen  bonds  of  a displacement  of  the  nitrogen.  With  the  non-planar  ar- 
rangement, we  have  seen  that  the  bonding  orbitals  of  m * 0 type  will  be  a combination  of  ni- 
trogen 2s,  2pQ,  and  the  hydrogen  orbitals.  If  we' had  a planar  molecule,  the  2pQ  would  be- 
come a w electron,  forbidden  by  symmetry  to  combine  with  the  2s  and  the  hydrogen  orbitals, 
and  this  would  pre«»mably  decrease  the  strength  of  the  nitrogen-hydrogen  binding.  This  is 
probably  the  main  effect  tending  to  favor  the  non-planar  configuration.  It  is  partly  counter- 
balanced, however,  by  an  effect  met  with  the  m = t l orbitals.  These,  as  we  have  seen,  are 

e 

made  out  of  hydrogen  orbitals,  and  nitrogen  2p  orbitals  with  m = t 1.  These  nitrogen  or- 
bitals have  maximum  values  in  the  plane  perpendicular  to  the  z axis,  and  hence  if  the  mole- 
cule had  a planar  configuration,  they  would  have  a maximum  overlap  with  the  hydrogen  or- 
bitals, and  a maximum  binding  effect.  This  will  le  somewhat  weakened  tn  the  non-planar 
configuration,  and  we  must  assume  that  this  weakening  is  not  enough  to  counteract  the 
s rengthening  of  the  binding  coming  from  the  m = 0 orbitals.  From  this  rather  complicated 
interplay,  we  see  that  it  would  be  dangerous  to  go  too  far  in  making  qualitative  predictions, 
without  quantitative  calculations  of  the  actual  energy  levels  as  a function  of  nuclear  positions. 
Such  quantitative  calculations  do  not  seem  to  nave  oeen  made. 

7 The  Methane  Molecule 

The  methane  molecule,  CK^,  has  a tetrahedral  structure,  with  the  carbon  in  the 
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center.  This  molecule  is  most  conveniently  shown  as  n the 
diagram  o t Fig.  5,  where  the  carbon  Is  at  the  origin,  and  the 
hydrogens  occupy  four  of  the  eight  corners  of  a cube.  Thus  if 
the  sides  of  the  cube  are  two  units  in  length,  the  carbon  which 
have  denoted  (1)  has  the  coordinates  (1,  1,  1);  that  which 
we  have  denoted  (2}  has  coordinates  (1,  - 1,  - l)j  (3)  lias  (-  1, 

1.  - 1):  and  (4)  has  (-  1:  - •,  1)  . We  see  that  there  are  many 
symmetry  operations  which  transform  the  molecule  into  Itself. 
Thu3  in  the  first  place,  we  can  rotate  through  ?.80°  about  the 
x,  y,  or  z axes.  These  two-fold  axes  of  rotation  are  those 
drawn  from  the  carbon  out  to  the  centers  of  the  lines  joining 
the  pairs  of  hydrogens.  Associated  with  these  two-fold  rota- 
tions there  are  of  course  certain  reflections.  Thus  we  can  reflect  in  a plane  passing  through 
the  x axis  and  through  the  two  atoms  (1)  and  (2)}  or  in  a plane  passing  through  the  x axis  and 
perpendicular  to  this.  From  what  we  have  already  seen,  successive  reflection  in  these  two 
planes  are  equivalent  to  the  rotation.  In  regard  to  our  three  two-fold  axes  of  rotation,  the 
first  thing  to  notice  is  that  these  three  rotations  commute  with  each  other,  so  that  they  can  all 
be  simultaneously  diagonalized,  and  this  is  the  method  of  diagonallzatlon  which  we  shall  pre- 
fer. Thus  rotation  through  180°  ubout  the  x axis  transforms  the  coordinates  (x,  y,  z)  into 
(x,  - y.  - z).  Rotation  through  180°  about  the  y axis  transforms  (x,  y,  z)  into  (-  x,  y,  - z). 
Successive  application  of  these  two  rotations,  in  either  order,  transforms  (x,  y,  z)  into  (-  x, 

- y.  z).  so  that  they  commutet  furthermore,  it  is  clear  that  the  successive  application  of  these 
rotations  is  equivalent  to  rotation  of  180u  about  the  s axis. 

In  addition  to  these  three  two-fold  axes  of  rotation,  there  are  four  three-fold  axes,  in- 
dicated by  1,  2,  3,  4 in  Fig.  5.  By  a three -fold  axis,  we  mean  that  rotation  through  2v/ 3,  or 
120°,  brings  thie  molecule  back  into  coincidence  with  Itself.  Thus  these  axes  point  out  from 
the  carbon  to  the  four  hydrogens,  and  rotstion  through  120°  ab^ut  axis  1 shifts  hydrogen  2"  to 
position  3,  3 to  position  4,  and  4 to  position  2.  These  three  fold  rotations  do  not  commute 
with  each  other,  or  with  the  two-fold  rotations.  This  statement  is  a special  case  of  the  gen- 
eral theorem  that  two  rotations  around  different  axes  do  not  commute  with  each  other  provided 
the  angle  between  axes  is  different  from  90°;  and  even  if  tne  angle  Is  90°,  they  commute  omy 
if  the  rotations  are  through  angles  of  180°.  Let  us  examine  the  reason  for  this  general  theo- 
rem. In  the  first  place,  we  can  easily  convince  ourselves  that  it  can  only  be  in  very  special 
cases  that  rotations  about  different  should  commute.  We  can,  for  instance,  write  one 
rotation  as  a linear  transformation  of  the  coordinates  x,  y,  z to  new  coordinates  x',  y\  z\ 
the  coefficients  of  the  transformation  satisfying  the  orthogonality  conditions:  similarly  the 
second  rotation  is  written  as  another  linear  transformation  from  x\  y?,  z'  to  x",  y",  z". 

Then  we  can  express  the  coefficients  of  the  combined  transformation  from  x,  y,  z to  x",  y", 
z"  tn  terms  of  the  separate  coefficients,  and  we  find  that  there  is  nothing  inherent  in  the  prob- 
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lcm  which  leads  to  the  result  being  the  same  Independent  o*  the  order  of  the  rotations. 

For  rotations  about  axes  at  right  angico  to  each  other,  however,  we  have  a special 
case,  which  we  riay  exam1  ne  separately.  Thus  lei  us  chcose  the  '.wo  axes  as  the  x and  y 
axes.  Let  the  first  rotation  be  around  the  x axi«.  though  a*1  angle  9.  Then  we  have  x'  = x, 

y'  = y cos  6 + z sin  0,  z'  = - y sin  9 z cos  9.  Similarly  let  the  .second  rotation  be  around 

the  y axis,  by  an  angle  Then  x"  = x1  cos  ♦ - z'  stn$,  y"  = y',  z"  = x'  stn  $ ♦ z'  cos 
When  we  combine  these  expressions,  we  have 

x"  a x cos  $ + y sin  0 sin  $ - z cos  0 sin  ♦ 

y"  * y cos  0 + z stn  0 (3.6) 

z"  = x sin  ♦ - y sin  0 cos  ♦ + z cos  8 cos  ♦ 

Now  we  may  perform  the  operations  tn  the  opposite  order.  Thus  we  have  x'  = x cos  $ - z 

stn  y'  = y,  z*  » x sin  ♦ + z cos  t,  and  x"  = x\  y"  = y'  cos  0 ♦ z'  stn  0,  z“'  * - y'  stn 

0 + z*  cos  0.  Combining  these  expressions,  we  have 

x"  :»  x cos  4 - z stn  ^ 

y"  = x sin  0 sin  ♦ ♦ y cos  0 ♦ z sin  0 cos  ^ (3.  7) 

z"  = x cos  0 sin  $ - y stn  0 + z cos  0 cos  +. 

If  the  two  rotations  are  to  commute  with  each  other,  this  means  that  Eq.  (3.  7)  must  be  Iden- 
tical with  (3.6).  For  this  to  happen,  excludtng  the  trivial  case  of  0 a 0,  4 = 0,  we  must  have 
stn  0=0,  sin  4>  * 0,  which  means  8 = *,  ♦ * r (since  the  possibilities  0 are  excluded).  In 
other  words  we  have  proved  our  result  that  two  rotations  about  axes  at  right  angles  to  each 
other  commute  only  if  each  rotation  ts  through  180°.  In  this  case,  our  final  expressions  are 
x"  « - x,  y"  = - y,  z"  = z,  equivalent  to  a rotation  of  180°  about  the  z axis. 

There  ts  an  interesting  application  of  this  fact,  that  two  rotations  about  axes  at  right 
angles  to  each  other  do_not  commute  if  the  angles  of  rotation  are  anything  but  180°.  This  re- 
lates to  the  non-commuting  nature  of  the  angular  momentum  operators  corresponding  to  x,  y, 
and  z components  of  angular  momentum,  discussed  for  Instance  tn  QTM,  pp.  479-485.  We 
can  show  by  elementary  methods  that  the  operator  associated  with  the  z component  of  angular 
momentum  is  (h/2*l)(d/3  4>),  where  4 is  the  angle  of  rotation  about  the  z axis,  in  polar  co- 
ordinates. That  ts,  if  the  wave  function  ts  u(r,  0,  +),  if  the  operator  Mz?  and  u we  wruc 
the  derivative  as  the  limit  of  the  difference,  we  have 

Mu.1^0  u(r,  8,  4>  *64)  - u(r,  0,  »)  _ 
z 2*1  6 $ 

If  we  assume  that  this  is  approximately  correct  for  a small  but  fir'te  5<}*,  we  may  then  ap- 
proximately wri*e 
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(1  + 64>M,)  u(r.  t»,  *)  = u(r,  6,  $ t £$)  • 

n *• 

In  ether  words,  the  operator  on  th*  left,  a linear  function  of  Mz>  is  one  which  transforms  the 
function  u(r,  8,  $ ) by  rotating  through  an  angle  6$  around  the  z axis.  Similarly  an  equivalent 
operator  made  from  Mx  transforms  by  rotation  around  the  x axis,  and  similarly  for  the  y 
axis.  Since  we  have  just  found  that  rotations  around  the  x,  y.  and  z axes  do  not  commute  un- 
less they  are  through  angles  of  180°,  we  see  that  the  fact  that  M , M , and  do  not  com- 

x y m 

mute  is  directly  tied  up  with  our  present  results. 

Returning  to  the  problem  of  methane,  we  see  that  our  commuting  rotations  around  two 
perpendicular  axes  are  of  the  form  which  we  have  already  found  for  the  three  two-fold  axes 
in  our  problem,  and  that  these  represent  the  only  type  of  commut  ing  rotations  around  different 
rotation  axes  which  can  exist.  Thus  we  prove  our  statement  that  rotations  around  the  four 
three-fold  axes  do  not  commute  with  each  other,  or  with  the  two-fold  rotations.  Under  the 
circumstances,  then,  the  best  thing  we  can  do  is  simultaneously  to  diagonalize  the  rotations 
around  the  two -fold  ax*  s,  leaving  the  three -fold  rotations  with  non -diagonal  matrices.  We 
must  obviously  have  degeneracy  In  the  problem,  and  we  shall  see  just  what  sort  when  we  set 
up  our  symmetry  orbitals. 

We  wish  to  make  up  symmetry  orbitals  out  of  the  four  hydrogen  Is  orbitals,  and  out 
of  the  carbon  atomic  functions.  It  is  at  once  oovious  how  to  do  this  with  the  carbon  functions. 
The  carbon  Is  and  2s  functions  are  already  proper  symmetry  orbitals:  they  are  unchanged 
under  any  one  of  the  rotations.  In  addition  to  ihese,  we  can  choose  the  carbon  2p  , 2p  , and 

O * V 

Zpz  orbitals.  ’Under  the  rotation  of  180  around  the  x axis,  2px  is  symmetric  and  2p^  and 
2pz  antisymmetric,  so  that  each  of  these  is  diagonalized  for  these  rotations.  On  the  other 
hand,  if  we  had  preferred  to  diagonalize  one  of  the  three -fold  rotations,  say  around  the  axis 
pointing  to  atom  (1),  we  should  have  chosen  the  carbon  2p  wave  functions  having  their  com- 
ponents of  angular  momentum  around  this  axis  quantized.  The  problem  then  would  be  set  up 
by  analogy  with  the  ammonia  problem,  showing  the  same  three -fo’d  rotational  behavior,  with 
the  molecular  orbltalr  characterized  by  quantum  numbers  m,  which  could  equal  0,  t 1,  with 
the  two  states  t 1 degenerate  with  each  other. 

We  can  now  very  easi  > set  up  the  four  combinations  of  the  four  hydrogen  Is  functions 
which  are  symmetry  orbitals  for  the  two-fold  rotations.  If  we  symbolize  the  hydrogen  func- 
tions by  Sj,  s^.  Sj,  s^,  the  hydrogens  being  numbered  as  in  tig.  5,  then  we  have  one  com- 
bination Sj  + s2  + Sj  + s^  which  is  unchanged  under  any  of  the  rotations:  this  particular  func- 
tion. then,  acts  like  the  carbon  s states  as  far  as  our  symmetry  operations  are  concerned. 
This  particular  function  is  obviously  unchanged  as  well  under  u rotation  around  one  o 1 the 
three -fold  axes,  in  addition  to  this  function,  we  have  three  combinations  which  hove  the  sym- 
metry of  the  cat  bon  2p  2p  , and  i'.p  functions  respectively.  Thus  the  combination  s.  ♦ 

* / “ Q 

s2  - s3  - s_.  is  unchanged  on  rotation  through  180  about  the  x axis,  but  changes  sign  on  ro- 
tation about  the  y or  x axes,  hist  as  2p  does,  similarly  the  corr.bir.at'on  s.  - s * - s. 

* rx  I L i 4 
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acts  like  Zpy  and  Sj  - acta  like  2pz.  These  four  combinations  form  the  sym- 

metry orbitals  of  the  problem. 

Before  we  use  these  symmetry  or  bitals,  let  us  see  how  ‘hey  behave  under  the  three- 
fold rotations,  to  cheek  the  fact  that  each  one  transforms  into  a combination  of  the  others. 

Let  us  consider  the  rotation  about  the-  zxia  1,  in  wr>.»ch  ~ is  rotated  ;..io  y,  y i*.to  z,  z into  x. 
That  is,  if  we  start  with  a molecular  orbital  u(x,  y,  z),  we  transform  to  u(y,  z,  x).  Ob- 
viously one  of  the  s atomic  orbitals  of  the  carbon  will  transform  into  itself.  The  2px  orbital, 
however,  whose  wave  functions  is  x l'(r),  where  r is  the  radius,  will  transform  into  y f(r), 

which  equals  2p  , and  similarly  2p  will  transform  into  2p  , 2p  into  2p  . To  see  how  the 
w y 

hydrogen  orbitals  transform,  let  us  first  examine  the  transformation  properties  of  the  func- 
tions Sj,  s^.  %y  s^.  These  are  functions  of  the  distance  from  the  respective  hydrogen  nuclei. 
The  nuclei  have  coordinates  given  respectively  by  (a,  a.  o),  (a,  -a.  -a),  (-a,  a,  -a),  (-a,  -a,  a), 

if  a is  the  half-side  of  the  cube  in  Fig.  !>.  Thus  s,(x,  y,  z)  is  a function  F f( x - a)2  + (y  - 

2 21  1 /*  1 * 
a)  ♦ (z  - a)  > . When  we  make  the  transformation  (x,  y,  z)  -*  (y,  z,  x),  this  obviously 

transforms  Into  itself.  Similarly  s_(x.  v.  zl  * F |(x  - a)2  + (y  ♦ a)2  ♦ (z  + a)2}1^2,  which 
transforms  into  f|(x  ♦ a)2  + (y  - a)2  ♦ (z  + a)^1/2,  which  equals  Sj(x,  y,  z),  and  s^  trans- 
forms into  s^,  s^  into  s,.  Thus  we  see  that  under  this  rotation,  the  function  Sj  ♦ s^  ♦ s^  ♦ 
s^  transforms  into  itself,  the  function  Sj  ♦ s2  - Sj  • transforms  into  Sj  - s2  + - s4>  or 

the  p -like  combination  of  hydrogen  orbitals  transforms  into  the  p -like,  and  so  on  with  the 

y 

others.  In  other  words,  we  see  how  our  three-fold  rotation  axis  ties  in  with  the  three-fold 
degeneracy  of  the  symmetry  orbitals,  and  we  see  that  the  combinations  of  hydrogen  orbitals 
which  we  have  made  transform  as  they  should,  and  as  the  carbon  atomic  orbitals  do,  under 
the  three -fold  as  well  as  the  two-fold  rotations. 

Let  us  now  see  how  these  symmetry  orbitals  combine  into  molecular  orbitals.  We 
have 'three  orbitals  of  s-like  symmetry:  the  carbon  Is,  2s,  and  the  s-like  combination  of 
the  four  hydrogen  orbitals.  Of  the  three  combinations  of  these,  one  will  be  very  nearly  the 
carbon  Is,  a second  will  be  a combination  of  the  carbon  2s  and  the  hydrogen  orbitals  having 
a maximum  between  carbon  and  hydrogens,  and  hence  of  bonding  character,  and  the  one  of 
highest  energy  will  be  an  antibonding  combination  of  carbon  2s  and  hydrogen  orbitals,  with  a 
nodal  surface  (roughly  a sphere)  between  the  carbon  and  the  hydrogens.  There  are  two  or- 
bitals of  px-ltke  symmetry,  the  carbon  2px,  and  the  combination  of  hydrogen  orbitals  of  this 
same  symmetry.  Here  we  shall  have  a bonding  combination  of  carbon  and  hydrogen  orbitals, 
with  a maximum  between  the  atoms,  and  an  antlbonding  orbital  of  higher  energy,  with  a nodal 
surface  betwee*.  f«rbon  and  hydrogens.  The  methane  molecule  now  has  ten  electrons,  just 
like  the  neon  atom,  and  these  are  just  enough  tc  fill  the  Is -like  orbital,  the  bonding  s-like 
combination  of  carbon  and  hydrogen,  hjk!  t!.e  bonding  px-ltke,  pv-ltke,  and  pz-iike  combina- 
tions of  carbon  and  hydrogen,  leaving  the  antlbonding  orbitals  empty.  As  -ve  look  a:  ;l».»se 
wave  functions,  we  see  that  the  situation  is  strikingly  Itke  that  found  in  the  neon  atom.  The 
antlbonding  uo. .'blniUions  of  carbon  and  hydrogen  orbitals,  having  an  extra  node  roughly  in  th« 
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form  of  a sphere,  have  very  much  the  character  of  the  3s.  3p  , 3p  . and  3p  orbitals  of  an 

x y z 

atom,  and  these  are  the  orbitals  which  are  unoccupied  In  the  ground  state  of  the  methane 
molecule. 

8.  General  Determination  of  Molecular  Orbitals 

We  have  now  examined  enough  types  of  molecules,  and  the  symmetry  relations  of  their 
molecular  orbitals,  so  that  the  reader  will  be  familiar  with  the  general  principles  determln- 
lag  these  orbitals.  There  are  of  course  many  other  configurations  which  molecules  can  have, 
but  the  number  of  symmetry  tyoes  is  not  unlimited,  and  we  have  taken  up  many,  though  not 
all,  of  the  Important  ones.  We  shall  now  go  on  to  th**  other  part  of  the  problem,  the  setting 
up  of  the  secular  equation  for  determining  the  molecular  orbitals.  We  shall  consider  the  case 
which  we  have  been  assuming  in  the  preceding  sections:  that  in  which  we  build  up  an  approxi- 
mate molecular  orbital  as  a linear  combination  of  atomic  orbitals. 

We  start  with  a set  of  atomic  orbitals,  which  we  may  call  Xf  These  functions.  Just 
like  the  ones  we  have  been  speaking  of.  are  atomic  orbitals  on  various  atoms,  functions  of 
the  distance  of  the  nucleus  multiplied  by  a spherical  harmonic  of  the  angle.  From  these 
atomic  orbitals  we  construct  symmetry  orbitals,  which  we  may  call  *)^,  by  the  methods  we 
have  described.  These  symmetry  orbitals  are  linear  combinations  of  the  atomic  orbitals:  we 
may  write  +l  ■ £(j)  CU  x,.  We  have  no'  so  far  said  anything  about  the  orthogonality  of 
these  symmetry  orbitals.  The  atomic  orbitals  are  not  orthogonal  to  each  othen  we  may  de- 
fine J Xt*Xj  dv  * Sjj»  where  « 1,  the  atomic  orbitals  being  normalized,  but  where  the 
non -diagonal  components  S^,  l j J,  represent  overlap  integrals  which  do  not  vanish.  Two 
symmetry  orbitals  of  different  symmetry  type  are  automatically  orthogonal  to  each  other, 
but  two  of  the  same  type  do  not  have  to  be.  It  is,  however,  much  more  convenient  to  deal 
only  with  orthogonal  orbitals,  and  for  this  reason  it  is  generally  convenient  to  set  up  the  sym- 
metry orbitals  so  that  they  are  orthogonal  to  each  other.  This  can  be  done  in  an  infinite  num- 
ber of  ways,  since  if  we  have  n symmetry  orbitals  of  a given  type,  any  n orthogonal  linear 
combinations  of  thefh  will  serve  equally  well  as  symmetry  orbitals,  and  the  final  answer  will 
not  depend  on  how  we  orthogonalize  them.  One  standard  procedure  for  orthogonallzlng  is  to 
number  the  symmetry  orbitals  from  1 to  n (say  starting  with  the  most  tightly  bound),  then  use 
1 as  one  of  the  orthogonaiized  orbitals,  use  a linear  combination  of  1 and  2 with  coefficients 
chosen  so  as  to  make  it  orthogonal  to  1 as  a second,  a linear  combination  of  1,  2,  and  3 with 
coefficients  chosen  to  make  it  orthogonal  to  the  first  two  as  the  third,  and  so  on.  We  shall 
assume  from  now  on  that  this  orthogonallzatlon  has  been  carried  out,  so  that  the  functions 
are  orthogonal  and  normalized. 

In  the  self-consistent  field  method,  as  we  have  outlined  it,  we  have  a one-electron 
potential  V,  and  a one-electron  Hamiltonian  H.  We  wish  then  to  find  the  matrix  components 
of  Utis  Hamiltonian  with  respect  to  the  symmetry  orbitals  these  matrix  wu^ponents  lead 
at  once  tc  the  secular  equation  which  determines  the  molecular  orbital.,  and  one-ei *ctron 
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energies.  On  account  of  the  fundamental  properties  of  the  symmetry  orbitals,  there  will  be 
no  non -diagonal  matrix  components  between  orbitals  of  different  symmetry.  Between  two  or- 
bital' 4^  and  ijr  of  the  same  symmetry,  the  matrix  component  will  be 

A*  H*j  d»  ■ I<k“)  C,k’  C;,r./v  " dv  (>.  e) 

Since  we  know  the  C's,  this  at  once  allows  us  to  compute  the  desired  matrix  components  from 
the  components  j x^*  Hxm  dv  of  the  one-electron  energy  with  respect  to  the  atomic  orbitals. 
Let  us  next  consider  how  to  find  these  components. 

The  operator  H equals  the  kinetic  energy  operator,  plus  the  potential  energy  V of  the 
self-consisient  field.  We  assume  that  the  x's  are  atomic  orbitals,  which  means  that  they  are 

solutions  of  a self-consistent  Held  problem  of  some  sort  for  an  atom.  That  is,  If  V is  the 

o 

potential  energy  of  this  central  field  and  if  HQ  is  an  energy  operator  consisting  of  the  kinetic 

energy  plus  V , we  have  H x - * „x  . where  « is  the  one -electron  energy.  If  the  x's 
o o 'in  m^m  m 

are  not  actual  solutions  of  an  ordinary  self-consistent  field  problem,  we  still  can  set  up  a V 

and  an  HQ  such  that  this  equation  will  be  satisfied.  Then  we  clearly  have  Hx  m = (Hq  + V - 

VJ  v_  = («  ♦ V - V )v  . From  this  we  then  see  that 

o'  *m  m o *m 

A*  "V,  dv  = * mSkm  * /v<v  - v „>*»<*»•  (>•’» 

Integral  of  the  type  appearing  in  Eq.  (3.  9).  then,  are  the  ones  which  must  be  determined  to 
get  the  matrix  components  of  H. 

The  potential  V,  by  its  nature,  behaves  very  much  like  an  atomic  potential  around  each 
atom  of  the  molecule.  It  is  approximately  like  a sum  of  spherically  symmetrical  potentials, 
one  located  at  each  atom,  ana  near  the  atom  on  which  xm  Is  located,  it  will  be  approximately 
equal  to  V , the  atomic  potential  on  that  atom.  Thus  V - V&  resembles  a sum  cf  spherically 
symmetrical  potentials,  located  on  all  the  atoms  except  that  where  x is  located,  that  one 
being  approximately  cancelled.  Thus  to  an  approximation  the  integral  of  Eq.  (3.  9)  is  a sum 
of  terms,  each  being  a product  of  two  atomic  orbitals  on  two  different  atoms,  and  of  a spheri- 
cally symmetrical  potential  located  on  a third  atom.  Such  an  integral  is  called  a three -center 
integral.  1;  is  » hard  thing  to  compute,  but  analytical  methods  are  available  for  finding  it. 
These  methods  amount  it  ixpanding  the  atomic  function,  say  xm>  located  ut  one  atom,  in 
terms  of  functions  of  r and  spherical  harmonics  about  another  center,  in  this  case  the  center 
where  the  spherically  symmetrical  potential  Is  located.  Once  the  atomic  functions  are  ex- 
panded about  this  center,  the  integral  becomes  simple. 

Even  without  this  complicated  mathematics,  we  can  see  directly  the  general  nature  of 
the  expression  (3.  9;  1 he  integral  vanishes  unless  there  are  some  part*  of  coordinate  space 

where  Xm>  and  one  of  the  spherical  potentials  cut  of  which  V is  constructed,  are  simul- 
taneously different  from  zero.  The  largest  terms  wil*  "omc  when  x^  and  xm  are  on  adjacent 
atoms,  and  when  we  use  that  term  j»  V - V representing  i.te  potential  on  the  atom  where  x„ 
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is  located.  It  ts  then  clear  that  the  more  rne  two  wave  functions  and  overlap,  t'ie 
greater  will  be  the  Integral.  It  Is  this  general  type  01  argument  which  shows  us  that  bonding 
orbitals  are  those  with  large  overlapping  of  adjacent  wave  functions. 

These  general  remarks  will  become  plainer  If  wc  work  through  a specific  case,  and 
a very  interesting  one  is  that  of  finding  the  diagonal  matrix  components  of  energy  for  the  ts 
orbitals  of  benzene.  This  is  one  of  the  first  cases  where  molecular  erMtai  energies  were 
really  computed,  in  tne  work  of  Huckel  which  haiv  been  quoted  earlier.  The  symmetry  or- 
bitals, as  we  see  from  Eq.  (3.  1),  Section  5,  are  of  the  form  £(j)  e*11^*/3  s^,  where  the  s.'s 
are  atomic  orbitals  on  the  various  atoms.  These  wave  functions,  in  the  first  place,  are  not 
normalized.  Let  us  then  carry  out  this  normalization.  To  do  so,  we  multiply  the  wave  func- 
tion by  its  conjugate,  and  integrate  over  all  values  of  the  coordinates.  The  result  is  evident- 
ly 


I(j,  k)  et*<k-i)»/3s 


jk  ’ 


(3.10) 


where  as  before  is  the  overlap  integral,  J s > s^  dv.  Now  we  notice  that  on  account  of  the 
rotational  symmetry  of  the  molecule,  this  overlap  integral  depends  only  on  the  difference 
k - j between  the  atoms,  as  measured  around  the  ring.  Thus  the  summation  in  (3.  10)  may  be 
converted  into  a double  sum,  first  over  the  difference  k - j,  which  ts  to  go  over  all  values 
from  1 to  6,  and  then  over  j Itself.  Furthermore,  the  quantity  being  summed  depends  only 
on  k - J,  so  that  this  last  summation  merely  multiplies  the  result  of  the  earllexwsummatlon  by 
6.  A further  thing  which  we  may  notice  is  that  * S^,  if  we  are  dealing  with  real  atomic 
orbitals,  since  in  such  case  * J a s^  dv,  obviously  independent  of  the  order  of  summa- 
tion. J 


We  may  now  put  these  pieces  of  information  together,  and  we  find  for  the  summation 
in  13.  10) 


6(1  ♦ 2 cos  mi/3  SC1  ♦ 2 cos  2m i/3  ♦ cos  ms  S03)  (3.  11) 

Here  S£  , which  is  not  written  down,  is  unity,  since  the  s's  are  assumed  to  be  noimalized. 
and  Sqj,  Sq2>  Sq3  arc  respectively  the  overlap  integrals  between  an  atomic  orbital  and  its 
nearest  neighbor,  next  nearest  neighbor,  and  finally  the  orbital  diametrically  opposite  it. 

Thus  we  find  that  the  normalized  symmetry  orbital  is 

Id)  ^ 

1 + 2 cos  tr»*/ 3 Sqj  + . . + cos  mi  SQ3^ 

Next  we  wisn  to  find  the  diagonal  matrix  component  of  energy  for  this  orbital;  that  is, 
the  one-electron  energy.  5ir.ee  In  il.d  benzene  problem  there  are  no  other  orbitals  having  tne 
same  symmetry,  there  is  no  secular  problem  to  be  solved  to  find  ilie  one-e!ectron  energy, 
ar.u  no  non -diagonal  oatrlx  components  of  energy  to  oe  computed.  To  itno  the  diagonal  ma- 
trix component,  we  must  lev  H operate  on  the  function  (3.  12),  multiply  ty  the  conjugate  of 
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(3.  12),  and  integrate  over  the  coordinates.  As  In  .'3.  8),  this  immediately  breaks  down  into 
a summation  o t matrix  components  J s^  Hsm  dv  of  the  Hamiltonian  between  atomic  orbitals, 
and  each  of  these  components  can  be  written  out  by  Eq.  (3.  9).  The  double  sum  arisimt  from 
£3.  8)  can  be  handled  just  hkr  that  which  we  have  already  met  in  Eq.  (3.  10),  in  connection 
with  the  normalization  problem.  When  wc  do  this,  we  find  at  once 

H-.+  2 cos  mw/3  Hrtl  ♦ 2 cos  2m*/ 3 Hn,  x UA, 

E = _2° : — (3.13) 

m 1+2  cos  mw/3  S01  + 2 cos  2mw/ 3 Sq2  ♦ ecs  m»  5q3 


where  E is  Ihe  appropriate  one-electron  energy  Here  we  have  written  H, for  the  matrix 

m f km 

component  J f^Hs^^  dv  between  the  k n and  m atomic  orbitals,  and  as  with  the  overlap  in- 
tegrals, this  will  depend  only  on  the  distance  between  the  atoms  k and  nv  If  we  now  use  Eq. 
(3.8),  and  let  Ukm  ■ * V0)  sm  ^v,  we  CSin  rewrile  (3.  13)  in  the  form 


U00  + 2 cos  me/3  Uqj  + 2 cos  2mw/3  Uq2  + cos  m*  Uq3 
1 + 2 cos  mw/3  SQ1  + 2 cos  2mr/3  SQ2  + cos  mw  SQ3 


(3.  14) 


where  : Q is  the  one -electron  energy  of  the  atomic  orbital. 

Let  us  now  consider  the  dependence  on  m which  Eq.  (3.  14)  indicates.  In  the  first 
place,  considering  Em  as  a continuous  function  of  the  variable  m,  we  see  that  it  is  periodic 
with  m,  with  period  6.  Thus,  when  we  were  discussing  benzene,  and  considering  the  energy 
ms  a function  of  M from  m > - 3 to  ♦ 3,  we  could  have  considered  the  function  to  hepeat 
period*,  a’ '.y  outside  this  range.  This  is  just  like  the  behavior  of  the  energy  as  a function  of 
momentum  in  the  periodic  potential  problem  in  a crystal,  where  the  energy  is  a periodic 
function  of  position  in  the  reciprocal  apace.  Furthermore,  the  leading  term  in  Eq.  (3.  14), 
aside  of  course  from  the  atomic  energy  « Q,  is  the  term  2 cos  mw/3  UQ1  in  the  numerator. 
The  reason  for  this  is  the  following.  First,  UQ0  is  very  small.  This  is  thelntegral  of  the 
square  of  an  ato'nlc  orbital,  times  the  function  (V  - VQ),  which  is  small  within  the  atom  in 
question,  since  V and  VQ  nearly  cancel  ther  ; and  which  is  large  only  in  other  atoms,  where 
the  atomic  orbitals  are  small.  Secondly,  UQ2  and  Uq3>  coming  from  more  distant  neighbors 
than  Uqj,  will  be  smaller  since  they  Involve  orbitals  which  overlap  much  less.  As  far  as  the 
denominator  Is  concerned,  if  the  orbitals  are  far  enough  apart  so  that  they  do  not  overlap 
very  greatly,  the  S's  will  not  be  very  large,  and  the  first  term,  unity,  will  be  the  leading 
term,  though  as  we  see  from  the  example,  of  the  hydrogen  molecule  as  discussed  in  Chapter 
2,  the  S's  can  sometimes  be  large  enough  so  that  they  are  very  Important.  In  any  case,  the 
general  trend  of  the  variation  of  Em  with  tu  is  likely  to  be  set  more  or  'ess  by  the  term  2 cos 
mw/3  UQl. 

Now  the  quantity  Ugj.  for  orbitals  like  the  2pw's  of  benzene,  will  be  negative.  We 
can  see  that  from  Eq.  (3.  8).  In  the  first  place.  V is  negative,  and  V does  not  entirely  can- 
cel it,  so  that  V - VQ  is  negative.  Furthermore,  the  orbitals  and  are  of  the  seme  sign 
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where  they  overlap.  Thus  if  they  ari  2pw's,  they  are  positive  everywhere  on  the  positive 
side  of  the  plane  of  the  molecule,  anl  negative  everywhere  on  the  negative  side,  so  that  in 
either  case  their  product  is  positive.  Hence  the  integral  Uqj  mast  be  negative,  as  ve  have 
stated.  Therefore  the  energy,  as  given  in  Eq.  (3.  14),  will  have  a minimum  at  m = 0,  a 
maximum  at  r>  = 3,  as  we  have  indicated  in  our  qualitative  discussion  of  the  energy  levels 
of  benzene.  On  the  other  hand,  if  we  consider  the  type  of  atomic  orbital  which  we  denoted  as 
2p$  in  the  discussion  of  benzene,  we  see  that  two  such  orbitals  on  adjacent  atoms  will  have 
opposite  sign  in  the  region  where  they  oveil.p  most  strongly.  Thus  the  integrand  involved  in 
finding  U0j  in  such  a case  will  be  positive,  and  Uqj  itself  will  be  positive,  resulting  for  auch 
an  orbital  l.i  a maximum  of  one 'electron  energy  for  m ■ 0,  a minimum  for  m » 3,  as  we  In- 
dicated. Of  course,  it  is  clear  that  in  an  actual  case  the  various  quantities  Uq  U.  ,,  U£  , 
Uq3>  Sqj,  SQ2>  Sq3  111  may  all  be  of  significant  magnitude,  and  they  must  all  be  con- 

sidered. When  they  are  fairly  large,  the  function  of  m given  in  (3.  14)  may  be  quite  compli- 
cated, quite  different  from  the  simple  term  2 cos  mw/3  UQ1  which  we  have  regarded  as  its 
leading  term.  In  some  calculations  on  such  problems,  these  terms  have  been  all  taken  into 
account,  but  there  has  been  an  unfortunate  tendency  here,  as  in  so  many  problems  of  molecu- 
lar and  solid-state  theory,  to  make  unwarranted  assumptions  that  certain  terms  are  small. 
Thus  the  overlap  integrals  In  the  denominator  of  (3.  14)  have  often  been  disregarded.  We  can 
see  how  unjustified  this  can  be  by  recalling  that  the  overlap  Integral  between  two  hydrogen 
orbitals  at  the  equilibrium  lnternuclear  distance  In  the  molecule  (about  I.  5 atomic  units)  la 
about  0.  72,  as  wo  see  from  Table  IL  page  52. 

The  example  which  ws  have  given,  from  the  benzene  problem,  will  illustrate  the  way 
In  which  diagonal  matrix  components  of  energy  may  be  obtained  for  the  symmetry  orbitals; 
the  method  for  non-diagonal  components  is  very  stmilar.  We  thus  understand  the  general 
method  used  In  finding  molecular  orbitals  by  the  LCAO  method.  We  must  realize  that  In  the 
discussions  of  the  present  chapter,  we  have  described  how  to  make  linear  combinations  of  a 
very  few  sjrmmetry  orbitals,  which  may  represent  approximations  to  the  real  molecular  or- 
bitals. It  is  of  course  obvious  that  if  we  had  a complete  orthogonal  set  of  symmetry  orbitals 
to  start  with,  we  could  determine  the  molecular  orbitals  with  perfect  accuracy,  provided  we 
solved  the  secular  equation  between  all  these  symmetry  orbitals.  This  is  naturally  an  im- 
possible program  to  carry  out,  and  we  may  only  hope  that  by  using  the  very  small  number  of 
symmetry  orbitals  we  have  considered,  the  approximation  will  not  be  too  bad.  It  will  pre- 
sumably be  found  that  as  the  subject  progresses,  workers  will  find  it  advisable  to  use  a larger 
set  of  symmetry  orbitals,  and  solve  larger  secular  equations,  in  order  to  get  better  molecu- 
lar orbitals.  This  more  extended  set  of  symmetry  orbitals  may  not  necessarily  be  best  writ- 
ten as  linear  combinations  of  atomic  orbitals.  Study  of  the  corresponding  problem  ir.  solids 
shows  that  the  LCAO  method  is  very  good  for  making  symmetry  orbitals  corresponding  to  the 
actually  occupied  energy  levels,  but  that  for  higher  orbitals  it  can  be  very  poor.  We  shall 
merely  mention  this  restriction  as  a warning,  end  shall  expand  on  it  later  v.hen  we  come  to 
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consider  crystals. 

The  setting  up  of  the  secular  equation  between  the  symmetry  orbitals  is  of  course  only 
part  of  the  self-consistent  field  problem.  The  other  par  ',  is  the  determination  of  the  potential 
V from  the  self-consistent  wave  function.  If  this  wave  function  is  a single  determinant  made 
up  of  molecular  orbitals,  as  we  are  assuming  in  this  chapter,  then  we  have  the  problem  dis- 
cussed in  Chapter  1,  of  finding  a self-consistent  field.  Thu  ? we  mav  use  Eq.  (1.  21)  cf  that 
chapter  to  get  a Schrodinger  equation,  and  the  expression  for  the  effective  charge  density  of 
other  electrons  will  be  as  given  in  Eq.  (1.  19)  of  that  chapter.  The  potential,  as  computed 
from  these  equations,  is  difficult  but  not  at  all  impossible  tc  find.  It  involves  integrals  which 
amount  to  finding  the  potential,  at  an  arbitrary  point,  of  a charge  distribution  given  by  the 
product  of  atomic  orbitals,  on  the  same  or  different  atoms.  Methods  of  finding  such  poten- 
tials are  well  known.  The  molecular  orbitals  which  appear  in  (1.  19)  are  of  course  the  linear 
combinations  of  symmetry  orbitals,  which  in  turn  are  linear  combinations  of  atomic  orbitals, 
which  we  have  already  found,  but  the  expression  (1.  19)  can  then  be  broken  down  into  a sum  of 
terms  each  of  which  is  a potential  coming  from  two  atomic  orbitals,  of  the  type  just  men- 
tioned. Thus  there  is  nothing  in  principle  impossible  about  calculating  this  self-consistent 
field,  though  in  practice  it  may  be  tedious. 

When  the  calculation  has  been  carried  oui,  it  will  probably  be  expressed  in  an  un- 
wieldy form  for  analytic  calculation.  As  a general  rule,  it  will  be  desirable  to  attempt  to  fit 
it  approximately  with  a sum  of  spherically  symmetrical  potentials  located  around  the  various 
atoms,  in  the  manner  sketched  above.  In  general  it  will  not  be  possible  to  do  this  exactly, 
but  it  should  not  be  impossible  to  do  it  fairly  accurately,  and  the  difference  could  be  treated 
as  a small  correction  term.  A general  self-consistent  field  calculation  following  the  lines 
just  sketched  has  not  been  made  for  any  molecule,  but  the  writer  believes  it  to  be  practicable, 
and  probably  as  good  as  any  other  method. 

The  few  calculations  which  have  been  made  fairly  quantitatively  by  the  molecular  or- 
bital method,  however,  have  used  a closer  analogue  to  the  Hartree-Fock  equation.  This  has 
involved  using  essentially  Eq.  (l.  16)  of  Chapter  1,  rather  than  (1.  21),  obtaining  therefore  a 
different  SchrAdtnger  equation  for-  each  molecular  orbital.  The  one-electron  orbitals  appear- 
ing in  (1.  16)  are  taken  to  be  the  linear  combinations  of  symmetry  orbitals  which  we  have  al- 
ready described  as  molecular  orbitals,  and  (1.  16)  furnishes  us  with  a one-electron  Hamilton- 
ian operator,  whose  matrix  components  between  the  various  molecular  orbitals  can  be  found 
essentially  by  methods  already  described.  It  is  this  method  which  has  been  used  by  Roothaan, 
Mulligan,  Mulliken,  and  others,  in  papers  to  which  we  have  already  referred,  or  which  ap- 
pear in  the  bibliography.  This  Hartree-Fock  method  is  certainly  better  than  the  method  cf 
Eq.  (1.  21)  for  a single  determinant al  wave  function,  in  the  sense  that  it  determines  the  mo- 
lecular orbitals  in  the  most  accurate  way  possible.  On  tire  other  hand,  for  the  reasons  de- 
scribed in  Section  S,  Chapter  1,  the  writer  believes  that  the  method  discussed  in  that  section 
has  some  advantages  over  the  Hartree-Fock  method  which  make  it  desirable  for  the  general 
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determination  ol  molecular  orbitals.  The  difference  bttween  the  i\*o  methods,  however,  is 
certainly  small,  and  considering  the  many  approximations  always  made  in  such  calculations, 
it  is  probably  immaterial  which  method  is  used. 
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CHAPTER  4 

CONFIGURATION  INTERACTION  IN  MOLECULES 

The  method  of  molecular  orbitals,  as  we  have  described  it  in  the  preceding  chapter, 
lorms  a first  step  toward  a program  which  in  theory  couiu  result  in  exact  wave  functions  for 
molecules.  That  is.  wc  could  start  with  a potential  V,  as  derived  from  a seii-consisienl 
field  method,  and  a one-e.’ectr  Hamiltonian  H associated  with  it.  We  could,  in  principle, 
find  an  infinite  set  of  solutions  of  the  one-electron  problem  resulting  from  this  Hamiltonian, 
forming  a complete  orthogonal  set  of  ono-electron  functions.  We  could  pick  out  sets  of  n 
such  one-electron  functions  of  coordinates  and  spin,  where  n is  the  number  of  electrons,  in 
all  possible  ways  forming  a determlnantal  function  from  each  such  choice.  Then  we  have  a 
complete  orthogonal  set  of  determlnantal  functions,  such  that  a suitable  linear  combination  of 
them  will  represent  any  antisymmetric  function  of  electronic  coordinates  and  spins  with  any 
desired  degree  of  accuracy.  Tc  get  the  expansion  of  the  correct  wave  function  as  a sum  of 
such  determlnantal  functions,  we  find  the  matrix  components  of  the  many-electron  Hamilton- 
ian of  the  problem  between  ilicac  ieie*  n-...»,tal  functions,  and  solve  the  resulting  secular 
equation.  If  we  refer  to  each  choice  of  n one -electron  functions,  and  each  determlnantal 
funct  ion,  tis  a configuration,  this  problem  becomes  the  general  one  of  configuration  interac- 
tion, and  we  sec  that  in  principle  a complete  treatment  of  configuration  Interaction  yields  a 
complete  solution  of  the  problem. 

Of  course,  this  ideal  procedure  Is  far  beyond  our  capabilities  to  carry  out.  We  may, 
however,  build  quite  practicably  on  the  methods  which  we  have  been  describing  in  the  preced- 
ing chapter,  and  get  something  which  can  really  be  handled.  Thus  in  the  preceding  chapter 
we  showed  how  we  could  set  up  symmetry  orbitals,  as  linear  combinations  of  atomic  orbitals. 
Then  we  showed  how  to  make  linear  combinations  of  these  symmetry  orbitals,  and  to  solve 
the  secular  equation  for  the  one -electron  problem.  In  such  a way  as  to  get  those  linear  com- 
binations of  the  symmetry  orbitals  which  represented  the  molecular  orbitals  as  well  as  pos- 
sible. !*»  * hi  * w»y  we  got  In  each  case  a very  restricted  number  of  approximate  molecular 
orbitals,  and  found  how  to  get  their  one-electron  energies.  We  then  made  just  one  deter.nl- 
nantal  combination  of  these  molecular  orbitals,  using  those  of  lowest  one -electron  energies, 
and  considered  that  this  formed  an  approximation  to  the  lowest  wave  function  of  the  molecule. 
We  could,  however,  have  formed  a limited  number  of  other  determlnantal  functions  from 
these  molecular  orbitals,  by  choosing  different  configurations,  and  could  have  considered  the 
configuration  interaction  between  these.  As  we  shall  show  in  this  chapter,  in  some  cases  the 
resulting  number  of  configurations  Is  not  too  great  to  handle,  and  such  * treatment  of  con- 
figuration interaction  is  practicable  and  Informing. 

A very  important  feature  of  such  treatments  of  configuration  interaction  the  w*>v  in 
which  they  emboay  In  themselves  various  other  methods  of  approximation.  Thus  in  the  prob- 
lem of  the  hydrogen  molecule,  which  took  up  In  detail  in  Chapter  Z,  we  found  that  If  we 
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used  ;ust  two  moiecuiar  orbitals,  the  syjnmetric  and  antisymmetric  combination  of  the  aton.ic 
orbitals  on  the  two  atoms,  arid  set  up  all  the  combinations  of  determinants!  functions  result- 
ing from  them,  we  achievea  the  :-imo  results  as  if  we  had  started  with  the  He itler -London 

included  ionic  as  well  as  non-ionic  states,  and  carried  out  a secular  problem  of  in- 
teraction between  these  wave  functions.  Our  method  of  handling  configuration  interaction,  as 
we  shall  describe  it  in  tnis  chapter,  is  the  direct  extension  of  this  method  to  more  compli- 
cated molecules,  and  in  the  same  way  it  achieves  »11  that  the  Ueitler-London  method,  when 
supplemented  by  ionic  states,  can  do.  It  seems  tike  the  straightforward  way  of  extending  the 
Heltler- London  method  to  more  complicated  molecules  than  hydrogen.  We  remember  that,  in 
our  discussion  of  the  hydrogen  molecule,  we  found  that  the  single  molecular  orbital  state  did 
not  go  to  the  correct  energy  at  infinite  internuclear  distance,  though  the  Heltler -London  meth- 
od did,  and  the  solutions  found  by  configuration  interaction,  starting  with  the  molecular  or- 
bital functions,  behaved  properly  at  infinite  distance.  In  the  same  way  here  we  shall  find  that 
the  shortcomings  of  the  molecular  orbital  method  at  infinite  internuclear  distance  are  re- 
moved by  considering  configuration  Interaction. 

In  our  chapter  on  the  hydrogen  molecule,  we  followed  through  with  three  Independent 
methods  of  getting  the  solution.  First  we  considered  the  Heitler-London  method  directly, 
supplemented  by  ionic  states.  The  extension  of  this  to  more  complicated  molecules  Is  the  so- 
called  valence  bond  method.  Like  the  Heitler-London  method,  it  suffers  from  the  inconven- 
ience of  dealing  with  non-orthogonal  functions.  Nevertheless,  cs  we  have  mentioned  earlier, 
it  has  had  a good  deal  of  application,  but  in  a form  in  which  unwarranted  simplifications  were 
made.  We  shall  discuss  this  method  in  a later  section.  Secondly,  we  used  the  configuration 
interaction  method  as  applied  to  determinants!  combinations  of  molecular  orbitals.  This 
method  forms  the  main  topic  of  the  present  chapter,  and  it  seems  from  most  points  of  view 
to  be  the  most  generally  useful  way  to  attack  molecular  problems.  Tntrdly,  we  set  up  or- 
thcgonalized  atomic  orbitals,  orbitals  localized  on  the  two  atoms,  as  the  atomic  orbitals 
were,  but  orthogonal  to  each  other.  This  forms  a very  simple  example  of  a method  which 
has  certain  applications  both  in  more  complicated  molecules  and  solids.  In  solids,  as  we 
have  mentioned,  the  generalization  involves  the  Wannter  functions,  which  we  shall  come  to 
when  we  discuss  crystalline  problems.  Here  it  is  very  similar  to  the  method  v!  equivalent 
orbitals,  proposed  by  Lennard-Jones  and  others,  which  in  some  ways  13  an  outgrowth  of  the 
method  of  directed  orbitals  proposed  many  years  ago  by  the  present  writer  and  by  Pauling. 
These  methods  are  of  some  importance,  and  we  shall  take  them  up  in  a later  section,  before 
going  on  to  these  more  specialized  topics,  however,  we  shall  proceed  with  our  main  task,  the 
discussion  of  the  problem  of  configuration  interaction  by  means  of  the  molecular  orbital  meth- 
od. There  has  not  been  enough  work  done  by  this  method  for  an  extensive  historical  survey 
to  be  appropriate.  Rather,  we  shall  plunge  right  Into  the  problems,  mentioning  work  which 
iias  been  already  done  as  we  come  to  it.  As  in  the  preceding  chapter,  we  shall  give  our  dis- 
cussion largely  by  taking  up  individual  cases,  and  we  shall  find  th«i  many  os  ire  cases  handled 
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la  the  preceding  chapier  are  good  ones  for  the  present  purpose  as  well.  Before  going  on  to 
special  cases,  however,  we  shall  indicate  the  way  In  which  our  study  of  the  symmetry  proper- 
ties of  the  molecular  orbitals  car.  help  us  In  the  solution  of  the  problem  of  configuration  inter- 
action. 

1.  Symmetry  Properties  of  Wave  Function?  and  interaction 

Our  problem  in  the  present  chapter  has  a very  close  analogy  to  that  of  the  theory  of 
complex  atomic  spectra,  as  taken  up  in  Chapter  1.  There  we  started  with  atomic  orbitals  of 
special  types:  they  were  solutions  of  the  central  field  problem  in  which  the  component  of 
angular  momentum  along  a fixed  axis  was  quantized,  as  well  as  the  magnitude  of  the  angular 
momentum.  We  then  found  that  the  operators  representing  the  component  of  the  total  orbital 
angular  momentum  of  the  electrons  along  the  axis,  and  the  magnitude  of  this  total  orbital 
angular  momentum,  commuted  with  the  energy,  and  hence  these  quantities  formed  diagonal 
matrices.  We  also  found  that  the  components  of  angular  momentum  at  right  angles  to  the  axis 
commuted  with  the  energy,  but  not  with  each  other.  From  this  we  Inferred  a degeneracy  in 
the  problem.  By  diagonalizing  the  suitable  operators,  we  found  that  we  could  factor  our 
secular  equation  extensively,  so  that  the  final  problem  of  solving  it  was  not  nearly  as  difficult 
as  it  would  have  been  otherwise.  In  a similar  way  we  con'd  diagonalize  the  total  spin  angular 
momentum  and  its  component  along  the  axis.  When  this  was  all  done,  we  found  that  the  secu- 
lar equation  factored,  each  separate  problem  referring  only  to  multlplets  of  the  same  I and 
S values. 

These  results  were  based  essentially  on  the  fact  that  the  total  angular  momentum  vec- 
tors for  the  atom  satisfied  the  same  commutation  relations  as  the  corresponding  quantities 
for  a single  electron.  It  is  now  reasonable  to  ask  if  we  do  not  have  some  corresponding  sim- 
plification in  the  case  of  molecules.  The  thing  which  we  have  found  to  correspond  to  the  com- 
mutation rules  for  the  angular  momentum  of  in  mom  are  the  commutation  rules  for  the  var- 
ious symmetry  operators,  ordinarily  reflections,  rotations,  and  related  operations,  for  the 
molecules.  We  now  expect  to  find  that  the  symmetry  operations  relating  to  a whole  molecule 
obey  the  same  rules  as  the  operations  relating  to  a single  electron.  It  is  clear  from  very 
elementary  arguments  that  this  will  be  the  case.  When  we  perform  a symmetry  operation  on 
the  electrons  of  a whole  molecule,  we  of  course  perform  identical  reflections,  or  rotations, 
on  the  coordinates  of  each  electron.  These  operations  bring  each  electron  from  one  point  in 
space  to  another  point  in  which  the  potential  energy  has  an  identical  value.  But  now  we  are 
considering  the  many-electron  Hamiltonian,  which  involves  the  potential  energy  of  the  various 
electrons  In  the  field  of  the  nuclei,  and  the  coulomb  interactions  between  the  pairs  of  elec- 
trons, rather  than  the  potential  energy  of  a single  electron  in  a self-consistent  field.  The 
potential  energy  in  the  field  of  the  nuiici,  however,  will  have  the  same  symmetry  as  :he  po- 
tential energy  in  the  self-consistent  field,  so  that  the  same  symmetry  operations  will  leave 
either  of  these  potential  energ  es  unchanged.  Furthermore,  if  the  whole  electronic  system 
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Is  reflected  or  rnta'.ed  as  a rigid  whole,  by  perfo-niing  the  same  symmetry  operations  _>n  the 
coordinates  of  each  electron,  the  interelectronic  distances  will  all  remain  unchanged,  so  that 
the  total  potential  energy  will  be  unchanged.  Since  this  invariance  of  ihe  potential  energy 
under  a symmeuy  operation  was  ail  that  we  had  to  use  to  show  that  the  symmetry  operations 
commuted  with  the  Hamiltonian,  we  can  carry  through  an  identical  proof  in  this  more  general 
cast  of  the  whole  molecule. 

We  then  find  that  we  can  diagonalize  the  same  sort  of  symmetry  operations  for  the 
whole  molecule  that  we  can  for  a single  electron,  and  that  we  have  the  same  commutation 
rules  between  the  symmetry  operators  as  for  a single  electi  on,  so  that  we  v an  make  the  same 
inferences  about  degeneracy.  It  becomes  highly  desirable,  then,  to  set  up  antisymmetric 
wave  functi  >ns  which  Jiagonalize  the  same  symmetry  operators  that  are  diagonalized  for  the 
molecular  or  symmetry  orbitals.  We  shall  see,  by  study  of  the  individual  cases,  how  this 
can  be  done  In  a great  many  cases,  all  that  we  have  to  do  is  to  make  our  antisymmetric 
wave  functions  up  out  of  symmetry  orbitals:  the  corresponding  symmetry  operators  fer  the 
molecule  then  become  automatically  diagonalized.  In  some  cases,  however,  we  find  that 
there  are  additional  symmetry  operations  which  are  not  automatically  diagonalized  when  we 
make  up  our  antisymmetric  functions  in  this  way,  and  we  must  carry  out  an  additional  step 
to  diagonalize  them.  In  these  cases,  we  may  fellow  the  pattern  which  we  used  ir.  talking  about 
complex  spectra,  actually  find  the  diagonal  and  non-diagonal  matrix  components  of  these  op- 
erators between  the  antisymmetric  functions,  and  solve  the  resulting  secular  equations.  We 
shall  find  a few  examples  of  such  cases. 

Once  we  have  set  up  these  symmetrized  antisymmetric  wave  functions  (symmetrized, 
that  is,  with  respect  to  the  symmetry  operations  of  the  molecule,  antisymmetric  with  re- 
spect to  the  permutations  of  the  clccii’  on  s ),  we  need  only  find  the  matrix  components  of  en- 
ergy between  these  wave  functions,  and  solve  the  resulting  secular  equation.  Neither  of 
these  processes  Is  easy.  The  evaluation  of  the  matrix  components  of  the  energy  involves 
three-  and  four -center  integrals  between  atomic  orbitals,  assuming  as  in  the  preceding 
chapter  that  we  build  up  our  symmetry  orbitals  as  linear  combinations  of  atomic  orbitals. 
These  are  hard  enough  to  evaluate  so  that  there  are  very  few  cases  so  far  in  which  they  have 
been  computed.  There  are  ways  of  estimating  them  with  fair  accuracy,  but  there  are  im- 
provements being  made  in  the  straightforward  calculation  of  such  integrals,  and  one  can  hope 
that  in  the  future  there  will  really  be  proper  calculation  of  the  various  matrix  components. 
Then  when  these  components  have  been  found,  the  secular  equation,  even  when  we  have  fac- 
tored it  as  far  as  possible,  will  often  be  of  very  high  degree,  and  computing  machines  are 
just  beginning  to  be  able  to  handle  the  sort  of  secular  equation  which  we  meet.  The  whole 
subject  of  configuration  interaction  is  in  a stage  where  the  firsi  steps  are  being  taken,  and 
even  the  simplest  problems  seem  very  hard,  but  as  the  difficulties  are  overcome  for  these 
problems,  it  is  to  be  hoped  that  more  and  more  complicated  molecules  can  be  aU**':V-'t. 

In  the  rases  which  ,ve  shall  be  principally  discussing,  there  is  one  considerable  sit.  - 
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pliftcalion,  which  is  generally  legitimate.  We  can  illustrate  thii  simplification  if  we  assume 
that  there  are  N molecular  orbitals  which  we  are  considering,  written  as  linear  combina- 
tions of  atomic  orbitals,  and  n electrons  tn  the  molecule.  We  assume  that  the  N orbitals 
are  functions  of  spin  as  weii  as  coordinates,  so  that  each  function  of  coordinates  counts  as 
two  functions  of  spin  and  coordinates.  Then  v e can  form  configurations  from  these  N mo- 
lecular o.  blti.)  i in  N .' / (N  - n)ij  ways.  This  number  unfortunately  is  generally  very  large, 

which  Is  whot  leads  to  the  difficulty  of  the  method.  Quite  aside  from  tha‘.  however,  there  Is 
a very  Important  them  cm  relating  to  these  configurations  It  is  the  following.  If  we  form  N 
orthogonal  linear  combinations  of  the  original  N orbitals,  set  up  the  N!/  £n!  (N  - n):j  con- 
figurations formed  from  these  new  orbitals,  then  the  antisymmetric  determinants!  functions 
formed  from  these  new  orbitals  are  linear  combinations  of  those  formed  from  the  original 
orbitals.  Hence,  any  function  which  can  be  written  as  a linear  combination  of  the  first  set  of 
determinants  will  be  expressed  equally  well  as  a linear  combination  of  the  second  set,  so  tha. 
if  we  solve  our  secular  problem,  first  using  one  set  of  determinants,  then  using  the  other, 
the  final  result  will  be  the  same  tn  either  case. 

In  other  words,  If  we  have  a set  of  symmetry  orbitals,  from  which  we  could  get  mo- 
lecular orbitals  by  the  solution  of  a one-electron  secular  problem,  as  discussed  tn  the  pre- 
ceding chapter,  we  could  make  antisymmetric  functions  either  out  of  the  symmetry  orbitals, 
or  out  of  the  molecular  orbitals,  and  the  final  answer  would  be  the  same,  no  matter  which  we 
used.  Under  the  circumstances,  since  the  final  combination  of  determinants  Is  what  we  de- 
sire, it  is  generally  not  necessary  in  such  a case  to  determine  the  molecular  orbitals  at  all. 
This  then  can  be  a considerable  saving  of  effort,  so  that  although  the  method  of  configuration 
Interaction  Is  a good  deal  more  tedious  than  the  method  of  molecular  orbitals,  it  may  not  be 
quite  as  much  worse  as  one  would  suppose. 

In  many  cases,  however,  the  number  of  configurations  N!  / |n!  (N  - n).'J  which  could  be 
formed  from  all  the  symmetry  orbitals  Is  so  great  that  we  cannot  possibly  handle  all  of  them, 
and  we  omit  many  of  them  from  our  discussion.  In  such  a case,  if  v/e  ure  only  a few  of  the 
configurations,  and  hope  that  the  correct  wave  functions  -lt.  be  r.ude  up  fairly  accurately 
from  them,  then  clearly  we  cannot  use  our  theorem  to  avoid  the  requirement  of  setting  up 
molecular  orbitals.  The  extreme  case  of  this,  of  bourse,  is  the  molecular  orbit&l  metnod 
Itself,  where,  as  this  method  was  Interpreted  in  the  preceding  chapter,  we  use  only  one  de- 
terminant. Sometimes,  even  in  this  case,  however,  we  can  make  partial  use  of  the  theorem. 
Thus  some  of  the  configurations  would  arise  from  taking  electrons  from  the  inner  shells  of 
the  atoms,  and  putting  them  in  the  outer  molecular  orbitals.  Such  determtnantol  functions 
would  correspond  to  very  high  diagonal  energies,  corresponding  to  an  x-ray  excitation  and 
for  this  reason  we  may  expect  that  the*  **iii  appear  in  the  final  soluiton  with  very  small  co- 
efficients. We  shall  not  make  any  serious  error  If  we  disregard  them  entirely.  We  may  then 
Interpret  the  number  of  orbitals  N which  we  use  in  computing  the  number  of  configurations, 
and  the  number  n o?  electrons  to  he  used  tn  them,  slmplv  as  ti.-*  number  of  orbitals  and 
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electrons  outside  the  closed  shells  of  the  atoms.  For  the  electrons  in  these  closed  shells,  we 
could  use  merely  the  symmetry  orbitals.  Or  we  could  go  even  further:  on  account  of  th“  ap- 
proximate non-overlap  of  the  inner  atomic  orbitals  on  different  atoms,  we  could  use  the  ori- 
ginal atomic  orbitals  in  setting  up  our  determlnantal  functions,  and  the  results  would  still  be 
substantially  the  name  as  if  we  had  used  molecular  orbitals.  In  the  simple  cases  which  we 
shall  discuss  later  in  this  chapter,  where  we  are  dealing  mostly  with  very  light  atoms,  it  is 
generally  only  the  Is  electron  which  Is  handled  In  this  way,  but  in  some  cases  the  2s  has  also 
been  regarded  as  an  Inner  electron,  as  compared  with  2p.  This  appro vlmatlon  for  the  Is  is 
presumably  justified,  but  for  the  2s  It  Is  rather  more  questionable. 

s 

Diatomic  Molecules;  the  Oxygen  Molecule 

Rather  than  go  further  with  our  general  remarks,  let  us  now  proceed  with  special 
cases.  The  diatomic  molecule  is  of  course  the  one  about  which  most  work  has  been  done,  and 
we  start  with  it.  Here  wc  have  already  noted  that  one  of  the  symmetry  operations  works  as 
with  atoms.  That  .s,  the  total  component  of  angular  momentum  along  the  axis  of  all  electrons 
Is  constant.  From  what  we  have  seen  in  an  earlier  section,  we  see  that  the  corresponding 
symmetry  operation  Is  an  infinitesimal  rotation  about  this  axis.  Also  there  Is  another  sym- 
metry oper attorn  reflection  In  a plane  passing  through  the  axis  of  the  molecule.  And  in  the 
case  of  a symmetrical  molecule,  there  are  additional  symmetry  operations:  reflection  in  the 
plane  normal  to  the  axis  passing  through  the  center  of  tne  molecule,  and  inversion  in  this  cen- 
ter of  symmetry.  Let  us  consider  which  of  these  operations  commute:  at  the  time  when  we 
were  discussing  diatomic  molecules  In  the  preceding  chapter,  we  had  not  yet  developed  our 
concept  of  the  commutation  of  symmetry  operations,  and  hence  did  not  discuss  this  question. 

We  can  answer  our  question  very  easily  by  writing  the  operations  in  analytic  form.  If 
we  use  spherical  polar  coordinates,  with  the  axis  along  ihc  axis  of  the  line  of  the  molecule, 
and  the  origin  at  the  center  of  inversion  (if  there  Is  one),  the  infinitesimal  rotation  corre- 
sponds to  changing  the  coordinates  r,  6,  4 into  r,  0.  $ + 4 4-  Reflection  in  the  plane  4 = 0, 
which  is  typical  of  planes  passing  through  the  axis,  changes  r,  0,  4 Into  r,  0,  - 4-  Reflection 
in  the  mid-plane  changes  r,  0 $ in.o  r,  * - 0.  4-  And  inversion  changes  r,  0,  $ into  r,  w - 
o,  4 + *.  That  is.  inversion  Is  a combination  of  reflection  in  t’.ie  mid-plane,  and  rotation 
through  w.  It  is  dear  from  this  that  reflection  in  the  plane  4=0  does  not  commute  with  ro- 
tation through  44.  If  we  rotate  first,  then  reflect,  we  change  r,  e,  4 into  r,  6,  - 4 * A4. 
whereas  if  we  reflect  first,  then  rotate,  we  change  r,  0,  4 tnto  r,  0,  - 4 + 44.  There  is  one 
exceptional  case,  however:  if  the  wave  function  is  independent  of  4,  neither  of  these  opera- 
tions does  anything  to  it,  and  it  obviously  makes  no  difference  which  order  we  perform  them 
in.  A wave  function  independent  of  4 rt presents  a £ state,  and  we  see  therefore  that  for  such 
a state,  reflection  In  a plane  such  as  <•  = 0 commutes  with  the  rotation,  and  hence  can  be  si- 
multaneously diagonali/cd.  a reflection,  for  which  >w  successive  performances  of  the 

same  operation  result  in  io^ntity,  the  eigenvalues  of  the  operation  must  be  i 1.  In  other  words 
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the  wave  function  connected  with  a £ state  will  be  either  symmeLl*.  ut  antisymmetric  under 
sue  h a reflection.  At  first  sight  it  seems  paradoxical  that  wc  could  have  antisymmetry  under 
su«_h  conditions,  'out  wc  shall  shortly  find  cases  where  we  do,  and  the  implications  of  this 
type  of  operation  will  become  clearer.  A £ state  which  is  symmetric  on  reflection  is  denoted 

Z+  n- 

state,  one  which  is  antisymmetric  as  a ^ . mere  is  no  corresponding  symmetry 
for  anything  but  a JT  state. 

Just  as  the  components  of  angular  momentum  of  the  individual  electrons  along  the  axts 
are  denoted  by  the  symools  c r,  w,  6,  etc. , we  have  already  seen  that  the  corresponding  com- 
ponents of  angular  momentum  of  the  whole  molecule  are  denoted  by  X.  7T,  A,  etc.  The 
standard  notation  for  the  quantum  number  measuring  the  component  of  angular  momentum 
along  the  axis,  which  is  0 for  cr  states,  t 1 for  w's,  etc. , is  k,  though  we  have  often  denoted 
it  by  m,  and  the  corresponding  quantum  number  for  the  molecule  as  a whole  is  A.  If  we 
build  up  a determlnantal  function  from  molecular  orbitals,  we  see  at  once  that  A equals  the 
sum  of  the  X's  of  all  the  oibltals.  just  as  in  an  atomic  problem  equals  the  sum  of  the 
ni| '»  of  all  orbitals.  To  see  this  in  a straightforward  and  analytic  way,  we  note  that  one  ^f 
the  products  from  which  the  determinant  is  formed  will  contain  the  factor  e*^1^  e^^e* 
....  where  X^,  k^,  etc.,  are  the  k's  associated  with  the  various  orbitals,  and  - * - 

are  the  corresponding  coordinates.  When  we  rotate  the  whole  system  through  an  angle 
this  means  thst  +2>  . . . are  each  increased  by  this  same  angle  A+.  Thus  the  exponential 
is  multiplied  by  the  factor  + ^2  + e^A^  , where  A is  the  sum  of  the  X's.  We 

see.  in  other  words,  thst  if  we  build  up  our  determlnantal  function  out  of  molecular  orbitals, 
the  resulting  function  will  automatically  diagonalize  th»  rotation  around  the  axis.  On  the  bther 
hand,  we  verify  the  fact  that  cur  function  will  not  ordinarily  diagonclize  the  reflection  opera- 
tion. Since  this  changes  each  4 into  its  negative,  it  will  change  the  factor  e1*1  ^ e1^2^2.  . . 
into  e"**2^2  ....  which  is  certainly  nut  * constant  times  the  original  function.  On 

the  other  hand,  the  new  function  is  certainly  degenerate  with  the  original  one,  1.0  that  we  see 
that  In  complete  molecules,  as  in  molecular  orbitals,  there  will  be  degeneracy  between  the 
state  with  a given  value  of  A,  and  that  with  its  negative. 

From  this  dependence  on  angle,  we  can  now  understand  the  situation  involved  in  the 
£ and  states  better.  We  can  build  up  a £ state  out  of  orbitals  which  are  not  themselves 
<r  orbitals;  we  need  mereiy  have  the  sum  of  the  X's  equal  to  zero.  Thus  we  sec  that  in  a £ 
state,  just  as  in  others,  the  reflection  operation  can  transform  a function  with  a factor  e* 
e^2^2  . . . iiiio  one  with  a factor  e e*  l^2^. . . . Now,  however,  in  contrast  to  the 
earlier  case  where  A Is  different  from  zero,  this  new  state  does  not  correspond  to  a different 
symmetry  type  from  the  original  one;  the  ener.^y  can  have  non-diagonal  matr'jc  components 
between  the  two  states.  Since  the  two  states  are  degenerate  with  each  other,  the  result  will 
be  that  the  suitable  linear  combinations  to  use  are  the  sum  and  difference  of  these  determl- 
nantal functions.  The  sum  will  then  Involve  the  factor  cos  (k  * k,$.  . . . ).  which  is  un- 
charged  when  oil  the  t's  change  into  their  negatives,  and  the  difference  will  Involve  the  factor 
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sin  (kj*j  * ^2^2  • • • )•  whioh  is  antteymnietric  on  reflection.  The  first  combination,  in 
other  words,  corresponds  to  a JT  * state  of  the  molecule,  the  second  to  a £ state.  It  is  of 
coarse  obvicus  that  in  a determinantal  function  formed  entirely  from  u molecular  orbitals, 
where  there  is  nc  exponential  factor  expressing  dependence  on  angle,  this  degent  :y  cannot 
?rlse,  »«h  is  automatically  a state. 

In  case  the  molecule  is  symmetric  about  a mid-point,  there  will  be  the  symmetry  op- 
erations of  reflection  in  the  mid-plane,  and  inversion  changing  r,  0,  t into  r,  w - 0,  6.  or  r, 
w - 6,  4 + w respectively,  as  we  have  seen.  These  operations,  as  we  can  see  by  inspection, 
commute  with  the  rotation  through  an  angle  At.  Thus  in  such  a case  we  can  diagonalize  the 
reflection  and  the  inversion,  and  the  eigenvalues  of  these  operations  will  be  * 1.  As  in  the 
molecular  orbital,  the  usual  convention  is  to  describe  a state  which  is  symmetric  under  the 
inversion  operation  as  a g state,  one  which  is  antisymmetric  as  a u state.  It  is  now  obvious 
that  if  we  make  up  a determinantal  wave  function  out  of  molecular  orbitals  each  ol  which  is  g 
or  u in  its  symmetry,  the  determinantal  function  will  be  automatically  diagonalized  with  re- 
spect to  the  inversion.  This  inversion  will  change  the  sign  of  each  u orbital  which  appears 
in  the  determinant,  leaving  each  g orbital  unchanged,  so  that  a determinant  formed  from  an 
even  number  of  u orbitals  will  have  g symmetry,  one  formed  from  an  odd  number  will  have 
u symmetry. 

Tnis  completes  the  study  of  the  symmetry  properties  of  the  determinantal  wave  func- 
tions. There  is  still  one  aspect  of  the  problem  to  consider,  however;  the  spin.  This  was 
trivial  in  the  one-electron  problem,  but  here  we  must  consider  it.  We  can,  however,  handle 
it  entirely  independently  of  the  orbital  symmetry  properties.  Thus  let  us  consider  a given 
choice  of  n spin-orbital  one-electron  functions,  chosen  from  the  total  number  of  N such  func- 
tions. In  this  set  of  n functions,  we  shall  find  some  functions  of  coordinates  alone  which  are 
occupied  by  two  electrons,  one  of  each  spin;  some  occupied  by  one  electron.  If  there  are  N1 
occupied  by  one  electron,  we  can  imagine  other  determinants  tn  which  each  function  of  co- 
ordinates is  occupied  by  the  same  number  of  electrons  as  in  the  determinant  already  con- 
sidered, but  in  which  one  or  more  of  ihe  electrons  may  have  the  other  spin.  Clearly  there  are 

Ml  Ml 

2 such  determinants,  differing  only  in  spin.  The  problem  of  degeneracy  between  these  2 

states  is  the  ordinary  problem  of  spin  degeneracy,  which  can  be  carried  through  just  as  in  the 

atomic  case.  That  is.  we  can  set  up  the  matrix  components  of  the  quantity  S„2  ♦ S 2 + S 2 

x y z 

between  these  functions,  and  diagonalize  it,  so  as  to  get  separate  combinations  of  determi- 
nants, each  combination  corresponding  to  a definite  multiplicity.  We  know  that  the  Hemll- 
tontan  has  no  non-diagonal  matrix  components  of  energy  between  functions  of  different  mul- 
tiplicity. Thus  this  process  of  setting  up  linear  combinations  of  determinants  automatically 
factors  our  secular  equation,  allowing  us  to  trust  states  of  different  multiplicities  independ- 
ently of  each  other. 

In  such  a problem  of  spin  degeneracy,  each  determinant c'  wave  function  tt»  composed 
of  the  same  oroitais  as  far  as  the  coordinates  are  concerned,  so  that  the  combination  of 
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determinants  which  diagonalizes  the  magnitude  of  the  spin,  or  which  corresponds  to  a definite 
multiplicity,  will  also  diagonalize  the  symmetry  operations  of  rotation  and  Inverr'cn.  Thus 
w;  have  secured  as  much  factoring  of  the  secular  equation  as  possible:  wc  have  separated 
• he  states  of  each  multiplicity,  arid  of  each  type  of  symmetry  aa  far  as  the  coordinates  are 
' oncernec"  From  that  point  on.  we  must  really  solve  secular  equations  between  the  various 
spates  of  the  same  my'ttpltcity  and  symmetry. 

This  procedure  will  now  become  much  clearer  if  we  go  through  an  actual  case  in  de- 
tail. We  shall  take  the  case  of  O,,  in  which  a careful  study  of  configuration  interaction  has 

/ 1 \ 

been  made  by  Meckler. ' ' We  have  already  discussed  this  case  from  the  standpoint  of  mo- 
lecular orbital  theory,  but  now  we  wish  to  go  Into  it  a good  deal  more  thoroughly.  First  we 
remind  ourselves  of  the  symmetry  orbitals  of  this  problem,  as  taken  up  In  Section  3,  Chapter 

3.  We  have  <r  and  <r  orbitals  formed  from  the  Is  atomic  orbitals,  <r  and  cr  formed  from 
g u g u 

the  2s  atomic  orbitals,  <r  and  o“u  formed  from  the  2p's,  and  and  u formed  from  the 
2p's.  We  should  expect  the  c molecular  orbitals  to  consist  of  one  almost  exactly  formed 
from  the  Is  orbitals,  one  largely  formed  from  2s  but  partly  from  2p,  and  one  largely  from 
2p  but  somewhat  from  2s.  Meckler  disregards  this  probable  mixture,  assuming  that  one  mo- 
lecular orbital  is  identical  with  the  symmetry  orbital  formed  from  the  atomic  2s  orbitals, 
but  orthogonallzed  to  the  Is,  and  he  assumes  that  this  molecular  orbital  Is  occupied  by  elec- 
trons of  both  spins,  in  all  configurations  which  he  considers.  Similarly  he  considers  that 
there  is  one  molecular  orbital  of  mu  type  formed  entirely  from  the  2s,  and  always  occupied. 
We  are  then  left  with  the  following  molecular  orbitals  which  will  not  always  be  occupied:  the 

m and  cr  formed  from  the  atomic  2d' s,  and  the  «,  . w.  . This  gives  us  six  mole  _ or- 
g U I g I u 

bttals,  which  combined  with  the  two  spins  gives  twelve,  to  be  occupied  by  the  eight  electron!' 
which  are  not  accomodated  in  the  orbitals  formed  from  the  Is  and  2s  atomic  orbitals.  The 
number  of  configurations  to  be  considered  is  then  121/8!  4!  * 495.  It  is  obvious  that  without 
the  factoring  arising  from  symmetry  multiplicity  it  would  be  hopeless  to  solve  the  result- 
ing secular  equation. 

We  shall  not  consider  all  495  of  these  states  in  our  analysis  of  the  symmetry,  though 
the  methods  we  shall  use  are  typical  of  those  required  for  the  complete  problem.  The  ground 
state  is  known  to  be  of  the  form  ",  and  another  particularly  interesting  state  Is  the  £ +> 
which  lies  eorr.ewhct  obc’-e  it  W»  carry  through  the  complete  discussion  of  the  con-** 

figurations  entering  Into  these  two  states,  and  this  will  sufficiently  Illustrate  the  method.  As 
a first  step,  let  us  consider  what  symmetries  of  molecular  orbitals  must  enter  into  any  £ 

g 

state;  when  we  have  done  that,  we  shall  next  consider  the  multiplicity  problem.  For  a £ 
state,  the  sum  of  the  X values  of  the  various  molecular  orbitalc  must  ’ze  zero.  For  a g state, 
we  must  have  an  even  number  of  u orbitsls,  and  hence  an  even  number  of  g's.  A little  re- 
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nection  will  yhow  us  that  this  can  be  achieved  only  in  the  twelve  ways  listed  in  Table  VI!?. 


Table  VIII 

Number  of  Electrons  Occupying  Each  Molecular  Orbital  in  O. 


Number 
of  State 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 
11 
12 


2 

2 


1 

1 

2 

2 

1 

1 

2 


-g 

2 

2 


2 

1 

1 

2 

2 

1 

2 

1 


+u 

2 


2 

2 

2 

1 

1 

1 

2 

1 


-u 


2 

2 

2 

2 

1 
1 
) 

2 


2 

2 

2 

2 

2 


2 

2 

1 

1 


Here  we  give  the  number  of  electrons  occupying  each  of  the  molecular  orbitals,  in  each  of  the 
twelve  assignments  of  electrons  to  orbitals.  We  readily  verify  that  each  of  these  assignments 
satisfies  our  two  conditions:  the  sum  of  the  k values  is  zero,  or  there  are  equal  numbers  of 
electrons  tc  ♦ or  - states:  and  there  are  an  even  number  of  electrons  in  u states. 

Now  we  must  see  how  the  spin  degeneracy  affects  the  problem.  First,  as  a matter  of 
curiosity,  let  us  see  how  many  of  our  495  determlnantal  functions  are  included  among  those 
of  Table  VIQ.  In  the  states  numbered  1 to  5 in  Table  VIII,  there  rre  no  orbitals  with  only  one 
electron,  and  hence  no  spin  degeneracy;  each  of  these  le»n«  orly  to  a singlet.  In  the  states 
numbered  6 through  9,  there  are  two  orbitals  each  containing  one  electron,  so  that  each  leads 
to  22  = 4 determinants,  giving  of  course  a singlet  and  triplet.  The  states  numbered  10 

4 

through  12  have  four  orbitals  each  containing  one  electron,  so  that  each  leads  to  2 =16  de- 

terminants, which  by  the  usual  vector  model  for  a four-electron  problem  result  in  a quintet, 
three  triplets,  and  two  singlets.  Thu3  our  table  includes  5 + 16  ♦ 48  = 69  of  the  495  de- 
terminants of  the  problem,  and  will  lead  to  .5  singlets,  13  triplets,  and  i quintets.  We  must 
next  exar'lne  in  detail  the  nature  of  the  singlets  and  triplets,  which  alone  wc  shall  consider, 
and  find  which  ones  of  these  have  the  symmetries  +,  , which  are  the  only  ones  we  are 

working  out.  This  demands  that  we  examine  the  wave  functions  in  detail,  to  see  \chi<  h in-s 
are  and  which  ones  are  £ , since  this  is  the  only  remaining  distinction  which  . on  lici|> 
in  factoring  the  secular  equation 

When  we  reflect  In  the  plane  <$>=  0,  the  symmetry  operation  involved  ir.  the  distinc  tion 
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between  and  £ * a function  changes' into  w_,  and  vice  versa.  Let  us  consider  what 
♦Ns  does  to  a single1  state  like  that  represented  by  the  determinant  formed  from  state  1 of 
^ able  VIII.  The  original  determinant  has  as  the  dements  of  Its  first  row  the  quantities 

w+g(iMi)»+g(i)P(i)*.R(i)«(i)».g(i)P(i)  • • • 

The  effect  of  changing  r+  into  i , and  vice  versa,  is  to  Interchange  columns  In  this  determi- 
nant. For  Instance,  It  will  interchange  the  first  and  third  columns,  and  the  second  and  fourth, 
if  they  are  arranged  as  shown,  with  corresponding  Interchanges  among  the  columns  contain- 
ing the  ttu's.  Clearly  this  will  require  an  even  number  of  Interchanges.  But  a determinant  Is 
not  affected  by  an  even  number  of  Interchanges  of  its  rows  or  columns,  and  hence  tnc  wave 
function  Is  unchanged  by  reflection  In  the  plane  $ * C,  so  ihai  >'.he  state  1 of  Table  VL1  repre- 

1 r->  A 

sent  a a 2,  state.  The  same  thing  is  true  of  states  2 and  3 in  Table  VIU. 

The  situation  is  quite  different,  however,  for  states  4 and  5 of  Table  VIII.  It  is  clear 
that  If  ir^'s  change  into  «_'s  and  vice  versa,  the  state  4 will  be  transformed  into  S,  and  5 into 
4.  In  other  words,  these  determlnantal  functions  as  they  stand  are  not  eigenfunctions  of  this 
reflection.  They  are,  however,  obviously  degenerate  with  each  other,  and  wc  should  expect 
that  the  proper  linear  combinations  of  them  to  diagonalize  the  reflection  would  be  their  sum 
and  difference.  We  could  check  this,  if  we  desired,  hy  finding  the  non -diagonal  matrix  com- 
ponent of  the  reflection  operator  between  them,  which  would  clearly  be  unity,  since  this  op- 
erator operating  on  function  4 leads  to  S,  and  operating  on  b leads  to  4.  A secular  equation 
diagonalizing  an  operator  which  has  no  diagonal  matrix  components,  but  non-diagonal  matrix 
components  of  unity,  will  always  lead  to  the  sum  and  difference  of  the  original  functions  as  the 
new  eigenfunctions,  and  the  eigenvalues  will  be  plus  and  minus  the  non-diagonal  matrix  com- 
ponents. In  other  words,  of  the  two  resulting  eigenfunctions,  the  sum  and  difference  of  4 and 
5 (properly  normalized),  one  will  have  an  eigenvalue  of  unity  under  the  reflection  operation, 
and  will  hence  correspond  tc  a *Zg>  the  other  will  have  an  eigenvalue  of  - 1,  and  will 

hence  be  a ~.  From  the  two  determlnantal  functions  4 and  5,  then,  we  get  only  one 
state. 

Next  let  us  consider  the  determlnantal  functions  formed  from  state  6 of  Table  VIII. 
There  will  be.  as  we  remember,  four  such  determinants,  representing  a singlet  and  a triplet. 
From  what  we  have  just  seen,  the  orbitals  w+u  and  w_u,  each  occupted  by  two  electrons,  will 
not  lead  io  any  change  In  the  determinant  when  we  perform  the  reflection,  so  that  the  only  or- 
bitals we  have  to  consider  are  the  w+^  and  w each  occupied  by  one  electron  only,  and  the 
problem  Is  just  like  a two-electron  one  as  far  as  the  symmetry  is  concerned.  When  we  per- 
form the  dlagonallzallon  of  spin,  we  know  that  the  orbital  part  of  the  wave  function  associated 
with  the  triplet  state  will  be  of  the  form  w+^(l)  w_gU;  - »_gw  *+g(2),  ^hich  clearly  trans- 
forms into  Its  negative  If  w and  w_  are  Interchanged.  Thus  this  state  is  a t*ie  tyP*  we 

-re  considering.  On  the  ether  hand,  for  the  singlet  state,  the  orbital  part  of  the  wave  function 
will  ha the  form  w+g(l}  ».g(2’  r «_g(M  »+g,.':-i.  which  transforms  into  itself,  leading  to  a 
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again  of  the  type  we  are  considering.  The  same  situation  holds  for  the  singlets  and 
triplets  formed  from  states  7,  8,  and  9 of  Table  VIII. 

The  determinants  formed  from  state  10  of  Table  VIII  are  a good  deal  more  compli- 
cated. 't'hey  lead,  as  v/e  have  mentioned,  to  a quintet,  three  triplets,  and  two  singlets,  and 
we  must  examine  the  actual  form  of  their  wave  functions  before  we  can  state  their  symmetry 
properties  with  respect  to  the  reflection.  This  demands  knowing  the  wave  functions  of  the 
various  multiple*.!  arising  in  the  problem  of  spin  degeneracy  of  four  non- equivalent  electrons. 
We  have  solved  the  similar  but  somewhat  simpler  problem  of  three  electrons  in  Eqs.  (1.  10) 

--  (1.  12)  of  Chapter  1.  The  same  methods  serve  easily  to  solve  the  problem  or  four  elec- 
trons, and  we  shall  merely  state  the  results.  We  start  with  four  non -equivalent  orbitals  a, 
b,  c,  and  d,  with  one  electron,  of  either  spin,  in  each,  and  solve  the  problem  of  degeneracy 
between  the  lb  determinants  arising  from  the  various  possible  assignments  of  spin.  We  write 
the  resulting  wave  functions  in  the  following  way.  First,  we  know  that  each  of  the  resulting 
multtplets  will  have  a component  connected  with  Mg  * 0,  so  that  we  can  get  complete  infor- 
mation about  the  properties  of  the  wave  functions  by  considering  only  this  pr  oblem,  with  its 
six  determinants  out  of  the  total  of  sixteen.  Let  ua  denote  these  determinants  according  to 
the  listing  of  Table  IX.  Then  we  can  represent  any  one  of  the  resulting  functions  as  linear 


Table  IX 


States  of  Mg  ■ 0,  Spin  Degeneracy  of  Four  Electrons 
Number 

of  State  abed 


1 

2 

3 

4 

5 

6 


+ + 
+ 

+ 

+ 

+ 


+ 


♦ 


+ 


+ 

+ 

+ 


combinations  cf  the  states  1 --  6,  with  coefficients  Tj,  T2,  . . Tfc. 

We  then  find  that  the  wave  function  of  the  quintet  ts  represented  by  the  combination 
Tj  <*  T2  ■ Tj  «=  T^  » Tj  » T^.  For  the  three  triplets,  the  following  equations  must  be 
satisfied:  Tj  t T^  * 0,  T2  + Tg  = 0,  T3  + T^  = 0.  In  other  words,  we  can  set  up  the  three 
combinations  1-6,  2-5,  and  3-4,  of  the  functions  1 --  6,  and  the  triplet  functions  must 
be  linear  combinations  of  these  three  functions.  On  account  of  the  three -fold  degeneracy,  we 
can  determine  the  correct  combinations  only  by  solving  a secular  equation  for  the  energy. 

For  the  t^c  singiets,  wc  must  have  four  equations  satisfied:  Tj  = T^,  T2  r Tj,  Tj  = T4# 
t + Tj  = 0.  That  la,  we  can  set  up  the  three  combinations  1 + 6,  2 + 5,  3 + 4, 
any  twr  linear  combinations  of  these  which  ere  orthogonal  to  the  quintet  function,  which  is 
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sura  of  the  three,  can  be  t.iken  as  singlet  functions.  Here  again  the  secular  equation  for  the 
energy  must  be  solved  to  get  the  correct  combinations. 

It  Is  now  clear  that  to  study  the  symmetry  properties  of  our  functions  formed  from 
«tate  10  of  Table  VIII,  wc  must  first  identify  t'  e functions  a,  b,  c,  d of  Table  IX  with  the 
functions  w+g,  tr w+u>  w_u  of  Table  VIII,  and  then  must  consider  the  symmetry  of  such 
combinations  as  1 i 6,  2 t 5,  and  3*4,  of  the  functions  of  Tabic  IX.  The  function  1 has  a 
determinant  whose  first  row  contains  the  terras  »+g(l)a(l)  w_g(l)a(l)  *+u(l)P(l)  w_u(  1 ) p(  1 ). 
When  we  reflect  in  the  plane  + = 0.  ihe  first  two  columns  change  place,  the  third  and  fourth 
columns  change  place,  and  the  determinant  as  a whole  Is  unchanged.  The  same  thing  Is  true 
of  the  function  6.  In  other  words,  both  combinations  1*6  are  of  the  type  £ . 

The  situation  Is  quite  different  with  the  combinations  2*5.  The  first  row  of  the  de- 
terminant representing  function  2 of  Table  IX  is  w+g(l)a(l)  »_g(l)P(l)  w+u(l)<*(l)  w_u(l)P(l)> 
and  for  function  5 we  have  the  same  thing  with  a and  p Interchanged.  When  we  reflect  In  the 
plane  ♦ « 0,  function  2 changes  Into  5,  and  vice  versa.  Thus  the  sum  2 + 5 changes  Into  it- 
self, but  the  difference  2-5  changes  Into  5-2,  or  Into  its  negative.  The  same  situation 

holds  with  the  combinations  3 t 4.  Putting  this  Information  together,  then,  we  see  that  the 

3 t 

function  1 - 6 represents  the  only  ) which  we  have  from  our  state  10  of  Table  VIII.  The 


two  combinations 


1 - 6 represents  the  only  which  we  have  from  our  state 
) Inst  Ions  of  the  quantities  2-5  and  3-4  represent  two  3T  1' 


represent  two  J£g's.  And  the  two  com" 


btnatlons  of  the  three  quantities  1 + 6,  2 + 5,  and  3 + 4 which  represent  singlets  are  both  of 
the  *£*  type.  From  state  10  of  Table  VIII,  then,  we  have  two  3]T  ~'s,  81x1  two  10  *dd 

to  the  list  of  those  which  we  are  Interested  In. 

Now  let  us  consider  the  states  11  and  12  of  Table  VIII.  As  we  examine  their  nature, 
we  see  that  reflection  In  the  plane  ♦ «=  0 will  transform  one  into  the  other.  That  la,  we  can 
set  up  the  one  quintet,  three  triplets,  and  two  singlets  arising  from  11,  and  the  similar  mul- 
tiplets  arising  from  12,  and  reflection  In  the  plane  ♦ ■ 0 will  transform  each  function  of  type 
1 1 to  the  corresponding  one  of  type  12.  We  then  have  a problem  of  degeneracy,  just  as  we  did 
with  the  states  4 and  5 of  Table  'in.  We  shall  have  to  take  sums  and  differences  of  the  vari- 
ous states  formed  from  1 1 and  12  of  Table  VIU,  and  In  each  case  the  sum  will  lead  to  a 
function,  the  difference  to  £ . Thus  from  the  states  11  and  12  of  Table  IX,  we  shall  find 
three  3£g  states,  and  two  states,  In  addition  to  other  states  whose  symmetry  wt  are 
not  considering. 

Wa  can  now  survey  the  whole  situation,  and  see  how  many  states  ci  the  desired  sym- 
metry we  have  in  all.  Of  the  3£  ” states,  we  have  one  each  from  states  6,  7,  8,  and  9 of 
Table  VIII,  two  from  siaie  i0,  and  three  from  the  combination  of  states  11  and  12,  or  nine  In 
all.  Of  the  1 £g;*.  wc  nave  one  each  from,  states  !,  I,  zr.d  3 cf  Table  VIU,  one  from  the  com- 
bination of  4 and  5,  one  each  from  6,  7,  8,  and  9,  two  from  10,  and  two  from  the  combination 
of  11  and  12,  or  twelve  in  all.  Thus  we  must  solve  a secular  equation  of  nine  rows  and  cnl- 
umns  for  the  £ ^ states,  and  one  of  twelve  rows  and  columns  for  the  states.  Meckler, 

li  # 

In  the  reference  cited  earlier,  has  set  up  the  appropriate  functions  In  the  manner  we  have 
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been  describing,  has  found  the  matrix  components  of  energy  between  them,  and  has  solved 
these  secular  equations  for  a number  of  internuciear  distances,  obtaining  the  various  energy 
levels,  and  the  wave  functions  of  the  states  of  the  desired  symmetry  as  linear  combinations  of 
the  unperturbed  wave  functions. 

Let  us  now  consider  some  properties  of  the  solutions,  as  Meckler  has  found  them.  In 
the  first  place,  the  electronic  configuration  which  we  arrived  at  from  the  molecular  orbital 
theory  in  the  preceding  chapter,  as  representing  the  ground  state  of  the  molecule,  is  that 
labelled  6 in  Table  Vlll.  This  leads  to  t ^ and  a state,  as  we  have  already  seen,  and 
tbs  triplet  must  lie  lower.  The  reason  why  Meckler  chose  these  two  symmetry  types  to  in- 
vestigate is  obvious  from  this:  he  warned  to  see  how  much  the  predictions  of  the  simple  mo- 
lecular orbital  theory  arc  affected  by  configuration  interaction.  It  is  clear  that  in  this  prob- 
lem, which  does  not  have  a singlet  arising  trom  a closed  shell  for  its  ground  state,  even  the 
simplest  molecular  orbital  theory  must  taxe  into  account  some  interaction  of  determinants, 
enough  to  build  up  the  proper  type  of  function  out  of  configuration  6 of  Table  VIH  to  represent 
the  proper  multiplicity.  As  in  the  hydrogen  molecule,  the  molecular  orbital  state  by  Itself 
forms  a moderately  good  representation  df  the  correct  ground  state  at  the  observed  internu- 
ciear distance,  but  is  entirely  wrong  at  infinite  distance.  This  can  be  seen  in  several  ways 
from  the  results  of  Meckler.  In  the  first  place,  as  far  as  the  energy  is  concerned,  the  ground 
state  which  he  finds,  the  lowest  £.g  slate,  agrees  wry  well  with  observation,  having  its 
minimum  at  just  about  the  right  internuciear  distance,  and  giving  a dissociation  energy,  and 
a vibration  frequency  around  the  minimum,  in  good  agreement  with  experiment.  On  the  other 
hand,  the  diagonal  energy  of  the  molecular  orbital  state  corresponds  to  only  about  a half  of  the 
correct  binding  energy,  and  goes  to  a very  much  too  high  value  at  infinite  separation.  This 
situation  is  something  like  that  shown  in  Fig.  2,  Chapter  2,  where  H,  , represents  the  diagonal 
energy  of  the  molecular  orbital  state,  j the  energy  of  the  ground  state;  only  for  oxygen 
the  discrepancy  between  the  two  energies  is  a good  deal  greater  than  In  hydrogen. 

Another  way  to  see  to  what  extent  the  molecular  orbital  6tate  represents  the  correct 
ground  state  Is  to  flnd.the  coefficient  by  which  this  molecular  orbital  function  is  multiplied, 
when  we  expand  the  correct  ground  state  as  s linear  combination  of  the  nine  states.  This 
coefficient,  as  a function  of  internuciear  distance,  is  given  in  Table  X.  The  correct  inter- 
nuciear distance  Is  about  2.  28  atomic  units,  and  we  see  that  there  the  coefficient  of  the  mo- 
lecular orbital  function  is  something  like  . 97,  its  square  being  . 94,  so  that  the  squares  of  the 
coefficients  multiplying  all  other  functions  can  only  be  about  0.  06.  Here,  in  other  words,  the 
molecular  orbital  function  is  rather  good,  though  Ihe  admixture  of  other  functions  is  very 
necessary  to  get  a good  value  for  the  energy.  But  as  the  distance  increases,  there  is  a very 
rapid  change  In  the  coefficient,  over  to  the  value  0.  3536  » (8)"  which  it  has  at  infir.'ty. 

In  other  words,  at  infinite  separation  the  molecular  orbital  state  by  itself  is  no  approximation 
at  all  to  the  ground  state. 

This  situation  la  similar  In  principle  to  what  we  found  with  hydrogen,  wLere  at 
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fable  X 

Coefficient  Multiplying  Molecular  Orbital  A'ave  Function  in 
Expansion  of  Correct  Ground  State 

Internuclear 


stance 

Coefficient 

1.5  t.  u. 

0.  9957 

2.  0 

0.9848 

2.  5 

0.  9668 

4.0 

0.4361 

6.0 

0. 3538 

9.0 

0. 3536 

•0 

0. 3536 

separation  there  were  two  states  making  up  the  ground  state,  with  equal  coefficients:  the  mo- 
lecular orbital  state,  in  which  b«th  electrons  were  in  the  symmetric  orbital  a ♦ b,  and  that  in 
which  both  electrons  were  In  the  antisymmetric ‘orbital  a - b.  Here,  however,  the  situation 
is  much  more  complicated,  and  we  shall  not  go  through  the  details  of  showing  the  connection 
between  the  molecular  orbital  state  and  the  atomic  multlplets,  Meckler  shows  that  at  infinite 
distance  the  ground  state  la  a combination  of  states  6,  7,  8,  and  9,  of  Table  VIII.  all  with  co- 
efficients t (8)  and  of  two  of  ♦he  three  triplets  forced  from  states  11  and  12,  with  coef- 

ficients t 1/2.  The  reason  for  the  complication  is  the  fact  that  the  ground  state  of  the  atom  of 
oxygen  is  a 3P,  but  the  same  configurations  also  lead  to  a lD  and  1S.  All  the  combinations  of 
these  multlplets  for  the  two  atoms  must  be  reproduced  in  the  various  states  arising  at  infinite 
separation  from  our  495  determinantal  functions.  The  ground  state  of  the  molecule  must  go 
into  the  3P  state*  of  the  separated  atoms,  in  which  the  S vectors  can  combine  to  give  a singlet, 
triplet,  and  quintet,  ,«nd  the  L vectors  to  give  A values  of  2,  1,  0,  - l,  - 2,  or  to  £,  77. 
and  a states.  The  problem  of  analyzing  all  these  states  at  infinite  separation  is  considerable 
bui  we  tind  that  both  a 3Y*  and  a 1 Y+  state  should  arise  from  this  lowest  combination  of  mul- 
iiulets,  and  these  are  the  lowest  of  the  states  of  the  molecule,  as  found  by  solving  the  nine- 
fold and  twelve -fold  secular  equations. 

With  a molecule  of  this  sort,  in  other  words,  the  states  which  must  be  considered  at 
Infinite  separation,  in  our  study  of  configuration  interaction,  include  not  only  unionized  and 
ionized  states,  as  with  hydrogen,  but  inside  each  of  these  categories  they  include  many  dif- 
ferent combinations  of  atomic  multlplets.  And  a correct  treetment  of  configuration  interaction, 
such  as  Meckler  has  carried  out,  given  each  state  of  the  molecule  going  at  infinite  separation 
to  one  of  these  states  of  the  combined  atoms.  It  is  no  wonder  that  the  prooiem  is  much  more 
complicated  than  with  hydrogen.  There  is  one  very  interesting  result  of  this  situation,  which 
is  found  in  Meckler's  results.  His  energy  level  for  the  ground  state,  as  a function  of  inter- 
nuclear  separ  ation,  "ises  trr>rr'  itn  minimum  with  tncreasir-  : '♦•••rve’ear  distance,  to  a maxi  - 
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mum,  which  it  reaches  at  about  4 atomic  units,  and  then  falls  again  to  the  value  at  Infinite 
distance.  The  reason  seems  to  be  the  following.  The  energy  of  the  ground  state  appears  to 
be  rising,  at  distances  less  than  4 units,  as  if  It  were  heading  at  Infinite  separation  for  an 
energy  somewhere  midway  In  the  group  of  c-nerev  levels  which  would  be  formed  from  a com- 
bination of  the  various  multlplets  of  the  two  oxygen  atoms.  It  persists  in  this  direction  until 
It  has  risen  decidedly  above  the  ground  state  at  infinite  separation.  Only  then  does  the  wave 
function  begin  to  adjust  itself  to  the  correct  linear  combination  of  determinants  to  form  the 
ground  state  at  Infinity.  It  appears  that  the  correct  linear  combinations  of  determinant*! 
functions  to  result  in  the  atomic  multlplets  are  of  completely  different  type  from  the  combina- 
tions resulting  in  the  molecular  energy  levels,  and  that  there  Is  a rather  sudden  shift  Lorn 
one  type  of  combination  to  tho  other  type,  at  around  this  distance  of  4 atomic  units.  Going  to 
smaller  distances,  the  levels  spread  out  or.  account  of  the  interaction  of  molecular  type,  while 
at  larger  distance  they  spread  on  account  of  the  atomic  type  of  Interaction,  with  some  con- 
traction of  the  set  of  level:  at  this  distance. 

This  behavior  Is  shown  in  Fig.  6.  In  which  the  energy  of  all  but  the  highest  of  the  nine 


Energy  levels  of  3£”  states  of  oxygen,  as  function  of  internuclear 

• + + 

distance,  according  to  Meckler.  Highest  level,  which  goes  to  O 

O 3Fla  at  infinity,  lies  above  the  top  of  the  figure.  Dotted  curve 

show*  diagonal  energy  of  molecular  orbital  state. 

~ states  Is  shown  as  a function  of  internucleai  separation.  We  see  the  distinct  contraction 
of  the  group  of  states  around  the  Internuclear  distance  4.  We  also  see  clearly  the  group  of 
foui  lewis  going  to  states  formed  from  the  multlplets  of  two  nei»»ral  oxygen  atoms,  lying  low- 
set  at  infinity:  then  four  more  states  going  to  a combination  of  a positive  and  a negative  ion. 
The  remaining  state  goes  to  a combination  of  a doubly  charged  positive  end  negative  ion  at 
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Infinity,  and  lies  far  above  the  other  levels  shown.  The  dotted  line  in  the  figure  indicates  the 
molecular  orbital  state,  which  as  we  can  see  is  heading  approx  matcly  midway  in  the  group  of 
configurations  formed  from  O*  and  O , as  we  should  expect  from  the  known  partially  ionic 
character  ot  molecular  orbital  states  at  infinite  separanon. 

The  energies  of  the  1 £ * states  form  a diagram  similar  to  that  of  Fig.  6j  >.t  would 
complicate  the  figure  too  much  to  try  to  plot  both  sets  on  the  sa.—  c figure.  Tne  lowest  state 
of  this  group  goes  to  the  same  energy  at  infinity  as  the  lowest  srate  of  Fig.  6,  but  lies  some- 
what above  it  at  the  internuclear  distance  corresponding  to  the  minimum.  This  lowest  singlet 
state  also  has  a minimum,  at  about  the  same  internuclear  distance  as  the  lowest  triplet,  and 
it  has  a practically  identical  hump  in  the  curve,  the  two  states  almost  exactly  coinciding  in 
energy  for  distances  greater  than  4 atcuiic  units.  In  other  words,  the  exchange  interaction 
which  causes  the  splitting  between  singlet  and  triplet  diminishes  very  rapidly  as  the  Internu- 
clear distance  increases.  This  fact  will  prove  to  be  of  interest  to  us  in  war  later  discussions, 
where  we  take  up  the  problem  of  ferromagnetism.  The  oxygen  molecule,  which  of  course  is 
paramagnetic  on  account  of  its  triplet  ground  state,  is  one  of  the  simplest  examples  of  a mag- 
netic substance,  and  its  singlet-triplet  separation  is  probably  similar  in  its  general  features  # 
to  the  energy  separations  between  magnetic  and  non-magnetlc  states  which  we  find  in  the 
theory  of  ferromagnetism. 

The  case  of  oxygen,  which  we  have  used  to  illustr  ate  the  configuration  interaction  in 
diatomic  molecules,  is  particularly  complicated.  To  show  that  all  cases  are  not  so  difficult, 
we  shall  finish  our  discussion  of  diatomic  molecules  by  taking  the  much  simpler  case  of  fluo- 
rine. which  is  simpler  because  it  has  a single  bond,  rather  than  the  double  bond  of  oxygen. 
This  case  has  not  been  worked  out  In  detail,  but  we  can  predict  easily  how  it  would  go.  We 
now  have  ten  electrons  in  the  states  shown  in  Table  VIII,  rsiher  than  the  eight  in  oxygen,  and 
again  we  presume  that  the  ground  state  will  be  a state,  in  this  case  1 £ ^ since  this  is  the 
symmetry  type  of  the  molecu'.ar  orbital  solution.  We  show  in  Table  XI  the  various  states 


Table  XI 


Number  of  Electrons  Occupying  Each  Molecular  Orbital  in  F2 


Number 
of  State 

’♦g 

w+u 

” -u 

°g 

t, 

rr 

~ u 

i 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

2 

3 

2 

2 

2 

2 

) 

1 

4 

1 

1 

2 

2 

2 

2 

5 

2 

2 

1 

1 

2 

2 
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1 

2 

2 

1 

2 

2 

7 

2 

1 

} 

2 

2 

i 

-140- 


3*  THt  rv' i ijR  MCi^CCULE 


which  could  contribute  to  £ states  of  the  molecule;  the  problem  Is  now  simple  enough  so  that 
wc  have  given  these  contributing  to  V i as  well  us  £ 's  C«>r  state  1 is  the  molecular  or- 
bital  state,  and  Is  o 1 2^  type.  State  2 is  of  the  same  type,  and  the  interaction  between 

these  two  states  is  just  like  that  between  the  two  molecular  orbital  states  in  hydrogen,  leading 
to  the  two  *X  g states  in  that  molecule.  State  3 leads  to  *£*  and  »»  similar  to  the 

corresponding  configurations  in  hydrogen.  Here,  however,  we  have  other  configurations  of 
the  same  symmetry,  arising  from  the  excitation  of  w electrons.  Thus  states  4 and  5 each 
lead  to  a ’Xg  3 X g'  tr*  close  analogy  to  states  6,  7,  8,  and  9 of  oxygen,  as  given  in  Table 

VIII.  Finally  states  6 and  7 of  Table  XI  show  the  same  sort  of  degeneracy  as  11  and  12  of 
Table  VIII.  Neither  one  is  an  eigenfunction  of  the  operation  of  reflecting  In  the  plane  <>  » 0, 
so  that  we  must  take  sums  and  differences.  When  we  do  this,  wefind1X+»  1 X,^.  3X»>  3X»* 
Thus  the  r.et  result  is  that  we  have  four  states  £ , two  Xg*  tvro  Xu*  one  Xu*  two  Xu* 
and  one  3£  The  secular  equation,  in  other  words,  is  factored  so  that  no  resulting  secular 
equation  will  have  more  than  four  rows  and  columns,  and  the  problem  should  he  an  easy  one 
to  carry  through.  The  ground  state  should  come  as  the  lowest  root  of  the  four  -by  -four  secu- 
lar equation.  It  would  be  very  interesting  to  see  how  this  case  would  work  out,  as  represent- 
ing a straightforward  single  covalent  bond,  in  a case  more  complicated  than  the  hvdrosen- 
hydrogen  bond  which  we  meet  in 

3.  The  Water  Molecule 

Next  we  consider  the  water  molecule,  for  which  the  molecular  orbitals  have  already 
been  discussed  in  Chapter  3,  Section  4.  We  remember  that  we  chose  the  plane  of  the  mole- 
cule ns  the  yz  plane,  the  z axis  being  the  bisector  of  the  angle  between  the  OH  bonds.  We 
found  that  there  were  two  symmetry  operations,  reflection  in  the  yz  plane  and  in  the  xz  plane, 
which  commuted  with  each  other,  so  that  all  wave  function-  ere  either  symmetric  or  antisym- 
metric o.t  reflection  in  the  yz  plane,  and  similarly  all  are  symmetric  or  antisymmetric  on 
reflection  in  the  xz  plane.  The  molecular  orbitals  which  were  symmetr  ic  on  reflection  In  the 
yz  plane,  or  the  plarte  of  the  molecule,  were  called  a orbitals,  those  which  were  antisym- 
metric were  * orbitals.  Among  the  tr  orbitals,  there  are  two  symmetry  types,  those  sym- 
metric or  antisymmetric  respectively  on  reflection  In  the  xz  plane.  Those  which  are  sym- 
metric are  formed  fron  the  carbon  Is,  2s.  and  2p_  orbitals,  and  from  the  sum  of  the  two 
hydrogen  Is  orbitals.  There  are  thus  four  such  molecular  orbitals,  of  which  the  one  with 
lowest  energy  is  much  like  the  carbon  is,  the  next  lowest  rather  like  the  2s  bnt  with  mixtu-es 
of  the  2pz  and  hydrogen  orbitals,  and  the  two  of  higher  energy  are  largely  made  up  of  the  2px 
and  the  hydrogen  orbitals,  though  with  some  mixture  of  the  2s.  Of  these  last  two,  the  highest, 
which  Is  antibonding,  has  a node  between  the  carbon  and  the  hydrogens,  while  the  lower, 
which  is  bonding,  does  not.  In  the  determinants!  function  formed  from  the  lowest  molecular 
orbitals,  we  have  six  electrons  occupying  orbitals  of  thts  type  of  symmetry,  filling  all  but  ihe 
highest  smut/ ending  orbitals.  In  the  excited  configurations  which  w.  shall  consider  :r.  tmo 
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section,  we  shall  assume  that  the  two  lower  orbitals  are  occupied  by  two  electrons  eccn.  at 
all  times,  but  that  the  two  upper  orbitals  can  have  varying  number  of  electrons  in  them. 

Calculations  of  configuration  interaction  in  water  are  being  made  by  G.  F.  Koster  and 
H.  C.  iJchweinlrr.^  They  are  making  the  assumptions  just  mentioned,  plus  a further  sim- 
plification: they  are  assuming  that  the  lowest  molecular  orbital  is  identical  with  the  carbon 
Is  orbital  (which  is  probably  justified),  and  furthermore  that  the  next  molecular  orbital  is 
Identical  with  the  carbon  2s,  plus  enough  of  the  !s  to  make  them  orthogonal  This  latter  as- 
sumption is  probably  not  very  well  justified,  limiting  the  accuracy  of  Koster  and  Schwelnler's 
results.  They  would  have  had  no  more  configurations  if  they  had  first  determined  the  actual 
molecular  orbitals;  but  this  would  have  meant  a good  deal  more  work.  A still  furth.r,  and 
In  this  case  quite  large,  increase  in  labor  would  have  resulted  if  they  had  assumed  that  the 
2s-llke  molecular  orbital  was  not  always  fully  occupied  with  two  electrons;  in  this  case  they 
would  have  had  many  more  configurations  to  handle. 

Among  the  or  orbitals  antisymmetric  in  the  xz  plane,  we  have  just  two,  linear  com- 
binations of  the  carbon  2p.  and  the  difference  of  the  two  hydrogen  Is  orbitals.  The  orbital 
with  lower  energy  is  bonding,  and  is  occupied  by  two  electrons  in  the  molecular  orbital  ground 
state.  The  higher  one  is  antlboodlng.  In  our  configuration  interaction,  we  allow  any  number 
of  electrons,  subject  only  to  the  exclusion  principle,  in  these  two  orbitals.  Finally  there  is 
the  single  « orbital,  identical  with  the  carbon  2px>  and  occupied  by  two  electrons  in  the  mo- 
lecular orbital  ground  state;  in  our  configuration  interaction  problem  we  allow  any  number  of 
electrons  in  it. 

Our  problem  now  is  to  count  the  number  of  Interacting  configurations  which  will  lead 
to  the  ground  state  of  the  water  molecule.  Wo  are  assuming  that  four  of  the  ten  electrons  are 
permanently  located  In  the  two  lowest  molecular  orbitals  of  the  type  symmetrical  hi  both  x 
and  y (we  may  as  well  call  this  symmetry  type  gx8y*  to  have  a simple  notation).  The  re- 
maining six  electrons  are  distributed  among  the  remaining  two  orbitals  of  type  gxByl  the  two 
orbitals  of  type  g^Uy  (that  is,  even  in  x,  and  hence  a a orbital,  but  odd  in  y,  or  in  reflection 
in  the  xz  plane);  and  the  one  v orbital,  which  we  could  denote  as  u g , following  the  scheme 

A J 

Just  set  up.  The  symmetry  of  the  wave  function  of  the  molecule  is  now  of  an  extremely  simple 
nature.  Like  that  of  the  molecular  orb,.als,  it  must  be  either  even  or  odd  in  reflection  in  the 
yz  and  xz  planes,  and  we  see  at  once  that  it  will  be  even  or  odd  on  reflection  in  the  yz  plane 
according  as  there  are  even  or  odd  numbers  of  orbitals  which  have  the  symmetry  ux,  and 
similarly  for  reflection  in  the  xz  plane.  We  then  can  read  the  symmetry  of  the  wave  function 
off  from  the  symmetries  of  the  individual  molecular  orbitals  straightforwardly,  without  any 
of  the  complications  involved  ir.  the  £+  and  £’  states  which  we  met  with  oxygen. 

The  molecular  orbital  ground  state,  having  two  electrons  in  each  occupied  orbital,  was 


f.  Koster  end  H C Schwelnler,  Solid-State  and  Molecular  Theory  Gruup,  M.l.  T. , 
Quarterly  Progress  heport,  January  10,  1953 
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necessarily  of  symmetry  g^g^,  so  that  we  ask  how  to  find  all  other  configurations  of  thin 

symmetry,  assuming  that  they  will  lead  to  the  correct  ground  state  of  the  molecule.  We  shall 

have  such  a state  if  and  only  if  there  are  an  even  number  (4,  2,  cr  0)  of  electrons  tn  the  8ygy 

orbitals:  an  even  number  (4,  2,  or  C)  in  the  g u : and  an  even  number  (2  or  0)  in  the  u e . 

x y * / 

We  then  see  thst  the  ways  of  assigning  the  n.imber  of  electrons  to  the  various  orbitals  are 
given  as  in  Table  XII. 


Number 
of  State 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 
11 
12 

13 

14 

15 

16 
17 


Table  Xll 

Number  of  Electrons  Occupying  Each  Orbital  in 

«xuy2 


Myl 

2 

2 

2 

2 

2 


gx8y2 

2 

2 

2 

2 

1 

2 


*xuyl 

2 

1 


2 

2 

2 

2 

1 

2 

1 

2 

1 


1 

2 

2 

2 

2 

1 

2 

1 

2 

1 

2 

2 


ux*y 


2 


2 

2 

2 

2 

2 

2 

2 

2 

2 

2 


Out  of  the  states  of  Table  XU,  each  of  those  which  has  2 or  zero  electrons  in  each  or- 
bital leads  of  course  to  a singlet  state,  which  1»  the  only  type  we  are  considering,  since  the 
molecular  orbital  state,  which  is  numbered  8 in  our  table,  is  of  this  type.  Each  of  those, 
like  state  2 in  the  Table,  which  has  two  orbitals  occupied  by  one  electron  each,  will  of  course 
lead  to  a srln  degeneracy  problem  of  two  electrons,  resulting  in  a singlet  and  triplet,  so  that 
each  of  these  will  yield  one  singlet.  The  one  remaining  state,  numbered  12,  in  which  four 
orbitals  are  occupied  by  one  electron  each,  will  lead  to  a spin  degeneracy  problem  of  four 
electrons,  which  as  we  know  leads  to  a quintet,  three  triplets,  and  two  singlets.  Hence  each 
of  the  states  of  Table  XU  except  that  numbered  12  will  yield  one  singlet,  while  number  12  wUl 
give  two  singlets,  resulting  in  18  singlet  states  of  symmetry  Sx£y  for  th*  molecule.  This 
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tells  us,  thee,  the  number  si  determinants  which  we  mutt  form,  and  the  order  of  the  secular 
equation  which  we  must  solve,  to  get  the  ground  state  of  the  water  molecule. 

The  resulting  wave  function  and  energy  levels  will  of  course  behave  property  when  we 
make  any  change  In  the  nuclear  positions,  consistent  with  the  assumed  symmetry  That  Is. 
we  cun  change  the  angld  between  the  OH  bonds,  as  well  as  changing  the  OH  distances,  pro- 
vided only  the  distances  from  the  oxygen  to  the  two  hydrogens  remain  equal.  If  we  wished  to 
take  up  the  more  general  problem  in  which  the  two  OH  distances  were  unequal,  we  should 
lose  the  advantages  of  our  symmetry,  and  should  have  a much  more  complicated  secular 
equation  to  solve  for  the  ground  state.  O-ir  resulting  wave  function  will  behave  properly  in 
the  limit  of  lnternuclear  distance)  that  Is,  If  both  OH  distances  approach  infinity  together, 
though  remaining  equal  to  each  other,  the  wave  function  will  reduce  properly  to  an  oxygen 
atom  in  its  ground  state,  lsZ2sZ2p4  3P,  and  to  two  hydrogen  atoms.  These  two  atoms,  in 
turn,  provided  they  are  far  enough  apart,  will  be  in  their  ground  state  and  unionized,  but  If 
they  are  close  together,  then.  In  principle,  our  solution  should  reduce  to  the  solution  of  the 
hydrogen  molecule  problem  taken  up  in  Chapter  2.  We  may  notice  that,  even  though  we  have 
pointed  out  that  Koster  and  Schweinler  have  not  used  the  correct  molecular  orbitals  of  the  Is 
and  2s  type,  nevertheless  their  solutions  will  behave  properly  at  Infinity,  for  at  Infinite  ln- 
ternuclear distances  the  molecular  orbitals  in  question  will  reduce  to  exactly  the  carbon 
atomic  orbitals. 

4.  The  Methane  Molecule 

As  an  example  of  a molecule  which  is  almost  too  complicated  to  solve  by  our  present 
methods  of  configuration  interaction,  we  shall  work  out  methane,  and  find  the  number  of  in- 
teracting configurations  leading  to  the  ground  state.  Using  the  same  sort  of  methods  which 
we  have  been  describing  for  O,  and  water,  we  shall  find  that  we  need  104  interacting  con- 
figurations  to  describe  the  ground  state  of  methane,  in  such  a way  that  when  the  hydrogen 

atoms  are  removed  to  infinite  distance,  maintaining  always  the  tetrahedral  symmetry  of  the 

'■  2 2 2 3 

molecule,  we  go  properly  to  the  limiting  ground  state  of  the  carbon  atom,  Is  2s  2p  P,  and 

to  the  ground  states  of  the  four  neutral  hydrogen  atoms.  It  is  clear  that  this  is.  reaching  the 
boundaries  of  what  w?  can  hope  to  calculate  by  straightforward  methods,  and  we  have  reached 
these  boundaries  with  a molecule  as  simple  as  methane.  With  even  slightly  more  compli- 
cated molecules,  the  straightforw  ard  application  of  the  method  of  configuration  Interaction 
would  become  completely  out  of  the  question.  We  brirg  in  methane  at  this  point,  principally 
to  give  emphasla  to  the  statements  made  ai  the  end  of  the  prec  eding  section,  regarding  the 
necessity  of  finding  what  terms  are  small  enourh  to  neglect,  and  of  setting  the  calculations 
up  in  such  form  that  we  can  conveniently  neglect  these  small  terms. 

Let  us  proceed  to  see  how  we  find  our  104  configurations  for  methane.  In  contrast  to 
water,  which  was  very  simple,  we  have  here  same  sort  of  complications  which  we  had  In 
O^.  in  a sense,  only  magnified  to  such  an  r. teni  that  they  *i-_  a g-nnl  uc«l  harder  to  handle, 
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ami  *»e  shall  have  to  build  up  considerably  more  machinery  than  we  have  used  so  far,  to  take 
care  of  the  analysis.  Tnere  are  a number  of  ways  to  count  our  configurations,  but  the  one 
which  wc  shall  adopt  is  suggested  by  the  remark  made  at  the  end  of  Section  7.  Chapter  3, 
where  we  were  discussing  the  nature  of  the  molecular  orbitals  for  methAne.  '«/•  pointed  out 
there  that  the  mexhane  molecule  had  the  same  number  of  electrons  as  the  neon  atom;  that  the 
occupied  orbitals  in  the  ground  state  of  the  molecule  were  closely  analogous  to  the  Is,  2s. 
and  2p  orbitals  in  the  ground  state  of  the  neon  atom;  and  that  the  excited  molecular  orbitals, 
which  were  unoccupied  in  the  molecular  orbital  representation  cf  the  ground  state,  were 
closely  analogous  to  the  3s  and  3p  orbitals  of  the  neon  atom.  The  configuration  interaction 
which  we  shall  consider  in  the  present  section,  inert,  is  similar  l?  what  we  should  have  in  tiie  neon 
atom  if  we  allowed  r.r.v  number  of  electrons  from  1 to  8 to  be  excited  from  the  2s  and  2p  orbitals  to  the 
3s  and  3p  orbitals.  This  would  obviously  lead  to  a large  number  of  configurations.  In  fact,  witheight 
electrons  to  be  distributed  among  16  orbitals  (functions  of  coordinate  and  spin),  we  conform  16!  / 8! 
8!  ■ 12,  870  determinants.  Of  course,  these  determinants  will  include  the  wave  functions  of  a great 


many  different  types  of  multlplets,  so  that  we  shall  not  have  to  solve  a secular  equation  involving  any- 
thing like  the  total  number  of  such  functions.  The  ground  state  of  a neon  atom  is  a *S  configuration; 
and  a question  much  closer  to  the  one  which  we  wish  to  ask  in.  how  many  *S  states  can  be  formed 


from  alt  the  ways  of  exciting  electrons  from  the  2s,  p orbitals  to  tne  3s,  p's?  This  would 


tell  us  how  many  states  combined  to  give  the  ground  state,  since  we  should  only  have  a secu- 
lar problem  between  states  of  the  same  type,  in  this  case  ^'s.  The  number  of  such  *S  states 


is  In  fact  of  the  order  of  magnitude  of  o»r  final  answer  104,  but  it  la  not  equal  to  it.  There 
are  several  features  In  which  our  pr~ ; - m is  not  equivalent  to  the  neon  problem,  and  we  must 
examine  them  in  detail  before  we  can  carry  out  our  counting  of  configurations  correctly. 


In  the  first  place,  even  if  we  were  dealing  precisely  with  the  neon  problem,  it  would 


not  be  correct  to  count  all  S a tut"  end  to  say  that  they  coul*t  »!!  interact  with  each  other. 
The  reason  artseo  from  the  partly  of  the  states  of  the  atom.  The  parity  of  an  atomic  state  ia 
defined  to  be  even  if  the  sum  cf  the  i values  of  all  electrons  in  the  configuration  is  even,  and 
odd  if  the  sum  of  i values  is  odd.  Thus  for  a single  electron,  the  S.  D,  etc. , states  have 
even  parity,  while  the  P,  F,  etc. , are  old.  Odd  parity  is  generally  indicated  by  a super- 
script o after  the  symbol  of  the  term,  even  partly  by  omitting  the  superscript,  so  that  we 
should  write  the  states  of  a one -electron  atom  as  6S,  4F°,  t”Z,,  7°,  etc.  We  now  notice  that 

in  complex  spectra  it  is  possible  to  have  states  of  the  same  L value,  but  of  different  parity. 
Thus  for  Instance  the  interaction  of  two  p electrons  tn  a two- electron  atom  will  lead  to  S,  P, 
and  D states,  all  of  even  parity,  since  each  of  Inc  electrons  has  I * 1.  This  shows  timi  we 
can  have  a P state  of  even  parity.  Similarly  the  interaction  of  three  p electrons  will  »ead  to 
S.  P,  D,  end  F states,  all  of  odd  parity.  These  examples  will  be  enough  to  show  the  reader 
that  in  addition  to  *S  levels,  like  the  ground  state  of  neon,  we  also  have  ^S0  levels,  of  odd 
parity,  arising  from  some  of  the  configurations  obtained  when  some  of  the  2s,  p electrons 
urc  excited  to  3s,  p states.  *.Ve  shall  now  show  that  the  energy  ha'j  no  nor -diagonal  matrix 
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components  between  a state  of  even  and  z.  state  of  odd  parity.  Hence  to  find  the  numbei  of 
configurations  of  the  neon  atom  whter.  interact  to  form  the  ground  state,  we  must  count  only 
the  ’e^els  arising  from  all  the  configurations,  omitting  the  *S°  configurations. 

The  reason  why  the  parity  is  important  is  that  it  is  connected  with  a symmetry  opera- 
tor  which  we  have  for  a single  atom  or  a central  field,  the  operation  of  Inversion,  by  which 
x,  y,  7.  is  transformed  into  - x.  - y,  - z.  This  operation  commutes  with  the  Hamiltonian, 
and  with  all  rotations,  and  hence  will  have  a diagonal  matrix.  Since  the  repetition  of  the  op- 
eration twice  in  succession  yields  the  identity,  its  eigenvalues  must  be  t 1.  Now  we  verify 
immediately,  by  inspecting  the  one-electron  wave  functions,  that  the  spherical  harmonics 
corresponding  to  even  i values  are  unchanged  when  we  perform  the  inversion,  and  those 
corresponding  to  odd  i values  change  sign.  Thus  a one -electron  wave  function  of  even  parity 
is  unchanged  under  an  Inversion,  while  one  of  odd  parity  changes  sign  under  an  inversion. 
When  we  build  up  a wave  function  for  a many-electron  atom,  it  is  clear  that  under  an  inver- 
sion each  one-electron  function  with  even  I will  be  unchanged,  while  each  orbital  with  odd 
i will  change  sign.  Thus  the  determtnantal  wave  iunction,  involving  products  of  one-electron 
orbitals  for  each  electron,  will  change  sign  or  not  under  an  inversion,  depending  on  whether 
the  parity  is  odd  or  even.  Our  general  theorems  about  symmetry  operators,  then,  will  tell 
us  that  there  can  be  no  non-diagonal  matrix  components  of  energy  between  two  states  of  dif- 
ferent parity. 

We  may  remark  parenthetically  that  our  operation  of  inversion  is  closely  related  to 
reflection,  and  our  two  types  of  symmetry,  the  S and  S°,  are  closely  related  to  the  end 
which  we  met  with  the  linear  molecules.  In  the  first  place,  rotation  of  180°  about  a given 
axis,  followed  by  inversion  about  a point  on  that  axis,  is  equivalent  to  reflection  in  the  plane 
passing  through  the  point  of  inversion,  perpendicular  to  the  axis  ol  rotation.  Thus  for  in- 
stance rotation  of  180°  about  the  x axis  transforms  x,  y,  z into  x,  - y,  - z.  Inversion  trans- 
forms this  to  - x,  y,  z,  which  is  equivalent  to  reflection  in  the  plane  x a 0.  Thus  all  the 
symmetry  operations  which  we  have  described  up  to  now  in  terms  of  reflections  can  equally 
well  be  described  ld'terms  of  inversions  and  rotations.  Sometimes  one  method  of  descrip- 
tion is  more  convenient,  sometimes  the  other.  Now  let  us  constder  our  S and  S°  types  of 
states.  The  characteristic  of  an  S state  is  that  its  wave  function  is  unchanged  when  any  ro- 
tation is  perfoimed,  and  likewise  is  unchanged  "r.'tsr  inversion.  In  an  S°  state,  on  the  other 
hand,  there  is  no  change  under  any  rotation.  Out  the  function  changes  sign  under  inversion. 

We  see,  then,  that  an  S state  will  be  unchanged  when  we  reflect  in  a plane  passing  through 
the  nucleus,  whereas  an  3°  state  will  change  sign.  If  now  the  spherical  symmetry  is  modi- 
fied to  change  it  to  the  cylindrical  symmetry  characteristic  of  a linear  molecule,  the  S wave 
function  will  be  obviously  modified  into  a wave  function,  which  is  independent  of  rotation 
about  the  axis  of  the  molecule  and  unchanged  on  reflection  in  a plane  passing  through  the  axis, 
whereas  an  S°  wave  function  will  be  modified  into  a V . still  unchanged  on  rotation  about  the 
axis,  but  changing  sign  on  reflection.  This  is  not  the  only  way  we  can  generate  ]T+  and  £ 
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states  out  of  atomic  states  by  changing  the  spherical  symmetry  to  cylindrical,  but  it  will  il- 
lustrate the  close  relationship  between  parity  and  *he  £"  states.  We  note,  of  course,  that 
for  a linear  molecule  which  does  net  have  a center  of  cyrmnetey.  inversion  by  itself  is  not  a 
symmetry  operator,  so  that  the  pority  Is  not  a quantity  which  has  significance  In  the  wave 
function  of  such  a molecule. 

We  now  understand  that  in  the  problem  of  the  neon  atom,  we  find  the  number  of  con- 
figurations interacting  to  form  the  ground  state  by  counting  the  number  of  *S  states  (omitting 
the  ^S0'*).  We  shall  see  later  that  there  are  60  such  states  arising  from  the  configurations 
we  are  considering.  Now  we  must  ask,  however,  what  are  the  differences  between  the  neon 
atom  and  the  tetrahedral  methane  molecule,  in  the  matter  of  the  symmetry  of  the  states. 

The  two  problems  resemble  each  other,  but  are  far  from  identical.  Let  us  consider  just  how 
we  can  pass  continuously  from  one  problem  to  the  other,  so  that  we  can  use  the  machinery  of 
the  vector  model  of  the  atom,  which  gives  us  an  easy  way  to  count  configurations  in  the  neon 
atom,  to  give  corresponding  information  for  the  methane  molecule.  We  may  proceed  as  we 

have  done  earlier,  in  similar  problems.  We  start  with  the  neon  atom,  then  allow  the  hydro- 

% 

gen  nuclei  to  move  slowly  away  from  the  carbon  nucleus  in  the  tetrahedral  directions,  until 
they  reach  their  proper  positions  for  the  molecule.  In  other  words,  starting  with  the  spheri- 
cally symmetrical  problem,  we  Introduce  a perturbation  of  tetrahedral  symmetry.  This  per- 
turbation will  split  the  energy  levels  of  the  atom,  so  that  each  of  the  perturbed  energy  levels 
will  have  the  characteristic  behavior  of  the  tetrahedral  symmetry.  Once  the  levels  are  split, 
or  the  degeneracy  Inherent  in  the  spherical  problem  is  removed,  we  may  count  the  number  of 
configurations  of  any  type,  and  it  will  not  change  as  the  magnitude  of  the  perturbation  in- 
creases. In  other  words,  if  we  start  with  the  spherical  problem,  and  introduce  an  infinitesi- 
mal tetrahedral  perturbation,  and  see  how  it  splits  the  multlplets  of  the  atom,  we  can  get  our 
complete  answer  an  to  the  number  of  types  of  multlplets  of  each  symmetry  in  the  methane 
problem. 

The  complete  discussion  of  the  effect  of  the  tetrahedral  perturbation  on  the  multlplets 
is  best  given  by  the  group  theory.  ^ However,  we  can  outline  these  results,  and  make  them 
plaualble,  by  elementary  methods.  We  shall  start  by  considering  the  effect  of  an  applied 
field  of  tetrahedral  symmetry  on  a single  electron  which  originally  was  in  a spherical  field. 
This  is  essentially  equivalent  to  the  discussion  of  molecular  orbitals  in  the  tetrahedral  field 
in  methane,  which  we  have  already  taken  up  ir.  Chapter  3;  only  now  we  must  extend  it  to 
higher  multiplet*.  »nrt  rr>M«t  b?  more  systematic  about  cur  discussion.  Let  us  start  with  an 
atomic  state  of  a given  I value.  We  know  that  we  have  21  + 1 separate  wave  functions,  de- 
generate with  each  other,  corresponding  to  the  different  values  from  i to  -l,  to  repre- 


3Dr.  G.  F.  Koster  has  carried  through  this  discussion,  lcadtng  to  the  results  to  be  described 
In  this  section.  I am  much  indebted  to  Dr.  Koster  for  valuable  discussion  regarding  the 
problem. 
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dent  thla  muitlpiei.  For  1-0,  i,  2,  3,  4,  which  are  the  only  cases  we  prove  to  need  In  our 
discussion  of  methane,  we  give  the  angular  dependence  of  these  wave  functions  in  Table  >1111. 
The  functions  tvhich  we  have  tabulated  are  r*  times  the  spherical  harmonics  of  angle;  and 
the  angles  are  expressed  in  terms  of  cartesian  coordinates  x,  y,  z.  using  the  relations  x r 
r sin  8 cos  % y = r sin  8 sin  ♦ , z = r cos  8,  which  express  the  spherical  polar  coordinates. 
In  other  words,  our  functions  are  polynomials,  which  are  solutions  of  Laplace's  equation. 

We  have  not  bothered  to  normalize  these  functions. 


Table  XIII 

Spherical  Harmonics  Times  r*  fer  1 = 0,  I,  2,  3,  4 


I = 0:  1 

1 = 1,  mi  = t 1,  x t iy 
m|  = 0,  z 

I = 2.  m,  = t 2,  x2  - y2  t 2lxy 

= t 1,  z(x  t iy) 

_ 2 ,2 
m^  - 0,  r - 3z 

| ■ 3,  nij  5 t 3,  x(x2  - 3y2)  t iy(3x2  - y2) 

> ? 

mj  *12,  z(x~  - y~)  t 2lxyz 

m|  = t 1,  x(r2  - 5z2)  t iy(r2  - 5z2) 

ni|  = C,  z(3r2  - 5s2) 

| * 4,  = t 4,  x4  - 6r2y2  + y4  * 4ixy(x2  - y2) 

mj  = t 3,  xz(x2  - 3y2)  t iyz(3x2  - y2) 
mj  * t 2,  (x2  - y2)(r2  - 7z2)  t 2ixy(r2  - 7z2) 
m^  * t 1,  xz(3r2  - 7z2)  t iyz(3r2  - 7s2) 
nri|  * 0,  r - lOr  z -j-  z 


We  now  start  with  any  one  of  these  1 values,  and  consider  the  21  + 1 wave  functions 
associated  with  it.  A spherically  symmetrical  potential  will  have  no  non-diagonal  matrix 
components  of  energy  between  two  such  wave  functions,  but  a tetrahedral  perlui baiion  will 
have  such  components.  Our  object  is  to  find  suitable  combinations  of  the  wave  function* 
sociated  with  different  m^  values,  but  the  same  1 , such  that  the  tetrahedral  perturbation 
will  have  no  non-diagonal  matrix  components  between  these  linear  combinations.  From  our 
previous  work,  we  know  that  we  can  greatly  diminish  the  labor  of  solving  the  resulting  secu- 
lar equation  if  we  insider  all  the  symmetry  operations  characteristic  of  ine  tetrahedral 
structure,  ned  if  we  star  t by  making  symmetry  o.-bitels,  linear  combinations  of  the  functions 
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of  different  m^  value,  which  diagonalize  as  many  of  these  symmetry  operators  as  pc?sible. 

We  shall  find  that  in  the  cases  we  are  considering,  this  procedure  will  give  us  a complete 
solution  of  the  problem,  without  having  to  use  the  secular  equation  for  energy  at  all. 

Let  us  first  remind  ourselves  of  what  the  symmetry  operators  are  for  the  tetrahedral 
molecule:  we  shall  be  a little  more  complete  and  systematic  in  tabulating  them  than  we  were 
it>  CimtAcr  3.  First,  we  can  rotate  through  180°  about  any  ore  of  the  three  two-fold  axes 
given  by  the  x,  y,  and  z axes  in  Fig.  5.  Secondly,  we  can  rotate  *hrough  t 120°  about  any 
one  of  the  four  three-fold  axes  indicated  by  1,  2,  3,  4 in  Ftg  5.  Then  there  are  two  types 
of  reflection  symmetry,  which  we  did  r.ot  stress  in  Chapter  3,  since  we  did  not  need  to  use 
them  at  that  time.  We  opr  rr".;.;,  ;■>  nne  of  the  planes  like  * - C.  and  then  rotate  through 
t 90°  at  out  the  corresponding  axis  like  the  x axis;  this  is  an  operation  which  we  did  not  men- 
tion in  C hapter  3.  It  can  equally  r.’cil  he  deaci  ibed  as  inversion,  followed  by  rotation  of  t 90^ 
about  the  axes  like  the  x axis.  Fourth  and  last,  we  can  reflect  in  one  of  the  six  planes  x «= 
t y,  y «*  t z,  z « t x.  These  reflections  were  mentioned,  but  not  used,  in  Chapter  3.  They 
can  alternatively  be  described  . options  of  180°  through  any  one  of  the  six  axes  like  x * 
t y,  z » 0 (that  is,  the  axis  represented  by  the  bisector  of  the  angle  between  x and  y axes), 
followed  by  an  inversion.  To  make  everything  clear,  we  give  in  Table  XIV  the  complete  de- 
scription of  each  of  these  types  of  symmetry  operations,  by  showing  the  values  into  which 
the  coordinates  x,  y,  z are  transformed  by  the  various  operations. 

Table  XIV 

Transformed  Values  of  Coordinates  x,  y,  z,  Under 
the  Symmetry  Operations  of  the  Tetrahedron 

Identity:  (x,  y,  z) 

Class  I:  (x,  -y,  -z),  (-x,y.  -z),  (-x,  -y,  z) 

Class  Lh  (y,  z,  x),  (z,  x,  y),  (-y, -z,  x),  (-z,  x, -y),  (y,  -z,  -x),  (-z,  -x,  y)  t-y.z.-x),  (z, -x, -y) 
Class  ID:  (-x, -z.y).  (-x,  z, -y),  (-z, -y,  x),  (z, -y, -x),  (y,  -x,  -z).  (-y, -x,  z) 

Class  IV:  (x,  z,  y),  (x, -z, -y),  (z,  y,  x),  (-z,y, -x),  (y,  x,  z),  (-y,  -x;  «) 

From  Table  XIV,  we  see  that,  including  the  idenMty.  there  are  twenty-four  independ- 
ent symmetry  operations  for  the  tetrahedron.  We  can  check  Immediately  that  this  must  be 
the  correct  number,  by  considering  the  geometry  of  the  tetrahedron,  as  shown  in  Fig.  5. 

Let  us  consider  a point  in  space,  represented  by  the  coordinates  r,  y,  z,  and  see  how  many 
other  points  must  have  the  same  potential,  according  to  the  tetrahedral  symmetry.  Thus  for 
convenience  let  this  point  be  located  on  the  from  face  of  the  cube  in  Fig.  5,  or  on  the  face 
perpendicular  to  the  x axis,  and  let  it  be  fairly  close  to  the  atom  1.  As  we  look  at  Fig.  5, 
wc  see  that  there  must  be  another  equivalent  point  in  this  same  face,  the  mirror  im«ge  of  the 
first  point  in  the  line  joining  atoms  1 and  2.  Similarly  there  must  be  two  other  points  in  the 
same  fr.ee,  located  in  equivalent  positions  with  respe'-'.  to  atom  2.  Thus  hi  this  tzev  x’.iera 
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are  lour  points  wUh  equal  potentials.  Each  of  the  other  faces  of  the  cube  will  likewise  have 
four  points  equi  .'.'.lent  to  these,  so  that  with  the  six  faces,  we  have  twenty-four  points  tn  all. 
The  coordinates  of  fhese  points,  are  precisely  those  gi«eo  ir>  Table  XTV.  For  future  reference, 
we  may  note  th»t  if  we  were  dealing  with  cubic  symmetry  rather  than  tetrahedral,  so  that  we 
had  atoms  at  all  eight  rorr.pra  <-/  th*  ruhp  t«,  Fig.  5.  ther*‘  would  be  twice  as  m.my  points  of 
equivalent  potential;  thus  in  the  front  face  of  the  cube  we  should  have  points  similarly  located 
with  respect  to.  all  four  corners  of  the  cube,  rather  than  just  near  the  points  labelled  1 and  2 
in  Fig.  5.  We  should  then  have  48  equivalent  points  in  all,  and  there  are  in  fact  48  symmetry 
operations  characterizing  the  cubic  symmetry.  The  first  step  in  discussing  the  symmetry 
operations  of  any  problem  according  to  the  group  theory  is  identical  with  what  we  have  Just 
done  in  Table  XIV,  to  moke  a complete  table  of  all  the  symmetry  operations,  and  to  find  how 
.iiuijr  iliei  c are. 

Let  ua  now  proceed,  by  inspection,  to  try  to  set  up  combinations  of  our  spherical  har- 
monics corresponding  to  different  m^  values,  but  the  same  1 , from  Table  XTII,  which  di- 
agonalize the  symmetry  operations  of  Table  XIV  as  far  as  posstb’e.  First  we  remind  our- 
selves of  what  we  did  in  Chapter  3.  There  we  were  interested  only  in  s and  p electrons,  so 
that  we  had  to  consider  only  i * 0 and  1.  For  an  s electron,  the  problem  is  trivial;  the 
wave  function  is  independent  of  angle,  and  transforms  into  itself  under  any  of  the  24  symmetry 
operations.  For  a p electron,  the  problem  is  not  so  trivial.  We  have  to  make  combinations 
of  the  functions  x t ly  and  z from  Table  XIII.  We  remember,  from  our  discussion  of  Chap- 
ter 3,  that  the  symmetry  operation*  of  Type  I,  the  two-fold  rotations,  do  not  commute  with 
the  operations  of  the  other  types,  so  that  we  cannot  simultaneously  diagonalize  them.  We  de- 
cided to  diagonalize  the  operations  of  Type  I.  To  do  this,  we  saw  by  inspection  that  we 
wanted  the  three  functions  x,  y,  z,  which  are  obviously  linear  combinations  of  the  three 
giver  in  Table  XIII.  That  is,  remembering  that  the  real  orbitals  are  of  the  form  x,  y, 
or  z times  a function  of  r,  which  we  called  p , p . p , the  ihree  correct  functions  are 

X y Z 

Px.  Py»  Pz  themselves.  By  inspection  of  Table  ’’HV,  we  then  see  that  px  is  transformed 
into  itself  by  the  first  operation  of  Typ:  I,  into  its  negative  by  the  secord  and  third  operations 
of  Type  I,  into  ? by  iha  first  ope*  »llv.»  of  Type  a,  p_  oy  ihc  second,  - p by  tne  tnird,  and 

* y 

so  on;  into  - px  by  the  first  two  operations  of  Type  W,  - pz  by  the  third,  px  by  the  fourth;  and 

so  on.  In  other  words,  as  we  expected,  the  epet  stlon*  of  Type  1 have  diagonal  matrices  with 

respect  to  these  three  functions  p , p , p . but  the  other  operations  do  not. 

x y z 

Now  let  us  approach  a problem  which  we  have  not  so  far  had  to  consider,  the  d elec- 
tron, with  S « 2.  If  we  Inspect  Table  XIII.  we  see  that  all  five  spherical  harmonics  for  this 
I value  can  be  written  in  terms  of  the  five  quantities  x2  - y2,  r2  3a,2,  yz,  zx,  and  xy.  Let 
us  now  ask  whai  effect  our  24  symmetry  operations  have  on  these  five  functions,  finding  the 
matrix  components  of  our  symmetry  operations,  to  see  to  what  extent  these  symmetry  opera- 
tions at  e already  dlagerMized.  The  operations  of  Class  I are  already  dingcnzllzcd,  as  ws  m 
at  once;  the  first  two  functions  transform  into  themselves,  and  the  last  three  transform  into 
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i themselves.  But  now  we  observe  a further  thing,  when  we  examine  the  other  types  of  sym- 
metry operations.  Wf  find  trmi  t^c  th»*#»e  functions  yz.  zx,  and  xy  transform  into  themselves 

or  each  other  under  each  of  the  symmetry  operations;  they  never  transform  into  the  ether 
2 2 2 2 

functions  x - y , r - iz  . Similarly  these  Jailer  two  functions  dc  not  transform  into  yz, 

zx.  or  xy.  !n  other  words,  there  are  no  non-diagonal  matrix  components  of  any  of  the  3ym-  J 

metry  operators  between  any  function  of  tne  set  yz.  zx,  xy,  and  either  of  the  two  in  the  set 

x2  - y2,  r2  - 3z2.  In  the  language  of  the  group  theory,  the  two  sets  of  functions  yz,  zx,  xy 

and  x2  - y2,  r2  - 3z2,  form  bases  of  two  different  irreducible  representations  of  the  tetra-  ( 

hedral  group.  By  this  we  mean  that  no  symmetry  operations  of  the  group  have  non-diagonal 

matrix  components  between  the  wave  functions  corresponding  to  two  different  irreducible 

representations:  but  that  on  the  otuer  hand  it  is  impossible,  by  making  linear  combinations  j 

of  the  wave  functions  within  one  irreducible  representations,  to  break  it  down  Into  even 

smaller  sets  of  wave  functions  between  which  there  are  no  non-diagonal  matrix  components. 

If  such  reduction  were  possible,  we  3hould  have  a reducible  representation.  For  Instance, 
the  five  functions  corresponding  to  « t 2,  t 1,  0 for  I » 2,  from  Table  XW.  with  which 
we  started,  form  a basis  for  a reducible  representation  of  the  tetrahedral  group,  since  we 
can  make  the  linear  combinations  we  have  been  discussing  in  this  paragraph,  and  form  two 
Irreducible  representations  from  them.  No  such  further  reduction  is  possible. 

The  importance  of  irreducible  representations  arises  from  the  fact  that  there  are  no 
non -diagonal  matrix  components  of  energy  between  wave  functions  belonging  to  two  different 
irreducible  representations.  In  other  words,  once  we  have  set  up  linear  combinations  of  our 
orbitals  belonging  to  irreducible  representations,  we  have  automatically  gone  as  far  as  we 
can  in  diagonalizing  the  energy,  by  use  of  the  symmetry  operators  alone.  A further  property 
of  the  wave  functions  belonging  to  a single  irreducible  representation  is  that  when  we  have  I 

diagonalized  the  energy  completely,  we  shall  find  that  the  diagonal  energies  associated  with 
the  different  wave  functions  contained  in  the  same  irreducible  representation  are  equal  to 
each  other,  or  that  weJtave  degeneracy.  In  other  words,  the  set  of  wave  functions  associated 
with  a single  irreducible  representation  plays  the  same  role  In  a symmetry  problem  of  a j 

molecule  which  the  set  of  wave  functions  associated  with  z single  I value  does  in  the  problem  j 

of  atomic  multlplets.  In  fact,  the  set  of  21  + 1 wave  functions  corresponding  to  the  different  | 

mj  values,  for  the  problem  of  spherical  symmetry,  as  given  In  Table  X1U,  forms  the  basis  , 

for  an  irreducible  representation  for  that  type  of  symmetry.  i 

The  number  of  separate  wave  functions  contained  in  the  basis  for  a given  irreducible 
representation  la  known  as  the  dimensionality  of  that  irreducible  representation.  The  matri- 
ces of  the  various  symmetry  operators  have  a number  of  rows  and  columns  equal  to  this  di- 
mensionality, provided  we  are  asking  how  these  symmetry  operators  transform  one  of  the 
wave  functions  contained  in  the  basis  for  a given  Irreducible  representation  into  the  other 
functions  in  this  same  basis.  We  may  have  irreducible  representations  of  many  differed  di- 
mensionalities for  Me  same  ^proup  of  symmetry  operations.  Thus  'or  spherl-aJ  symmefy,  ' 
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we  ha/e  irreducible  representations  of  dimensionality  it  * 1,  where  i can  be  any  integer, 
as  we  have  just  seen.  In  the  tetrahedral  group,  we  have  found  three  d Imenstonaltttes  so  far. 
The  s-like  wave  function  transformed  into  itself  under  all  symmetry  operations.  It  therefore 
forms  a one -dimensional  representation,  all  by  itr*lf  The  three  functions  x,  y,  z,  or  p 
p , pz,  form  the  basis  for  a three-dimensional  representation.  The  two  functions  x - yc, 
r‘  - 3z^,  form  the  basis  for  a two-dimensional  representation.  Finally,  the  three  functions 
yz,  zx,  xy,  form  the  basts  for  a three-dimensional  representation. 

We  have  stated  without  proof  two  properties  of  irreducible  representations:  that  the 
energy  has  no  non-diagonal  matrix  components  between  wave  functions  belonging  to  two  dif- 
ferent irreducible  representations,  and  il,«t  when  the  energy  is  diagonalized,  the  states 
formed  from  a single  irreducible  representation  ore  degenerate  with  each  other.  Let  us  see 
how  we  prove  these  properties,  for  the  general  proofs,  we  should  use  the  group  theory. 

We  can,  however,  carry  out  perfectly  satisfactory  proofs  In  each  special  case,  from  sym- 
metry properties.  Thus  let  Uj  belong  to  one  irreducible  representation,  u,  to  another.  We 
wish  to  prove  that  / Uj*  Hu^  dv  * 0.  Surely  the  integral,  which  we  may  call  H12,  be 
uncharged  If  we  perform  one  of  our  symmetry  operations  on  the  coordinates  appearing  In  u,, 
H,  and  u,,  for  this  merely  changes  the  names  of  the  variables  of  integration.  This  sym- 
metry operation  will  leave  H unchanged,  by  the  fundamental  nature  of  the  symmetry  opera- 
tions, but  It  will  make  chungen  In  Uj  and  u2  which  will  be  of  different  types.  For  illustration, 
suppose  Uj  belongs  to  the  one -dimensional  representation  of  the  tetrahedral  group,  so  that  it 
Is  unchanged  under  any  oi  the  operations  of  the  group.  Suppose  that  u2  for  example  Is  p^. 

Let  us  consider  the  operation  which  changes  x,  y,  : into  -x,  y,  -s.  This  will  leave  Uj  un- 
changed, but  will  change  px  into  its  negative.  Thus  it  will  transform  II 12  into  its  negative. 
But  we  have  also  seen  that  It  mult  leave  H,2  unchanged.  Hcr.ce  Hj2  must  be  zero.  By  in- 
spection, we  can  see  that  similar  proofs  can  be  given  showing  that  mere  are  no  non-diagonal 
matrix  components  of  energy  between  our  one -dimensional,  our  two-dimensional,  and  our 
three-dimensional  representations  of  the  tetrahedral  group. 

When  we  come  to  consider  our  two  three-dimensional  representations,  however,  for 
which  the  functions  x,  y,  z,  and  yz,  z „ xy  form  bases,  we  see  that  the  situation  is  quite  dif- 
ferent. If  we  examine  how  the  three  functions  x,  y,  z translorm  into  each  other  under  the  24 
operations  of  the  tetrahedral  group,  and  then  ask  hew  the  three  functions  yz,  zx,  xy  trans- 
form into  each  other,  we  find  that  they  transform  in  exactly  identical  ways.  Thus  the  opera- 
tion which  transforms  x,  y,  z into  x,  -y,  - z transform  the  function  x into  itaeit,  and  like- 
wise it  transforms  yz  into  Itself:  and  so  on  for  all  the  rest.  Two  sets  of  functions  which 
transform  into  each  other  In  Identical  way*  under  all  operations  of  the  group  are  considered 
to  form  two  different  bases  for  the  t ame  irreducible  representation.  We  see  at  once  that  our 
proof  that  the  non-dlagoual  matrix  component  oi  energy  is  zero  between  functions  belonging 
to  two  irreducible  representations  breaks  down  if  we  have  two  sets  of  functions,  like  the 
present  ones,  which  transform  in  identical  ways;  for  then  the  iwo  functions  Uj  and  u2  will 
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transform  In  identical  ways,  and  we  cannot  find  any  svmmetry  operator,  as  in  the  last  para- 
graph, which  will  change  the  matrix  component  H^  into  Its  negative.  In  other  words,  there 
is  no  reason  why  there  should  not  be  non-diagonal  matrix  components  of  energy  between  a 
set  of  functions  like  x.  y,  z ana  a sec  like  yz,  zx,  xy.  As  far  as  symmetry  la  concerned, 
they  belong  to  an  identical  type  of  behavior. 

We  have  now  to  interpret  the  statement  that  there  arc  no  non-diagonal  matrix  com- 
ponents of  energy  between  v/ave  functions  belonging  to  two  different  irreducible  representa- 
tions. Let  us  next  examine  the  degeneracy  of  the  states  included  in  ? single  Irreducible  rep- 
resentation. Let  us  assume  that  we  have  diagonalized  the  energy  between  these  wave  func- 
tions. Then  we  know  that  there  must  be  aome  of  the  symmetry  operat  ars  which  have  non- 
diagonal matrix  components  between  different  wave  functions  of  our  act,  for  we  know  by  the 
fact  that  we  are  dealing  with  an  Irreducible  representation  that  there  is  Tm  possible  linear 
transformation  which  will  diagonalize  all  the  symmetry  operators.  Let  us  then  take  two  of 
the  wave  functions,  say  1 and  j,  out  of  the  set  of  linear  combinations  which  diagonalize  the 

energy.  Let  the  diagonal  matrix  components  of  energy  of  these  two  states  be  E.  and  £,.  Let 

1 j 

ua  take  a symmetry  operator  F which  has  a non- vanishing  matrix  component  between 
these  two  states.  Let  us  then  write  the  ij  component  of  the  matrix  equation  HF  - FH  >•  0, 
expressing  the  fact  that  F and  the  energy  commute  with  each  other.  This  contains  only  one 
term,  (E^  - Ej)  F^  ■ 0.  Since  by  hypothesis  F^  4 0,  we  must  have  « E^,  or  the  states 
are  degenerate,  a»  we  have  indicated  above. 

Now  let  us  see  where  we  stand  with  our  problem.  We  have  found  three  different  ir- 
reducible representations  of  the  tetrahedral  group,  a one -dimensional  one  which  is  unchanged 
under  all  operations  of  the  crouP<  * two-dimensional  one  for  which  a basis  consists  of  the 
two  functions  x2  - y2  and  r2  - 3z2  (we  have  not  examined  how  these  transform  into  linear 
combinations  si'  each  other  under  the  operations  of  the  group,  but  it  is  easy  to  do  so),  and  a 
three-dimensional  one  of  which  we  have  given  two  possible  bases,  the  three  functions  x,  y, 
z,  or  the  three  functions  yz,  zx,  xy.  We  have  shown  that  under  a tetrahedral  perturbaticr., 
an  S state  is  not  split  up,  but  remains  as  a one -dimensional  representation  of  the  tetrahedral 
group.  A P state  becomes  a three-dimensional  representation  of  the  tetrahedral  group,  and 
leads  to  a three -fold  degenerate  state,  ao  that  it  likewise  Is  not  split  by  the  tetrahedral  per- 
turbation. With  the  D state,  howe'er,  the  situation  is  quite  different.  The  three-dimen- 
sional irreducible  representation  containing  the  three  functions  yz,  zx,  xy  will  lead  to  a 
three-fold  degenerate  level  of  the  same  symmetry  aa  that  arising  from  the  P state,  but  the 
two-dimensional  representation  will  bs  expected  to  result  in  a two -fold  degenerate  level  hav- 
ing a different  energy.  We  can  see  immediately  from  the  nature  of  the  wave  functions  why 
we  expect  the  energy  to  be  different  for  these  two  different  ty;t:  ?f  representations.  The 
four  hydrogen  atoms  in  methane  lie  at  points  x * y * z = a,  x3-y  = -z«a,  - x » y * 

- a,  and  - x ■ - y » s = a.  At  the  positicne  of  .he  hydrogens  each  one  of  the  functions 
like  yz  xy  w ill  be  ta2;  thus  the  function  yz  equals  a2  at  atoms  1 and  2,  - a2  at  3 aid  4. 
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On  the  other  hand,  the  functions  x2  - y2  and  r2  - 3^2  are  both  zero  at  all  hydrogens.  It  Is 
obvious,  then,  that  the  presence  of  the  hydrogens  will  perturb  these  iwc  types  of  wave  func- 
tion In  quite  different  ways. 

We  have  new  gone  far  enough  with  our-  general  understanding  cf  rh?  problem  so  that 
we  can  go  on  with  thu  cases  1*3  and  1 = 4.  If  we  examine  the  wave  functions  for  1=3. 
we  find  that  they  can  all  be  written  as  linear  combinations  of  the  following  seven  functions: 


xyz 

x(3r2  - 5x2),  y(3r2  -Av*),  *(3r2  - 5**>  • 

x(y?  - *2).  y(*2  - *2).  *(*2  - y2)  • 


The  first  of  these,  we  find,  transforms  Into  itself  under  any  of  the  24  operations  of  the  group. 
Thus  It  belongs  to  the  same  one -dimensional  Irreducible  representation  of  the  group  as  the  s 
function.  The  next  three  transform  into  each  other  precisely  like  the  functions  x,  y,  z,  un- 
der all  operations  of  the  group,  and  hence  belong  to  the  same  three-dimensional  irreducible 
representation  which  we  have  already  found.  The  last  three,  however,  arc  different.  They 
form  a basis  for  another  three-dimensional  Irreducible  representation,  of  different  type  from 
the  one  we  have  already  considered.  'They  transform  in  the  same  way  as  x.  y,  a.  under  all 
rotations,  but  under  the  symmetry  operations  involving  inversion  or  reflection,  they  trans- 
form to  the  negative  of  what  the  functions  of  the  other  irreducible  representation  would  do. 

Thus  under  the  operation  of  Class  IV,  In  Table  XT/,  in  which  x,  y,  z transforms  into  x,  z,  y, 

2 2 2 2 
the  function  x(3r  - 5x  ) transforms  into  itself,  just  as  x does,  but  x(y  - z ) transforms  in- 
to the  negative  of  itself.  We  see,  then,  that  the  seven  sub-levels  of  an  F state,  with  1 = 3, 
split  into  ihree  levels  under  a tetrahedral  perturbation:  a non-degenerate  one  transforming 
like  an  s state,  s three -fold  degenerate  state  transforming  like  a p state,  and  a second 
three -fold  degenerate  state  transforming  in  this  new  way. 

Similarly  for  1 = 4 we  find  that  we  can  write  all  of  our  functions  In  terms  of  the  fol- 
lowing nine: 


4 4*  l l 

x ry  r z - Jx  y 


7 7 
3y  z 


3zV 


4 4 6.  2 2,  2 4 1,4  4.  6 [ 2 1 , 2 23 

x -y  -^(x  -y)r,z  -^<x  ♦ y ) - y [z  - j(x  +y)J 

yz(7x2  - r2),  zx(7y2  - r2),  xy(7z2  - r2) 


2 

r 


y*(y2  - *z).  «(z2  - X2).  xy(xz  - y2)  . 

Of  these  functions,  ^ the  first  transforms  like  our  one -dimensional  irreducible  representa- 
tion, transforming  Into  itself  under  any  one  of  the  symmetry  operations.  The  next  two  trans- 


*These  functions,  Including  a number  of  otherB  of  higher  i v«lu«»,  are  given  by  F.  C.  von 
der  Lage  and  H.  A.  Eeiuc,  Fiiyu.  Rev.  71,  612  (1947),  in  connection  with  a discussion  of 
symmetry  properties  of  ruble  crystals.  “The  cub^_  symmetry  group  is  so  si'uUsr  to  the 
tetrahedral  group  thai  the  same  types  of  combinations  of  wave  functions  appear  in  both. 
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form  like  the  functions  x2  - y2,  z2  - l/2(x2  ♦ y2)  (which  is  proportional  to  r2  - ?z2).  of  our 
two-dimensional  representation.  The  ne^t  three  transform  like  our  three-dimensional  rep- 
resentation transforming  like  x,  y,  z.  and  the  last  three  transform  like  the  other  type  of 
three-dimensional  representation,  or  like  x(y2  - z ').  y(z2  - x1"},  z(x2  - y2).  Thus  we  have 
no  new  types  of  Irreducible  representations  appearing  In  the  F states. 

SVc  ;ai  snow,  as  a matter  of  fact,  by  general  methods  of  the  group  theory,  that  there 
are  only  five  possible  irreducible  representations  of  the  tetrahedral  group,  of  which  we  have 
already  found  examples  of  four.  The  remaining  one  is  a one -dimensional  representation, 
which  occurs  for  the  first  time  for  i>  i,  for  which  the  appropriate  wave  function  is  x*(y2  - 
s2)  ♦ y*(z2  - x2)  ♦ z*(x2  - y2).  This  wave  functions  transforms  into  Itself  under  all  those 
symmetry  operations,  of  Types  I and  n.  Table  XIV,  which  involve  only  rotations;  but  it 
transforms  into  its  negative  under  the  operations  of  Types  111  and  IV,  which  involve  inver- 
sion as  well. 

The  general  theorem  of  the  group  theory,  which  leads  to  the  information  that  these 
five  irreducible  representations  are  the  only  possible  ones,  is  useful  and  simple  in  its  state- 
ment, though  we  shall  not  go  into  its  proof.  In  the  first  place,  it  states  that  the  number  of 
irreducible  representations  ior  any  group  a i operations  equals  in*  number  of  classes  of  sym- 
metry operations.  Classes  of  symmetry  operations  are  defined  in  a precise  way  by  the 
methods  of  group  theory,  but  they  amount  to  just  what  we  have  denoted  by  the  various  classes 
in  our  Table  XIV.  There  we  mentioned  the  operations  of  Classes  I,  II,  III,  and  IV  among  the 
24  symmetry  operations  of  our  tetrahedrzl  group;  the  Identity  operation,  which  was  not  in- 
cluded in  any  of  these  four  classes,  forms  a class  by  Itself,  so  that  we  have  five  classes  and 
the  general  theorem  states  that  we  must  have  five  irreducible  representations.  Another 
closely  related  theorem  tells  us  the  dimensionality  of  each  of  these  irreducible  representa- 
tions. This  states  that  the  sum  of  the  squares  of  the  dimensionalities  of  all  irreducible  rep- 
resentations equals  the  number  of  symmetry  operations  in  the  group.  In  our  case,  where 
there  are  five  irreducible  representations,  and  24  symmetry  operations,  the  sum  of  the 
squares  of  the  dimensionalities  must  equal  24,  The  only  integers  which  co"  aatiifv 
conditions  are  1.  1,  2,  3,  3,  which  satisfy  the  equation  l2  + l2  + 22  + 32  + 32  ■ 24.  These 
simple  but  powerful  theorems  thus  allow  us  at  once  to  predict  the  number  and  dimensionalities 
of  the  irreducible  representations  which  we  find  in  the  preaer-t  cane. 

It  is  now  convenient  to  have  a notation  for  our  five  types  of  Irreducible  representation. 
It  is  customary  to  denote  irreducible  representations  by  the  symbol  r*  with  a subscript  to 
number  the  individual  representation  (the  subscripts  will  be  different,  therefore,  for  differ- 
ent types  of  symmetry).  Let  us  number  the  f,ve  representations  in  order  of  increasing  di- 
mensionality. Thus  we  shall  denote  the  Irreducible  representation  with  transformation  like 


*For  a proof,  see  for  example  Eyring,  Waiter,  and  Kimball,  Quantum  Chemistry  (John 
Wiley  ana  Sons,  me. ) 1S-K. 
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an  s function,  which  goes  Into  itself  under  any  of  the  symmetry  operations,  by  F . . The 

4 2 2 4 z 2 , 

other  one-dlmenslonal  representation,  with  transformation  like  x (y“  - 7.“)  + y (zc  - x ) + 

4 2 2 _ 

2 (x  - y ),  will  be  denoted  by  T,.  The  two  dimensional  representation,  representing  the 

•*2  2 2 2 2 2.  2. 

transformation  of  two  functions  like  x - y and  r - 3z  (or  2 - l/2.(x  + y ))  respectively, 

will  be  called  The  three-dimensional  representation  whose  bads  consists  of  three  func- 

tions transforming  like  x,  y,  z will  be  called  I\,  and  the  other  thi  ee -dimensional  repre- 

* 2 2 2 2 2 2 

sentatlon  involving  three  functions  transforming  like  x(y  - z ),  y(z  - x ),  z(x  - y ),  will 
be  called 

In  terms  of  this  notation,  we  can  systematize  what  we  have  found.  Remembering  the 

parity  of  the  one-electron,problem,  we  have  found  that  under  a tetrahedral  perturbation,  an 

atomic  S state  becomes  a Fj  state  of  the  tetrahedral  symmetry.  An  atomic  P°  becomes  a 

r4  state.  An  atomic  D splits  Into  a doubly  degenerete  state,  and  a triply  degenerate 

1*4*  An  atomic  F°  splits  into  a Tj.  a r4>  and  a r5>  Finally,  an  atomic  G state  splits  into 

a rr  a Tv  a F..  and  a Fy  We  have  proved  these  results  only  for  a one-electron  problem. 

However,  the  symmetry  properties  are  not  at  all  dependent  on  having  one- electron  problems. 

We  have  already  pointed  out  that  the  wave  function  of  a whole  atom  or  molecule  has  exactly 

the  fame  symmetry  operations  as  that  of  a one-electron  problem.  Thus  any  atomic  multtplet, 

no  matter  of  how  complicated  an  atom,  will  split  in  the  same  way,  provided  It  has  the  same 

L value,  and  the  same  parity.  We  have  got  complete  information,  in  other  words.,  about  the 

S,  D,  and  G states  of  even  parity,  and  the  P and  7 states  of  odd  parity.  It  still  remains  io 

Investigate  the  S,  D,  and  G states  of  odd  parity,  and  th«  P and  F of  even  parity. 

We  cannot  Investigate  these  other  states  by  considering  one-electron  problems.  Thus . 

It  Is  more  complicated  to  handle  them  by  inspection,  thrugh  we  can  do  it  by  considering  two- 

and  three -electron  spectra.  By  the  general  methods  cl  group  theory,  Koster  has  shown  that 

an  S°  state  goes  over  Into  one  of  symmetry  F,  under  a tetrahedral  perturbation,  a P into  a 

r5.  a D°  Into  r3  and  Tj.  an  F into  and  Ty  and  a G°  Into  T2,  Fj,  r..  and  Fy  We 

thill  not  check  all  these  results,  but  we  can  easily  ?hr>w  how  they  come  about  by  one  or  two 

examples.  Thus  the  simplest  several -electron  problem  which  leads  to  an  S°  state  is  that  of 

three  p electrons.  If  we  have  three  equivalent  p electrons,  we  remember  that  we  have  the 

multlplets  2P°,  2D°,  V.  We  can  get  the  orbital  dependence  of  the  S°  wave  function.  In 

which  we  are  Interested,  by  z.etting  up  the  single  determinants]  wave  function  corresponding 

to  a component  of  spin  along  the  axis  of  3/2  units,  or  the  case  lu  which  all  three  electrons 

have  the  same  spin,  and  hence  must  have  different  orbital  functions.  If  we  put  one  in  the  px 

state,  one  In  p . one  In  p.  the  wave  function  will  be  the  determinant 
y z 


px(l) 

PX(*) 

Px0) 

Py(l) 

Py(2) 

Pv(3) 

J 1 

P.(2) 

Pz^l 
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which  equals  1 ) Py(2)  P2(3)  ♦ py(l)  P.^2)  Px(3)  + PjU)  Px(2)  Py(3)  - P20)  Py(2)  Px(3)  - 

P (i)  p_(2)  p (3)  - p ( 1 ) p (2)  p (3).  We  readily  find  ihA,1  this  function  transforms  according 
x z y y x z 

to  the  r£prcsc,;i«ilc.',  -2  under  ail  the  symmetry  operations.  Thus  a symmetry  operation  of 

Type  I,  in  which  x,,  y,,  zy  x,.  y2.  z2,  xy  yy  ^ transiorm  mto  x,.  - y1#  - z,,  x,,  - yy 

- z7,  x,,  - y,,  - z,,  so  that  eacn  p transforms  Into  Itself,  each  p and  p Into  its  negative, 

clearly  leaves  the  wave  function  unchanged.  Similarly  the  cyclic  permutations  Involved  In 

the  operators  of  Type  11  leave  the  function  unchanged.  On  the  other  hand,  the  operators  of 

Type  III  and  Type  IV  change  its  sign,  as  we  see  Immediately  by  insepetion. 

In  a similar  way,  we  can  check  the  fact  that  a P state  transforms  like  The  slm* 

plest  case  where  such  a state  occurs  Is  in  the  problem  of  two  equivalent  p electrons,  leading 

to  1S.  1 D,  3P.  Here  again  we  can  get  the  orbital  dependence  of  the  P state  from  the  sub- 

level  of  maximum  component  of  spin  along  the  axis.  New  we  can  set  up  three  determinants, 

one  formed  by  putting  the  two  electrons  Into  p s nd  p 3* «t CS|  Cite  by  putting  them  Into  p and 

y z z 

Px>  and  one  by  putting  them  Into  px  and  py.  The  first  of  these  leads  to  the  function  py(l) 

P t2)  - P_(l)  p (2),  and  the  other  two  follow  from  this  by  cyclic  permutation.  We  readily 
z z y 

verify  that  these  three  functions  transform  into  each  other  like  1^.  We  can  check  the  re- 
mainder of  the  table  la  similar  ways. 

We  have  now  completed  our  task  of  investigating  the  effect  of  a tetrahedral  perturba- 
tion on  the  various  types  of  multlplets  of  an  atom,  up  to  I * 4.  Let  us  then  remember  why 
we  have  been  doing  this.  We  want  to  be  able  to  find  all  the  states  which  combine  to  form  the 
greund  state  of  the  methane  molecule,  with  Its  tetrahedral  symmetry.  This  ground  state  ha* 
the  {.-like  symmetry  resulting  from  an  S state  of  the  neon  atom,  as  modified  by  the  tetra- 
hedral field.  That  la,  as  we  now  knew,  It  is  a 1 T.  state.  We  now  see  that  each  *S  state  of 

1 1 

the  atom  will  result  In  such  a T > state,  but  that  we  also  ’ ive  such  states  arising  from  other 
atomic  multlplets.  In  particular,  each  1F°  atomic  state,  and  each  *G  level,  will  also  lead 
to  a state  of  the  same  symmetry.  We  can  get  our  desired  number  of  combining  states,  then, 
by  setting  up  all  the  atotnlc  levels  arising  from  the  various  configurations  which  we  are  con- 
sidering, and  counting  the  number  of  1S,  lF°,  and  *G  levels  arising  from  them.  When  we 
do  this,  we  find  60  *S  levels,  32  1F°'s,  and  12  lG'i,  a total  of  104  levels,  which  Is  the  de- 
sired number.  We  see  that  the  effect  of  imposing  the  tetrahedral  perturbation  on  the  ori- 
ginal spherical  symmetry  has  been  to  lncree.se  tb;  number  of  combining  levels  from  the  60 
*S  levels  which  we  should  have  in  Ne,  to  this  larger  number  104.  Thir.  Is  the  sort  of  thing 
which  we  should  expect:  decreasing  the  symmetry  of  a problem  by  a perturbation  always 
tends  to  make  the  factoring  of  the  secular  equation  on  account  of  symmetry  less  effeciive, 
Increasing  the  number  of  combining  states.  Tne  limiting  case,  of  course,  comes  when  the 
symmetry  is  completely  lost,  r . limiting  case  where  the  only  remaining  factoring  comes  from 
the  spin  degeneracy. 

To  clarify  for  the  reader  the  method  of  counting  the  configurations,  »ve  give  lr.  Table 
XV  the  number  of  multlplets  of  the  desired  type  arising  from  each  of  the  a'om.'c  configurations 
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Table  XV 

Limber  o'  *S.  lF°,  and  lO  Levels  in  Confitrnratinns  of  No 


Configuration 

2s22p^ 

2 5 

2s42p33p 

2s2p63s 

2a22p43s2 

2s22p43s3p 

2s22p43p2 

2s2p53s3p 

2s2p53p2 

2p63s2 

2p63p2 

2b22P33b23P 

2s22p'3*3p2 

2s22p33p3 

2s2p43s23p 

2s2p43s3p2 

. . 4-  i 

LB ip  }p 

2p53s23p 

2p53s3p2 

2pS3p3 

2s22p23s23p2 

2at'2p?3s3p3 

2a22p23p4 

2s2p33s23p’‘ 

2s2p33s3p3 

2s?p33p4 

2p43.23p2 

2p43s3p3 

, 4,  4 
2p  3p 

2s22p3s23p3 

2s22p3a3p4 

I-2,  V 


No.  of  *S 
1 

1 

t 


No.  of  lF° 


No.  of  *G 
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Table 

XV  (con'd.  ) 

Configuration 

No.  of  1 

S No.  of  1F°  No.  of  lO 

2s2p23s23p3 

3 

2s2p‘"3s3p4 

4 

1 

2*2n^3p3 

1 

2p33s23p3 

i 

1 

2p33s3p4 

3 

2p33p5 

1 

2s23s23p4 

1 

2s23p6 

1 

2s2p3sZ3p4 

1 

2s2p3s3p5 

2 

2p23s23p4 

3 

1 

2pZ3s3p5 

\ 

_ 2,  6 
2p  3p 

1 

2s3s3p6 

1 

. , 2.  5 

1 

jp 

, 2,  6 
3a  3p 

1 

Total 

60 

32  12 

of  the  neon  atom  which  we  are 

considering. 

The  method  of  getting  at  these  numbers  Is 

perfectly  straightforward  application  of  the  vector  model.  Thus  for  Instance  let  us  take  the 
configuration  2a2p43s23p.  The  set  of  four  equivalent  p electrons  results  In  3S3D3P.  Com- 
bining this  with  the  3p  2P°  gives  2P°,  Z(P°D0F°),  2*  4(S°P°D°).  The  3o2  *S  has  no  effect  en 
the  multlplet  structure.  Finally  combining  with  2s  2S  leads  to  3P°,  3(P°D°F°), 

1,  3,  3.  5._n_o_.o.>  mese  multiple!®,  we  find  one  'f0,  which  Is  entered  In  Table 

XV.  The  other  configurations  are  handled  In  Just  such  ways. 

In  Table  XV,  we  have  arranged  the  configurations  In  order  of  the  number  of  electrons 
excited  to  the  M shell  (3s,  3p)  In  neon.  We  see  that  there  are  two  configurations  with  oii* 
excited  electron,  and  11  1r^  states  arising  from  two  excited  electrons.  These  thirteen  ex- 
cited states  ax  e the  only  ones  having  non-diagonal  matrix  components  of  energy  to  the  ground 
state  2sZ2p^.  und  their  diagonal  energy  will  lie  lower  tran  that  of  more  highly  excited  states. 
Thutj  It  seems  plausible  that  these  thlrteer.  states  will  have  *!><•  next  largest  coefficients,  next 
to  that  of  the  ground  state  2aZ2p^,  In  the  linear  combination  cf  our  104  functions  leading  to 
the  best  representation  of  the  ground  state  of  the  methane  molecule.  One  could  o'oiy  establish 
whether  ihls  was  tne  case,  by  actually  carrying  through  the  calculation  of  the  who!'  problem. 
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This  Is  a formidable  problem,  but  it  is  hoped  that  it  will  stand  as  a challenge,  to  be  under- 
taker by  somebody  in  the  not  too  distar.i  future,  as  the  methods  both  of  computing  matrix  com- 
ponents and  of  solving  secular  equations  become  better  worked  out. 

We  must  point  out,  however,  that  though  it  is  reasonable  that  the  fourteen  states  which 
we  have  just  mentioned  should  be  the  most  important  in  the  expansion  of  the  ground  state  of 
the  methane  molecule  at  small  internuc.'ear  distances,  this  is  by  no  means  true  at  large  dis- 
tances. The  states  which  we  have  called  2s  and  2 s,  for  small  lnternuclear  distance,  will 
really  resemble  the  2s  and  3s  wave  functions  of  the  neon  atom,  so  that  the  one -electron  energy 
of  the  3s  will  lie  a good  deal  above  that  of  the  2s.  As  the  nuclei  of  the  hydrogen  atoms  get  fur- 
ther opart,  however,  we  must  remember  the  rcai  character  of  the  molecular  orbitals.  We 
remember  that  really  the  function  which  we  have  called  2s  is  a linear  combination  of  the  car- 
bon 2s  function,  and  the  sum  of  the  four  hydrogen  Is  functions,  the  combination  being  such 
that  ihe  orbital  has  a maximum  between  the  carbon  and  hydrogen  atoms.  The  function  which 
we  have  called  3s  is  a similar  combination,  but  with  a node  between  the  carbon  and  tne  four 
hydrogens.  At  the  actual  lnternuclear  distance,  the  one-electron  energy  of  the  state  which  we 
have  called  3s  lies  well  above  that  which  we  have  called  2s.  since  the  former  is  anti -bonding 
and  the  latter  bonding.  At  infinite  u ternuclear  distance,  however,  the  two  states  become  de- 
generate with  each  other,  just  as  the  symmetric  and  antisymmetric  molecular  orbitals  a t b 
of  the  hydrogen  molecule  problem  become  degenerate  with  each  other  at  infinite  lnternuclear 
distance.  In  this  limit,  then,  many  of  our  104  interacting  states  will  reduce  to  the  same  di- 
agonal energy,  an  a it  is  no  longer  true  that  "excitation"  of  elccirons  from  the  2s-llke  or  2p* 
like  states  to  the  3s -like  or  3p-l'Jce  states  will  produce  any  great  Increase  in  diagonal  energy. 
We  expect,  in  other  words,  that  a great  many  of  our  104  slates  will  appear  in  the  correct 
linear  combination  to  represent  the  ground  state  at  infinite  lnternuclear  distance. 

The  probable  state  of  affairs  may  be  expected  to  resemble  that  previously  described 

for  oxygen,  as  calculated  by  Meckler.  That  is,  at  small  lnternuclear  distances  we  may  ex- 

2 6 

peel  (he  molecular  orbital  state  2s  2p  , probably  supplemented  by  the  thirteen  other  states 

a. 

we  have  mentioned,  to  lead  to  a fairly  good  description  of  tho  ground  state  of  the  molecule. 

As  the  lnternuclear  distance  increases,  however,  we  may  expect  s complete,  and  rather  sud- 
den, change  in  the  nature  of  the  coefficients  multiplying  our  104  functions  in  the  expansion  of 
the  ground  state,  changing  over  to  the  coefficients  necessary  to  describe  the  molecule  at  in- 
finite lnternuclear  separation,  wltn  all  atoms  in  their  ground  states.  Very  likely  the  lowest 
energy  level,  as  a function  of  the  lnternuclear  distances  of  the  carbon-hydrogen  pairs,  will 
show  a hump,  as  in  oxygen.  W«  expect  the  change  in  the  wave  function,  in  this  region  of 
lnternuclear  distances,  to  be  so  profound  that  no  simple  approximation  based  on  the  combined 
molecule  will  extrapolate  well  to  Infinite  lnternuclear  distance,  or  conversely  no  treatment 
based  on  the  separated  atoms  and  their  multlplets  will  extrepolate  wen  to  tne  moiecme.  » »>e 
writer  suspects  that  no  very  great  simplification  of  tne  problem  of  the  interaction  of  our  104 
states  can  be  made,  consistent  with  giving  a correct  description  of  the  behavior  of  the  molecule 
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over  all  internuclear  distances.  It  seems  likely,  howeve  r,  that  II  wc  chose  just  those  states 
out  cl  the  104  which  were  necessary  tc  describe  the  molecule  properly  at  Infinite  Internuclear 
separation,  and  solved  the  secular  problem  between  them  we  should  nave  a good  approxima^ 
tlon.  This  number  is  substantially  !esa  than  104,  th-rugh  we  shall  not  go  through  the  compli 
catei  problem  of  counting  to  se?  just  how  many  such  states  there  are. 

5 . Simplified  Problems-.  The  F*hane  Molecule 

The  case  of  methane,  which  we  have  just  discussed,  shouiu  be  enough  io  convince  us 
that  a complete  treatment  of  configuration  interaction  is  going  to  prove  impracticable  for  any 
but  the  simplest  molecules.  It  Is  therefore  worth  asking  if  we  may  not  be  able  to  use  simpli- 
fied treatments  which  will  nevertheless  suffice  to  give  us  a good  deal  of  information  about  mo- 
lecular binding.  We  may  well  ask,  could  we  not  get  fairly  complete  information  about  one  of 
the  bonds  in  the  molecule,  while  being  content  with  poor  Information  about  the  others?  The 
empirical  evidence  of  the  chemists  all  points  in  the  direction  of  thinking  that  individual  single 
covalent  bonds  have  a surprising  degree  of  independence  of  each  other.  Could  we  not  investi- 
gate a single  bond,  without  having  to  consider  the  complications  of  the  others? 

We  can  well  believe  that  this  could  be  done;  and  while  no  cases  have  been  worked  out 
to  test  the  possibility,  let  us  examine  the  case  of  ethane,  a fairly  simple  example,  and  see 
how  we  should  treat  it.  We  remember  that  this  molecule  consists  of  two  carbon  atoms,  held 
together  by  a single  bond,  each  carbon  atom  also  being  bound  to  three  hydrogen  atoms.  The 
three  hydrogen  atoms  around  a carbon,  and  the  other  carbon,  form  a roughly  tetrahedral 
structure.  In  other  words,  the  environment  of  each  carbon  is  something  as  it  is  in  methane, 
only  with  one  of  the  neighboring  hydrogens  being  replaced  by  the  other  carbon  atom.  It  is 
clear,  since  this  molecule  is  more  complicated  than  methane,  that  a complete  solution  will  be 
out  of  the  question  unless  we  can  first  find  how  to  treat  methane.  It  is  also  clear  that  the 
carbon-hydrogen  binding  in  ethane  must  be  very  similar  to  that  In  methane,  so  that  once  the 
latter  problem  la  solved,  we  should  be  able  to  draw  Immediate  conclusions  about  the  nature 
cf  ethane. 

The  feature  which  ethane  possesses,  however,  and  which  it  dees  not  share  with 
methane,  is  the  carbon-carbon  bond.  The  chemists  have  found  that  single  carbon-carbon 
bonds  In  different  molvculett  are  reuiarxabiy  similar,  bui«»  in  U>e  equilibrium  dictsUi..®  and  in 
the  dissociation  energy.  T2~o  there  is  a good  hope  that  if  we  could  investigate  the  carbon- 
carbon  bond  in  ethane,  it  would  give  us  a good  picture  of  carbon-carbon  bonis  in  more  com- 
plicated molecules  as  well.  We  therefore  ask,  Is  it  not  possible  to  treat  the  ethane  molecule. 
Introducing  enough  configuration  interaction  so  that  the  solution  will  behove  correctly  as  the 
carbon- carbon  distance  Is  Increased  from  the  equilibrium  distance  to  infinite  separation,  but 
always  keeping  the  hydrogens  bound  to  the  carbons?  This  might  well  give  us  a good  account 
of  the  carbon-carbon  bond. 

It  might  also  give  us  rurtner  uuermatlon.  The  two  triangular  groups  of  hydrogens 
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attached  to  the  two  carbon  atoms  experience  only  a moderately  small  torque  if  they  try  to  res- 
tate with  respect  to  each  other.  The  chemists  suppose  that  .he  energy  has  a minimum  when 
the  two  triangles  are  rotated  60°  with  respect  to  each  other.  ana  a maximum  when  they  have 
the  same  orientation,  for  in  the  latter  position  the  hyarogens  on  the  two  carbons  are  clc:.ur  to 
each  other  than  tn  the  former,  and  they  may  be  expected  10  repel  each  other.  Bu.  the  energy 
difference  is  small,  and  it  has  been  well  estimated  by  the  chemists.  It  seems  likely  that  a 
treatment  of  the  ethane  molecule,  of  the  sort  we  are  going  to  propose,  might  yield  a fstrly 
good  value  for  this  energy  difference,  and  hence  be  something  that  could  be  compared  to  ex- 
periment. Either  of  these  two  extreme  structures  has  simple  symmetry  properties,  arid 
would  not  be  hard  to  formulate.  As  an  example,  we  shall  discuss  the  state  that  presumably 
would  be  the  ground,  state,  wdth  the  two  triangles  in  an  opposed  orientation. 

Let  us  then  examine  this  problem,  seeing  what  types  of  symmetry  operations  there  are, 
the  types  of  molecular  orbitals,  and  the  type  of  configuration  interaction  necessary  to  describe 
the  carbon-carbon  bond  properly.  If  we  examine  the  molecule,  we  see  at  once  that  '.here  are 
twelve  different  points  in  space  which  must  be  equivalent  to  each  other.  In  the  sense  that  the 
potential  energy  must  be  equal  at  each:  two  points  symmetrically  located  with  respect  to  each 
hydrogen  atom.  To  ge*  from  one  such  point  to  another,  we  then  have  twelve  symmetry  opera- 
tions, including  the  identify.  These  symmetry  operations  fall  into  six  classes:  the  Identity; 
inversion  through  the  midpoint  between  *he  two  tarbons;  rotation  through  t 120°  (two  opera- 
tions): rotation  through  t 12C°  followed  by  Inversion  (two  operations);  reflection  in  one  of  the 
three  planes  passing  through  the  axis  of  the  molecule  and  through  hydrogen  atoms  (three  op- 
erations): reflection  In  one  of  these  three  planes  followed  by  inversion.  Since  then:  are  six 
classes,  there  must  be  six  Irreducible  representations  Four  of  these  must  be  one-dimen- 
sional and  two  two-dimensional,  since  the  only  “ay  of  writing  12,  the  total  number  ; i sym- 
metry operations,  as  a sum  of  six  squares  of  Integers,  is  as  l2  f + l2  + l2  + + 2*. 

We  can  understand  the  nature  of  these  irreducible  representations,  by  comparison  with 
our  earlier  treatment  of  the  ammonia  molecule,  in  Section  6,  Chapter  3.  There  we  had  the 
came  rotations  and  reflections  as  symmetry  operations,  but  not  the  combinations  of  these  op- 
erations with  the  inversion.  We  saw  in  that  section  that  it  was  useful  to  diagonalize  the  ro- 
tation operations  about  the  axis  of  the  molecule.  If  we  do  this,  we  see  that  the  wave  function 
must  be  multiplied  by  e2,1!^rni  " when  we  rotate  through  120°,  whe*  e m » 0,  t I.  We  set  up 
three  different  sorts  of  combinations  of  the  hydrogen  Is  functions  having  these  properties: 
the  combinations  Y(j)  where  represent  ihs  hydrogen  orbitals,  and  where  m ■ 

0,  t 1.  Under  the  reflection  operations,  the  function  for  m * 0 transforms  into  itself,  while 
the  function  for  m » 1 transforms  into  a multiple  of  that  for  m ■ - 1,  and  vice  versa.  Thus 
the  combination  corresponding  to  m * 0 forms  a basis  for  r.  one -dimensional  representation 
of  the  symmetry  grouo  of  the  ammonia  molecule,  while  the  two  functions  for  m * t 1 form  a 
for  • two* dimension?.!  r?pre;er*?«ion  Out  of  these  functions,  considering  the  ethane 
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one  >(  these  combinations  being  of  typ«  g,  or  even  under  the  Inversion  operation,  and  the  uiuci 
of  tyi>e  e.  ui  ode  undei  the  inversion.  We  thus  have  found  i unctions  which  form  bases  for  two 
of  the  one -dimensional  irreducible  representations,  and  two  of  the  two-dimensional  represen- 
tations. We  can  also  build  up  symmetry  orbitals  of  tnese  same  types,  as  we  snw  when  we  were 
discussing  ai.imoma,  by  using  carbon  orbitals  with  in  = 0,  1 1.  where  m represents  the  com- 
ponent of  orbital  angul&i  momentum  around  the  axis  of  the  molecule.  From  each  such  orbital 
in  one  carbon  atom,  we  can  build  up  a g and  a u combination. 

There  are  still  two  one -dimensional  irreducible  representations  to  be  accounted  for, 
which  we  did  not  use  in  the  .uumonta  problem.  Basis  functions,  or  symmetry  orbitals,  for 
these  can  be  built  up  of  hydrogen  2p  orbitals,  rather  than  la  orbitals.  If  we  take  2p  orbitals 
having  th«ir  nodal  plane  passing  through  the  axis  of  the  molecule,  ar.d  make  up  a sum  of  such 
orbital.',  on  all  three  hydrogens,  we  find  that  this  resulting  function  transforms  differently  from 
any  of  those  which  we  have  considered,  in  that  it  is  unchanged  under  the  rotations,  but  changes 
sign  on  reflection.  We  can  make  g and  u combinations  of  such  functions  on  the  two  H3  groups, 
leading  to  our  two  other  one -dimensional  irreducible  representations.  Similarly  on  the  car- 
bon atoms,  we  could  get  orbitals  of  the  same  symmetry  by  taking  a funotinn  with  m » 3,  and 
using  the  angular  function  sin  34;  this  function  is  unchanged  when  we  rotate  through  120°,  and 
changes  sign  on  reflection,  thus  showing  the  proper  symmetry  behavior.  Here  again  we  can 
make  g and  u combinations  of  the  functions  on  the  two  carbons.  It  is  clear  that  we  shall  not 
need  symmetry  orbitals  of  this  type  in  the  ethane  problem,  since  we  have  no  hydrogen  2p  func  - 
tlons,  or  carbon  functions  of  high  enough  azimuthal  quantum  number  to  have  m ■ 3. 

As  we  see  from  our  group  theory  analysis,  these  irreducible  representation;  are  all 
that  there  are  for  the  ethane  molecule.  Now  let  us  count  up  to  see  how  many  symmetry  or- 
bitals of  each  type  we  can  make  up  from  the  available  atomic  orbitals.  For  m * 0,  we  can 
build  up  both  a g and  a u combination  from  the  carbon  Is  orbitals;  from  the  carbon  2sj  from 
the  carbon  2ptrj  and  from  the  hydrogen  Is  orbitals.  When  we  solve  our  secular  equation  for 
the  resulting  molecular  orbitals,  we  shall  then  expect  to  have  a g and  a u function  made  al  - 
most entirely  from  carbon  Is  orbitals;  a g ar.d  z u with  the  charge  concentration  largest  bo- 
tween  the  carbons  and  their  adjacent  hydrogens,  and  ieadlng  to  carbon-hydrogen  bonds;  an- 
other g and  u with  nodes  between  carbon  and  hydrogen,  and  thus  being  antibonding  as  far  as 
the  carbon  and  hydrogen  are  concerned;  and  a g and  u with  major  charge  concentration  be- 
tween tho  two  carbons,  the  g function  having  a bonding  nature,  bui  the  u having  a node  mid- 
way between  the  carbons,  and  thus  being  antibonding.  Similarly  for  in  • il,  we  «<*n  build  up 
a g and  a u combination  from  the  carbon  2pv  orbitals,  and  a g and  • u from  the  hydrogen 
orbitals.  We  expect  one  type  of  molecular  orbital,  for  either  m = 1 or  - 1,  and  for  either  g 
or  u type,  which  shows  bonding  between  the  carbons  and  their  adjacent  hydrogens,  and  an- 
other showing  antibonding.  None  of  these  orbitals  for  m = i 1 is  expected  to  have  much  charge 
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and  u orbitals  arising  from  the  mi  bon  is  stales.  Four  mc.i  c nil!  be  Jn  the  g ana  u orbitals 
of  the  m ■ 0 typo  leading  to  bonding  between  carbon  and  hydrogen.  None  will  be  in  the  car- 
bon-hydrogen m a 0 antihnndlng  orbitals.  Eight  will  be  in  the  m = i 1 g and  u bonding  or  - 
uiiaia  between  c irbors  and  hydrogen,  none  in  the  corresponding  antibonding  orbitals.  This 
leaves  two  electrons  over,  to  form  the  carbon-carbon  bond.  In  the  molecular  nrMtm  state 
it  Is  assumed  that  these  will  be  in  the  remaining  m = 0 orbital  of  the  type  leading  to  carbon- 
carbon  bonding,  the  g orbital  showing  charge  concentration  between  the  carbon  atoms,  leav- 
ing the  corresponding  u orbital,  which  has  a node  between  the  carbons,  empty. 

We  see,  then,  that  we  have  just  two  electrons  to  form  the  carbon-carber.  bend,  both  in 
a molecular  orbital  which  is  -ymmetrtc  In  the  plane  midway  between  the  carbons;  and  this 
situation  is  precisely  similar  to  that  met  in  the  molecular  orbital  theory  of  hydrogen.  In  the 
hydrogen  problem,  we  remember  that  to  give  a correct  account  of  what  happened  as  the  Inter- 
nuclear  distance  Increased,  we  had  to  take  linear  combinations  of  the  state  in  which  both  el- 
ectrons were  in  the  symmetric  molecular  orbital,  and  of  the  other  state  in  which  both  were  ir. 
the  onHaymmotrlc  molecular  orbital;  both  these  states  oi  the  molecule  as  a whole  were  ol  g 
type,  or  even  under  an  inversion  operation.  The  situation  is  precisely  the  same  here.  If  we 
take  linear  combinations  of  the  configuration  we  have  just  been  discussing,  and  of  the  other 
configuration  which  differs  from  it  only  in  that  the  two  electrons  forming  ihe  carbon -carbon 
bond  are  lifted  up  to  the  u-type  molecular  orbital  which  is  antibonding  between  the  two  car- 
ben?,  lh%  configuration  interaction  problem  will  be  like  that  in  hydrogen,  and  as  in  that  prob- 
lem the  wave  functions  will  behave  correctly  In  the  limit  of  infinite  separation.  This  simple 
configuration  Interaction  problem,  then,  might  be  exp-'-teu  to  give  a very  good  account  u£  the 
carbon-carbon  bond.  On  the  other  hand,  of  course  it  w .uld  do  nothing  for  ihe  carbon-hydrogen 
bonds,  beyond  what  an  ordinary  molecular  orbital  treatment  car,  do.  To  find  what  ■rould  hap- 
pen when  the  hydrogens  were  removed  would  require  a configuration  interaction  V.  least  as 
complicated  as  in  methane.  The  hope  would  be  that  these  e»c‘ted  configurations,  required  io 
descrlb  . the  carbon-hydrogen  bonds  properly,  would  have  relatively  small  effect  on  the  car- 
bon csxoon  binding,  since  this  problem  has  not  yet  been  calculated  in  detail,  we  cannot  evalu- 
ate the  question  as  to  whether  this  hope  is  justified,  but  calculations  which  Dr.  Heckler  is 
starting  should  give  us  the  answer. 

It  is  Interesting  to  ask  what  ti  e two  CK , radicals  will  be  like,  which  are  left  when  the  ] 

carbon-carbon  distance  Increases  to  infinity.  They  have  the  same  electronic  structure  as 
ammonia,  only  each  has  one  less  electron  than  in  ammonia.  We  remember  that  in  our  dis- 
cussion of  the  ammonia  molecule,  w«  found  that  there  were  two  electrons,  which  we  described 
as  a lone  pair,  extestdlng  out  along  the  direction  opposite  to  the  side  where  the  hydrogens  were 
located.  In  the  methyl  radical,  CHV  there  is  only  one  electron  in  this  orbital,  and  it  is  the 
presence  of  this  single  electron  which  leads  to  the  unsaturated  nature  of  the  radical  When  the 
twe  radicals  come  together  to  form  the  molecule,  inese  iwo  eievuuiu  iuiu  the  ccvnient  bor'd 
jm»l  like  the  two  electrons  In  two  hydrogen  atoms  in  ihe  nyai  ogr.„  loolciuxc.  The  r'.cic  :cj zr 
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orbital  picture  of  this  bond,  and  its  extension  by  the  method  of  configuration  interaction  to 
give  a correct  picture  of  *he  limit  of  large  Interruclc;*.*-  dtstar.ee,  snouid  give  P good  de- 
scription of  single  covalent  bonds  in  general. 

Similar  simplified  treatment?  can  be  given  for  other  types  of  molecules,  and  on  ac- 
count of  the  great  complication  of  a correct  and  complete  treatment,  it  is  likely  that  they  will 
have  a great  deal  of  uae  in  studying  configuration  Interaction.  Thus  Cratg^  has  studied  the 
double  bond  In  ethylene  by  this  method.  We  remember  that  ethylene  has  s orbitals  of  g and 
u type,  formed  from  a * orbital  on  atomic  type  on  each  carbon.  These  orbitals  hold  just  two 
electrons,  which  go  into  the  bonding  type  of  orbital  In  the  molecular  orbital  description  of  the 
molecule.  However,  just  as  in  hydrogen  and  In  ethane,  we  have  another  configvtratlon  of  the 
same  symmetry  type  if  both  these  electrons  are  in  the  antibondlr®  type  of  orbital.  Aa  in  those 
cases,  a configuration  Interaction  between  these  two  configurations  is  required  to  lead  to  re- 
sults which  are  correct  In  the  limii  of  large  lnternuclear  distances.  Craig  has  carried  cut 
such  s configuration  Interaction,  with  good  results.  Of  course,  a proper  treatment  should 
consider  also  the  cr-electron  bond  between  the  carbons,  and  this  has  not  yet  been  done.  The 
combined  problem  of  i’ue  double  bond  in  ethylene,  uaing  l he  molecular  orbital  treatment  for 
the  C-H  bonds  as  we  have  sketched  for  ethane,  would  yield  a problem  of  the  same  order  of 
magnitude  aa  the  oxygen  molecule,  which  also  has  a similar  double  bond. 

6.  The  Directed  Orbits!  and  Valence  Bond  Methods 

We  have  carried  the  method  of  molecular  orbitals,  and  configuration  Interaction  be- 
tween determincntal  wave  functions  made  from  these  molecular  orbitals,  far  enough  to  see 
that  it  has  seversl  drawbacks.  It  is  s straightforward  method.  Includes  oiuer  approaches  as 
special  c»*«*:  and  iz  certainly  the  method  to  be  preferred  when  It  can  be  carried  through. 
Nevertheless,  the  first  obvious  drawback  Is  that  even  with  rather  simple  molecules,  such  as 
methane,  the  number  of  Interacting  configurations  is  so  great  as  to  be  unmanageable.  It 
would  be  quite  out  of  the  question  to  uae  U In  Its  complete  form  for  any  but  the  simplest  mole- 
cules. The  otner  serio&s  drawback  Is  that  It  Is  not  suited  to  display  the  independence  of  dif- 
ferent covalent  bonds,  which  the  chemists  find  empirically,  and  which  we  have  mentioned  in 
the  preceding  section  The  •Amplified  procedure  described  in  the  prec  •.  mg  section  for  treat- 
ing the  carbon -carbon  bond  in  ethane  suggests  that  we  might  be  able  to  go  further  with  the 
same  >iort  of  treatment.  In  this  way  we  are  led  to  a method  of  treating  molecules  by  two  de- 
vices, the  directed  orbitals  and  the  valence  bond  wave  functions,  which  has  had  a certain 
amount  of  success.  Unfortunately,  the  uses  which  have  been  made  of  these  methods  have  often 
been  half -empirical,  and  not  well  Justified,  and  they  have  fallen  Into  disrepute.  This  bad 
reputation  Is  justified,  if  the  methods  are  used  in  the  conventional  way.  Nevertheless  they 
have  something  to  contribute  to  molecular  theOiy,  ai«u  in  the  present  section  we  nhall  point 
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out  the  nature  of  these  methods,  their  history,  and  then  shall  try  to  see  how  *hey  fit  into  the 
typ-  approach  which  *»e  have  beer,  using  in  the  preceding  section* 

These  methods  had  their  origin  in  an  effort  to  apply  the  Heitler- London  method  to 
more  complicated  molecules  than  hyrr->gen.  In  p-rt’cUar  the  simple  molecules  held  together 
by  single  covalent  bonds,  such  as  ammonia,  meiltanr,  and  ethane,  which  we  have  been  ais- 
cuasutg,  certainly  do  not  seem  different  in  their  essential  structure  from  hydrogen.  We  have 
emphasized  that  chemical  evidence  Indicates  that  the  various  bonds  arc  rathci  independent  of 
each  ocher.  For  Instance,  when  a hydrogen  atom  is  removed  from  methane  to  form  a methyl 
radical,  and  this  radical  combines  with  another  one  to  form  ethane,  very  little  change  Is  pro- 
duced in  the  remaining  carton-hydrogen  bonds.  In  turn,  if  some  of  the  hydrogens  of  the  eth- 
ane molecule  are  replaced  by  other  atoms,  for  instance  a halogen,  inis  siill  makes  little 
change  In  the  remaining  bond3  of  the  molecule.  Knowing  the  geometrical  shape  of  these  mole- 
cules, we  certainly  gain  the  Impression  that  the  carbon  atom  in  some  sense  has  four  electrons 
sticking  out  from  It  in  the  tetrahedral  directions,  and  that  each  of  these  electrons,  rather  in- 
dependently of  the  others,  Is  capable  of  forming  a single  covalent  bond  with  another  atom,  the 
bond  having  many  of  the  features  of  the  hydrogen-hydrogen  bund  as  described  ’ey  Heitler  and 
London.  If  the  electrons  of  carbon  really  do  stick  out  in  some  such  tetrahcdrul  way,  it  should 
be  possible  to  describe  this  In  the  language  of  wave  functions.  Certainly  the  s and  p wave 
functions  of  carbon  do  not  have  this  property,  and  the  combinations  of  the  carbcn  and  hydrogen 
wave  functions  which  we  have  described  in  our  molecular  orbital  treatments  of  these  mole- 
cules have  no  great  tendency  toward  localization;  each  of  the  wave  functions  contributes  to  the 
charge  density  in  tta>  neighborhood  of  a number  of  bonds,  and  conversely  the  charge  concerned 
in  a given  bond  is  made  up  from  a number  of  wave  functions. 

With  these  facts  In  mind.  It  was  pointed  cut  In  the  early  Vi  uivlcC uicki  theory  by 

Pauling^  and  by  the  present  writer^  that  it  Is  possible  to  build  up  one-electror.  wave  func- 
tions, or  orbitals,  which  have  the  desired  behavior,  by  combining  s and  p wave  functions. 

If  we  start  with  a p , p . p , and  s function,  which  we  may  symbolize  merely  by  p p , p , 
x y z x y z 

s,  we  may  then  make  four  linear  combinations  of  the  form  uyPx  ▼ * a13^z  * oi^s, 

where  1 takes  on  the  values  1.  2,  3,  4.  We  can  roanlre  that  these  four  combinations  be  nor- 
mallzed  and  orthogonal:  normalization  Implies  four  conditions  in  the  o's,  and  orthogonality 
six  (each  of  the  six  angles  between  pairs  of  the  four  vectors  must  be  a right  angle).  Thus, 
since  we  have  sixteen  o'6,  and  ten  conditions  on  them,  we  still  have  six  degrees  of  freedom. 
One  of  the  combinations,  like  that  written  above,  represents  the  sum  of  a p function  pointing 
In  tha  direction  of  the  tin  cc-umiouiuiml  vector  of  components  a a^„  oi3,  and  an  s func- 
tion, and  this  sum  can  be  set  up  so  as  to  enhance  the  p function  on  one  side  of  the  nucleus, 
and  diminish  It  on  the  other,  no  that  the  orbital  will  extend  out  strongly  In  one  direction.  Such 

7L.  Pi.ullng,  Proc.  * Acad.  Scl.  H.  359  (!92B);  Phyc.  Rev.  37.  1185  (1931). 
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orbitals  are  called  directed  orbitals.  Wc  cannot  have  our  four  orbitals  directed  In  arbitrary 
directions  in  space,  for  we  do  not  have  enough  constants  a*  our  disposal.  II  takes  two  quan- 
tities to  determine  the  direction  ot  a vector,  ar.d  hence  eight  for  the  four  directed  orbitals, 
whereas  we  have  only  six  constants  at  our  disposal.  We  may  use  these,  for  instance,  to  de- 
termine the  directions  of  three  of  the  orbitals  in  which  case  the  fourth  is  specified  for  us. 

In  particular,  we  may  choose  the  q's  so  that  the  four  orbitals  extend  out  along  the  four 

tetrahedral  directions  from  a carbon  atom,  and  in  that  way’  we  get  something  which  resembles 

the  tetranedral  atom  of  the  chemists.  We  must  notice  '.hat  the  atom  is  not  rcal.-y  tetrahedral. 

Thus  If  we  assign  one  electron  to  eacn  of  these  four  orbitals,  and  find  the  total  charge  density 

of  these  electrons,  thy  result  Is  spherical,  just  as  the  charge  density  of  tliree  electrons,  In 

the  p , p , p states  respectively,  is  spherical.  Nevertheless,  each  orbital  is  concentrated 
x y z 

in  a direction  which  can  be  chosen  to  point  toward  one  of  the  hycircg®n  atr>rr<s  in  a methane 
molecule,  and  It  seems  attractive  to  suppose  that  somehow  the  binding  in  methane  consists  of 
a covalent  bond  formed  between  each  of  these  directed  orbitals  and  the  corresponding  hydrogen 
atom,  these  bonds  hping  formed  like  the  Keitler -London  bond  in  hydrogen,  and  being  essen- 
tially Independent  of  each  other.  In  a similar  way,  we  can  set  up  three  directed  orbitals  in 
ammonia,  punning  toward  the  three  hydrogens,  and  two  In  water,  pointing  toward  the  two  hy- 
drogens, and  may  apply  the  3ame  sort  of  argument  there.  The  justification  for  thinking  that 
the  bonds  are  independent  of  each  other  arises  simply  because  the  overlapping  of  the  directed 
orbital  forming  a given  bond,  with  tin:  other  orbital  (for  Instance,  a hydrogen  orbital)  cooper- 
ating to  form  the  bond,  is  much  greater  than  the  overlapping  of  orbitals  not  pointing  toward 
each  other. 

The  general  Ideas  suggested  in  the  preceding  paragraph  are  rather  vague.  However, 
the  present  v;ri*.*r^  suggested  a method,  based  on  the  determinantal  method  and  the  general 
line  of  argument  outlined  in  previous  chapters,  for  expressing  then,  more  precisely.  The 
idea  was  to  formulate  something  like  the  Heitler -London  method,  only  to  sc*  up  a wave  func- 
tion which  would  describe,  not  just  one  covalent  bond,  but  all  the  covalent  bonds  in  the  mole- 
cule. Let  us  illustrate  by  the  water  molecule,  the  simplest  ont  involving  two  covalent  bonds. 
For  convenience,  we  shall  assume  that  the  angle  between  the  two  OH  bonds  is  the  tetrahedral 
angle.  109  vt--ocgh  the  argument  does  not  depend  at  all  on  this  assumption,  which  is  only  ap- 
pi  ultimately  true  for  the  actual  rr.c  .scule).  If  we  hsve  ♦ •**rahedral  angle,  we  can  use  the 

same  tetrahedral  directed  orbitals  which  we  should  use  for  methane,  two  of  them  being  di- 
rected toward  the  hydrogens,  which  we  cor.  denote  by  orbitals  1 ar.d  2,  and  the  remaining  two 
being  tn  the  other  tetrahedral  directions,  and  being  denoted  by  3 and  4.  We  shall  then  build 
up  the  wave  functions  of  the  problem  out  of  these  four  directed  orbitals,  the  oxygen  is  orbital, 
and  the  Is  crbttals  on  the  two  hydrogens. 

Oir  problem  is  to  assign  electrons  to  these  various  orbitals  (instead  of  to  the  moleru 
C.  S’ater,  Phys.  Rev.  38..  1109(1931). 
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lar  orbital.*  which  w*  have  always  used  previously),  to  set  up  determlnantal  wave  functions 
corresponding  to  these  assignments  of  electrons,  and  to  make  suitable  combination-,  cf  de- 
terminants to  describe  the  ground  state  of  the  molecule.  In  the  water  molecule.  «"*  nave  ten 
electrons.  We  shall  assume  that  In  al.1  determinants  which  we  -(insider,  two  of  these  elec- 
trons occupy  ihe  Is  oxygen  orbitals,  and  two  occupy  each  of  the  orbitals  3 and  4 which  do  not 
extend  toward  the  hydrogens.  These  form  the  description,  in  this  language,  of  the  lone  pairs 
of  electron-  Dos*»5“*d  bv  the  misrule.  This  leaves  two  electrons  for  forming  each  covalent 
bond.  We  expect,  then,  that  each  covalent  bond  will  be  much  as  In  hydrogen.  We  remember 
that  in  hydrogen.  If  we  have  the  two  atomic  orbitals  a and  b,  the  Hettler -London  state  is  de- 
termined from  two  configurations:  one  that  in  which  orbital  a is  associated  with  a spin  +,  or- 
bital b with  a spin  -,  and  one  which  orbital  a has  spin  -,  b has  spin  4.  If  we  set  up  the  de- 
termlnantal  wave  functions  for  the  two-eleciron  problem  describing  these  configurations,  we 
remember  that  the  sum  of  these  determinants  represents  the  componert  of  the  triplet  state 
having  zero  component  o*  spin  -long  the  axis,  the  difference  of  the  determinants  repre- 

sents the  singlet  state.  We  ask,  cannot  we  fed  up  such  a predeterminated  combination  of  de- 
terminants In  the  present  case,  representing  both  covalent  bonds? 

Since  there  ere  four  electrons  to  be  assigned  to  the  four  orbitals  forming  the  two  bonds, 
and  since  if  we  follow  the  Heltler -London  method  we  shall  always  assign  just  one  electron  to 
each  orbital,  we  have  the  same  problem  of  spin  degeneracy  of  four  electrons  which  we  have 
already  discussed  In  Section  2 of  the  present  chapter.  Tor  Mg  * 0,  we  have  six  possible  as- 
signments of  spins  to  orbitals.  If  we  use  the  same  table  as  in  that  section,  but  now  denote 
our  orbitals  as  Oj,  hj,  o^,  h,,  to  stand  for  the  oxygen  and  hydrogen  orbitals  forming  bonds 
1 and  2,  then  these  assignments  of  spin  are  given  in  Table  XVI.  We  now  remember  that  ac  - 


Table XVI 

State 

°1 

hl 

°Z 

h2 
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+ 
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- 

2 

♦ 

- 

♦ 

- 

3 
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- 

4. 

4 

- 

+ 

+ 

- 

5 

- 

+ 

- 

♦ 

6 

- 

- 

e 

cording  to  our  study  of  the  problem  of  spin  degeneracy  of  four  electrons,  we  found  that  tn.,-. 
were  two  singlet  states.  We  can  get  at  them  in  tho  following  way:  we  set  up  the  combinations 
1 + 6,  2 5,  and  3 + 4 of  the  states  above.  The  sum  of  these  represents  the  quintet  function* 

but  any  two  linear  combinations  of  these  functions  which  are  orthogonal  to  each  other,  and  or- 
thogonal to  the  quintet,  may  be  taken  as  representing  singlets.  Let  us  see  if  we  can  form  by 
Inspection  a singlet  function  which  corresponds  to  the  desired  covalent  binding. 

If  ve  bad  only  the  two  function*-  Oj  and  h,,  bo'.v.ce.n  v.ni.h  a bo  m was  to  be  formed, 
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shouu  art  up  the  two  configurations  ♦-  and  and  we  know  that  the  singlet  state  would  be  the 
difference  of  tnese  two  determinants.  A similar  thing  would  occur  if  we  only  had  the  functions 
o?  and  h?.  We  row  r.ctlce  that  wt  umi  sei  up  the  combination  of  functions  Z - 4 ♦ 5 - 3.  This 
in  the  first  place  is  a combination  of  (2  ♦ 5)  find  (3  + 4),  and  can  be  shown  to  be  orthogonal  to 
the  4ulntet,  so  that  it  represent*  e singlet.  Neat,  it  has  in  each  case  a ♦ and  - spin  on  each 
bond,  which  it  would  not  do  if  the  slates  i and  6 were  Included.  The  functions  2 and  4,  which 
correspond  to  ii*e  i«me  spins  on  o2  and  h2>  Tut  opposite  arrangements  of  spin  on  Oj  and  h,, 
appear  with  oppouite  sign.  So  do  the  function  3 and  5,  which  have  the  same  relationship  to 
each  other.  Similarly,  the  functions  2 and  3 correspond  to  the  same  arrangement  of  spins  on 
Oj  am  hj,  but  different  assignments  to  o2  arid  h^,  and  they  appear  with  opposite  signs,  as  do 
4 and  5.  There  is  thus  " symmetry  chout  this  function  2 - 4 + 5 - 3,  which  suggests  the 
Haitler-Londun  ground  state  wave  function.  It  Is  this  particular  combination  of  determlnantal 
wave  functions  which  is  called  the  valence  bond  wave  function  for  this  problem. 

The  virtue  of  this  valence  bond  wave  function  Is  shown  if  we  consider  a limiting  case 
In  which  the  two  bonds  are  really  independent  of  each  ether.  That  is,  we  assume  that  the  pair 
of  functions  Oj  and  h^  on  the  one  hand,  o2  and  h2  on  the  other,  are  so  completely  independent 
of  each  other  that  any  Integral  of  energy  or  orthogonality  Integral  between  functions  some  of 
which  belong  to  the  one  pair,  some  to  the  other,  vanishes.  In  this  case,  it  is  easy  to  work 
out  the  matrix  component  of  energy  with  respect  to  the  valence  bond  wave  function,  and  we 
find  that  we  are  led  exactly  to  the  problem  of  ’.wo  independent  valence  bonds,  each  handled  by 
the  Hei tier -London  method.  The  reader  can  verify  this  for  taking  for  instance  the 

case  where  Oj  and  h}  refer  to  two  hydrogen  atoms  forming  a molecule,  and  o2  and  h2  refer 
to  two  other  hydrogen  atoms  forming  a molecule  so  far  from  the  first  that  there  is  no  physical 
interaction  between  them. 

The  use  of  the  methods  of  director  orbitals,  and  of  valence  bond  wave  functions,  from 
this  point  on.  has  generally  been  entirely  unjustified,  on  account  of  unwarranted  assumptions. 
It  has  been  assumed  that  the  directed  orbitals  are  sufficiently  independent  of  each  other  so 
that  this  result,  which  we  have  just  mentioned,  would  hold  in  real  molecules,  the  total  energy 
being  the  sum  of  two  energies  representing  the  two  cova-ont  bonds,  each  being  similar  to  the 
energy  of  hydrogen  as  predicted  by  Heltler  and  London.  The  unwarranted  assumptions  have 
generally  extended  further  than  this:  very  often  the  overlap  integrals  met  in  the  Heitler-Lon- 
den  method  liave  been  disregarded,  though  we  saw  In  Chapter  2 that  they  were  actually  large. 

A large  literature  has  been  built  up  based  on  these  assumptions,  ana  it  can  hardly  be  regarded 
as  anything  but  an  empirical  development,  *. it!. out  theoretical  justification.  If  we  actually  set 
up  the  valence  bond  wave  function,  and  compute  its  diagonal  energy,  we  find,  nr  the  writer 
showed  In  his  original  paper  on  the  subject,  that  it  is  extremely  complicated,  involving  three  - 
and  four -center  integrals  of  complicated  type,  which  are  by  no  means  negligible  in  compac- 
tion wtlh  the  terms  which  resemble  the  calculation  of  the  Heitler-London  method.  It  scema 
not  unlikely  that  a correct  calculation  of  the  energy  of  this  valence -bond  wave  function  woo1'4 
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yield  » j'  good  value  for  the  energy  of  the  moiecule,  but  very  few  calculations  have  been 
made  without  the  unwarranted  neglect  of  terms  which  wc  have  mentioned.  The  reason  is  part- 
ly the  difficulty  of  calculating  three-  and  four-center  integrals,  which  are  only  now  coming  to 
be  calculated  with  any  accuracy. 

In  spite  of  the  crudeness  of  the  way  in  which  the  valence  bond  method  has  generally 
been  used,  still  an  extensive  literature  has  grown  up  armind  ceme  sspccts  of  its  for , , . al  1 s. o . 
These  aspects  are  largely  those  concerned  with  the  solution  of  the  sp**'  degeneracy  problem. 

If  we  return  to  TaMe  Wi,  we  have  seen  that  the  combination  of  functions  2 - 4 + 5 - 3 yields 
a valence  bond  function  Indicating  bonds  between  orbital!!  o,  and  hj,  and  between  o^  and  h,. 

If  we  just  regard  these  as  four  orbitals  of  a general  form,  there  a<  e two  other  ways  In  which 
we  could  draw  the  bonds  between  them.  Th»se  are  indicated  in  Fig.  7,  where  we  show  the 

orbitals  as  points,  the  bonds  as  lines  connecting  pairs  of  points.  We 
see  that  we  can  draw  the  bonds  just  as  well  between  o^  and  o^.  h,  and 
iwj  or  between  Oj  and  h^.  o^  and  hj.  We  can  set  up  combinations  of 
our  functions  - 6 of  Table  XVI  which  express  these  other  valence 
bond  functions.  Thus  the  combination  expressing  the  case  where  the 


bonds  are  between  Oj  and  o^. 


and  between  hj  end  1*2.  is-l-*3+4-6, 


Fig.  7 

Possible  ways  of  draw- 
ing valence  bunas  in 
problem  of  four  orbitals. 


and  that  expressing  the  case  where  the  bonus  arc  between  o ^ and  h^. 
o.  and  hp  is  1 -2-5+6.  We  have,  then,  three  valence  bond  func- 
tions, each  representing  a singlet  state;  and  yet  we  know  that  there 
are  only  two  singlet  states  concerned  in  the  problem.  This  would  in- 
dicate that  our  three  functions  are  not  linearly  independent,  and  this  is  In  fac*  the  case  We 
can  see  this  at  once  by  adding  them:  we  have  (2  - .1  - 4 + 5)  + (-  1 + 3 + 4 - 6)  . .1  - 2 - 5 + 6) 
» 0.  in  other  words,  since  tlie  three  functions  add  to  zero,  any  one  of  them  Is  a linear  com- 
bination of  the  other  two. 

If,  tnen,  we  make  two  orthogonal  linear  combinations  of  two  of  these  functions,  say  of 
the  ones  (2  - 3 - 4 + 5)  and  (-1  + 3+  4- 6),  these  functions  can  form  the  starting  point  for  a 
calculation  from  which  we  shall  find  the  two  singlet  states,  and  If  we  find  diagonal  and  non- 
diagonal  matrix  components  of  energy  between  these  two  functions,  wc  shall  have  a quadratic 
secular  equation  for  these  two  singlets.  In  other  words,  the  valence  bond  functions  form  s 
starting  point  for  the  problem  of  spin  degeneracy.  They  are  not  a very  convenient  aim  ling 
point,  for  they  are  out  u>  ihogonal  to  euch  cihcr.  They  clearly  cannot  be.  since  the  three  va- 
lence bond  functions  are  linearly  dependent,  they  therefore  represent  three  vectors  lying  in  a 
plane,  and  if  we  have  three  unit  vectors  In  a plane  adding  to  *.e;  mm  kiicov  uG|  wC  wooes  otivn 
easily  that  these  vectors  mint  make  angles  of  120°  with  each  other,  so  that  no  two  of  them  are 
orthogoi  ai.  It  is  not  very  nard  to  set  up  orthogonal  linear  combinations  of  them,  however,  so 
that  this  Ic  not  a very  great  difficulty  in  the  way  of  using  this  rueth'>d  to  solve  spin  degeneracy. 

It  is  not,  iiowever,  the  simplest  way  to  do  it. 

Part  of  the  literature  of  valence  bond  wave  fun:tions  has  been  devoted  to  the  general 
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question  ef  hoc  —.any  of  the  possible  ways  of  drawing  valence  bond  function  are  linearly  In- 
dependent, as  two  of  the  three  possible  ways  are  linearly  independent  In  the  problem  of  four 
electrons,  Rumer.  Whelard,  and  many  others,  have  contributed  to  this  study,  and  the  ref- 
erences are  given  In  the  bibliography.  It  turns  out  that  tnere  is  a simple  and  general  rule 
telling  how  many  linearly  Independent  valence  bond  wave  functions  there  are  in  any  particular 
case.  We  make  a diagram  like  that  of  Fig.  7,  but  emit  a ny  sets  of  bonds  whose  corresponding 
lines  cross  each  other,  as  the  bonds  between  o^  and  h^,  Oj  and  h^,  cross  each  other  In  the 
figure.  The  remaining  sets  of  bonds  (two  sets  In  our  case}  form  a linearly  Independent  set. 
Since  we  have  seen  that  this  method  of  valence  bond  wave  functions  forms  one  way  of  solving 
the  problem  of  spin  degeneracy,  In  particular  for  finding  the  singlet  states  (which  alone  are 
exoresslble  In  terms  of  valence  bond  functions)  we  see  that  this  type  of  formalism  can  have 
value  for  other  problems  than  the  application  to  covalent  binding,  though  as  we  have  mentioned 
earlier  this  does  not  seem  to  be  the  simplest  way  to  handle  problems  of  spin  degeneracy. 

The  formalism  of  which  we  have  been  speaking,  however,  In  spite  of  Its  legitimate 
applications,  has  often  been  used  in  the  literature  in  the  unjustified  approximate  way  wnlch  we 
have  already  mentioned.  The  interaction  of  the  vartous  wave  functions  derived  from  valence 
bond  methods,  which  corresponds  to  the  Interaction  uf  the  various  singlet  states  of  a molecule 
to  form  the  ground  state,  is  one  of  the  Interactions  which  Pauling  has  termed  resonance.  A 
large  literature  has  grown  up  in  which  the  corresponding  secular  equations  are  solved,  but 
with  the  crudest  assumptions  possible  concerning  the  corresponding  matrix  components  of 
energy.  We  have  already  mentioned  the  type  of  approximation  which  has  been  made  in  com- 
puting the  diagonal  matrix  component  of  energy  with  respect  to  a valence  bond  function,  with 
neglect  of  non-orthogonality,  and  with  the  assumption  that  different  bonds  are  largely  inde- 
pendent of  each  other.  The  same  sort  of  approximations  have  been  made  In  computing  the 
non-diagonal  matrix  components  of  energy  between  the  various  valence  bond  wave  functions, 
and  the  uesultLig  secular  oquatlon  has  then  been  solved.  It  Is  clear  from  the  remarks  that 
have  been  made  already  that  the  writer  does  not  feel  that  these  approximations  made  In  the 
calculation  of  the  matrix  components  ax  e valid  enough  to  give  any  quantitative  significance  to 
the  results  cl  these  calculations. 

We  have  mentioned  that  one  reason  why  all  these  approximations  have  been  made  Is 
simply  the  difficulty  of  making  the  exact  calculations.  The  method  which  we  are  cu’ lining  is 
essentially  a generalization  of  the  Heitlcr -London  method,  and  we  have  seen  In  Chapter  Z that 
this  method  is  much  less  convenient  than  the  method  of  configuration  interaction  using  no- 
iecul*  r orbitals.  In  that  it  deals  with  non -orthogonal  atomic  and  non-orthogonal  deter  minantal 
function*.  We  may  reasonably  ask,  could  we  not  introduce  a configuration  interaction  method 
xslng  directed  orbitals  possessing  the  advantages  of  the  Heitler-London  method  in  that  it 
treated  tho  various  bords  »•  H*-<ng  largely  independent  of  each  other,  but  possessing  uie  con- 
venience c,t  dealing  with  orthogonal  orbitals?  In  the  next  section  we  shall  show  tha'.  something 
of  this  sort  may  well  be  possible,  though  It  lias  net  yet  been  tested  enough  10  make  sure  of  its 
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Quite  aside  front  these  formal  difficulties  connected  with  the  extension  of  the  Heltler- 
London  method  based  on  directed  orbitals  and  ralence  oond  functions,  there  are  certain  funda- 
mental shortcomings  of  the  metirod,  which  must  be  corrected  in  order  to  got  anything  closely 
approaching  the  truth.  These  shortcomings  ar.'se  from  the  neglect  cf  lords.  or  polar  stales  of 
the  molecule.  In  Chapter  2,  we  have  seen  that  L illusion  of  ionic  states  cf  the  H2  molecule,  in 
which  one  atom  forms  a positive  ion  the  other  a negative  ion,  inuitea  a practically  negligible 
Improvement  with  respect  to  the  Heitler -London  calculation,  in  which  this  is  disregarded.  In 
a heteropolar  molecule,  however,  one  in  which  the  bonds  are  formed  between  unlike  atoms, 
we  expect  a much  greater  effect  to  arise  from  the  polai  states.  Thus,  it  we  take  an  extreme 
case  such  ex  the  HF  molecule,  the  calculation  corresponding  to  the  Heitler -London  method 
would  suggest  that  the  molecule  should  be  unpolarlzed,  the  hydrogen  atom  always  carrying  a 
single  electron,  and  the  fluorine  atom  being  always  neutral.  We  can  well  Imagine,  however, 
on  Recount  of  the  large  dipole  moment  which  this  molecule  is  known  to  possess,  that  a polar 
configuration,  formed  from  a proton  and  a negative  fluorine  ion,  might  represent  a configura- 
tion which  would  be  represented  rather  strongly  in  the  actual  ground  state  of  the  molecule. 

The  straightforward  valence  bond  calculation,  based  on  the  sort  of  spin  degeneracy  problem 
Indicated  In  Table  XVI,  takes  no  account  of  such  polar  states,  and  this  ia  a serious  shortcom- 
ing of  the  method. 

It  is,  of  course,  entirely  possible  in  principle  to  extend  the  valence  bond  method  to  the 
case  where  we  include  polar  state*:  Just  as  it  is  possible  in  hydrogen  to  consider  interaction 
with  ionic  states  in  the  framuwork  of  the  Heitler -London  theory.  If  we  include  til  possible 
polar  states,  and  consider  the  interaction,  using  the  valence  bond  method  of  setting  up  unper- 
turbed singlet  wave  function,  but  then  solving  a secular  equation  between  all  states  of  the  same 
symmetry  properties,  we  shall  end  up  with  just  as  general  a solution  as  that  found  by  configura- 
tion interaction  starting  with  molecular  orbitals,  and  the  answers  will  be  identical.  The 
method  is  likely  to  be  more  complicated,  however,  on  account  of  the  ne  t; -orthogonal  nature  of 
the  valence  bond  functions,  and  if  such  a complete  configuration  interaction  calculation  is  tc  be 
made,  a straightforward  calculation  using  molecular  orbitals  is  probably  the  simplest  method, 
just  as  the  problem  of  coiifigu*  ation  interaction  in  hydrogen  is  wore  conveniently  set  up  in 
terms  of  molecular  orbitals,  or  of  orthogonallzed  atomic  orbitals,  than  in  terms  of  Heitler  - 
London  non-ionic  and  ionic  states. 

A major  reason  for  the  inconvenience  of  the  Heitler -London  method  has  been  pointed 
out  in  Chapter  2:  the  Heitler -London  functions  representing  ncn-ionlc  and  ionic  states  are  by 
U9  means  orthogonal  to  each  ether,  and  in  fact  as  the  irttcrr.uclear  distance  decreases  they  be- 
come much  more  nearly  identical  than  orthogonal  functions.  Such  a situation  always  greatly 
complicates  the  nunerlcai  use  of  in*  functions  for  solving  problems  of  configuration  Interaction. 
These  orthogonality  difficulties,  which  are  so  serious  that  *he  actual  calculations  using  Heitler- 
t.nndon  functions  tr  eluding  stales  are  practically  impossible  to  carry  out  with  any  mol*»- 
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eule  of  any  degree  of  complication,  have  aimpjy  been  glossed  over  by  the  writers  who  use  this 
method,  hidden  by  their  unjustified  approximations  involved  in  their  calculations  of  matrix 
components. 

7.  Directed  Orbitals  and  Configuration  Inver  action 

The  criticism  which  we  have  given  in  tnc  pr eroding  section  indicates  -.he  reasons  for 
feeling  that  tne  metnoa  01  directed  orbitals,  coupled  with  the  use  of  valence  bond  wave  func- 
tions, does  not  form  a useful  approach  to  the  problem  of  molecule r structure.  However,  cer- 
tain features  of  the  method,  or  of  the  reasoning  behind  its  original  suggestion,  remain  valid, 
and  we  shall  ask  h<  the  present  section  how  it  could  be  adapted  to  the  method  of  configuration 
interaction,  with  possible  use  to  simplify  that  method.  U-e  can  see  at  the  outset  the  form 
which  any  simplification  must  take.  Whatever  orbital  functions  we  start  with,  we  shall  find 
the  same  number  of  interacting  configurations  lo  lead  to  any  particular  state  of  the  molecule. 

It  might  be,  however,  that  by  using  particular  orbital:,  such  as  the  directed  orbital3,  we 
might  find  that  the  wave  functions  ol  some  of  these  Interacting  configurations  were  represented 
in  the  linear  combination  representing  the  ground  state  with  small  enough  coefficients  so  that 
they  could  be  disregarded.  II  we  could  be  sure  from,  the  outset  that  this  would  be  the  case,  we 
could  disregard  these  configurations  from  the  beginning,  and  thus  effectively  reduce  the  num- 
ber of  Interacting  configurations. 

With  this  in  mind,  let  us  analyze  the  Way  in  which  we  would  apply  the  method  of  di- 
rected orbitals  to  configuration  Interaction  problems,  and  see  if  such  a simplification  is  likely. 
We  can  Investigate  the  general  situation  without  going  into  details,  and  we  shall  do  this  first, 
before  looking  Into  the  precise  way  of  carrying  out  the  method.  Wc  note  in  the  first  place  that 
♦he  valence  bond  method,  in  which  we  use  only  one  valence  bond  wave  function  without  con- 
figuration interaction  (that  is,  without  resonance),  gives  us  a unique  wave  function  for  the 
molecule.  We  cannot  hope  to  do  this  if  we  are  using  configuration  Interaction.  We  remember 
that  in  the  molecular  orbital  treatment  of  hydrogen,  using  configuration  interaction,  we  needed 
two  wave  functions,  In  one  of  which  both  electrons  were  in  the  symmetric  molecular  orbital, 
and  in  the  other  of  which  both  were  in  the  antisymmetric  orbital.  Interaction  of  these  two  led 
to  the  ground  state.  If  the  atoms  had  not  been  identical,  we  should  have  needed  still  another 
wave  function,  tnat  in  which  one  electron  was  In  the  bonding,  and  the  other  In  the  antibonding, 
orbital.  The  reason  for  the  three  Is  that  In  hydrogen  this  last  combination  results  in  a * 
and  a 3£u  state,  ihe  first  two  combinations  in  two  states,  and  the  and  states  are 
non-combiningj  whereas  with  unlike  atoms,  there  la  no  inversion  symme.ry  corresponding  to 
the  distinction  between  the  g md  u states,  so  that  we  have  three  singlets  which  c»"  «11  fnm- 
bine  with  each  other.  Thus,  we  cannot  hope  to  treat  a bond  between  unlike  atoms  by  configura- 
tion interaction,  without  using  three  configurations  per  bond,  and  solving  the  resulting  secular 
equation  for  the  singlet  states  (which  normally  will  be  the  ground  state). 

We  might  e.xpi  ct,  then,  wc  could  ;,v‘.  fcoice  :.ort  oi"  solution  of  he  ccv*:«nt  bcndl.tg 
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p r oblciii  by  u.c'.ng  three  configurations  per  tend,  in  some  sense.  We  note  at  the  outset  that 
this  can  mean  a cut  rruuciiu;>  in  .rie  nuiaLer  of  cunfigui  nooiis,  -..empareu  to  the  molecular 
orbital  method.  The  reason  is  that  wj  a~e  tpciilv  assuming  that  we  shall  assign  two  election:, 
tc  each  single  bond,  whereas  the  general  configuration  interaction  problem,  if  we  set  it  up  in 
terms  of  directed  orbitals,  would  include  the  possibilities  that  we  hai'a  every  number  from 
zero  to  four  electrons  tn  each  bond,  in  other  words,  the  real  simplification  which  seems 
plausible  to  us,  if  we  are  thinking  in  terms  of  dire  ted  orbitals,  arises  from  the  probability 
that  'he  configurations  corresponding  to  any  numbers  of  electrons  per  bond  different  ;rom  two 
will  appear  in  the  final  configuration  interaction  with  small  coefficients. 

We  cannot  tell  whether  this  situation  really  holds  or  not,  without  testing  it  out  in  some 
actual  case.  It  is  for  this  reason  that  die  calculation  which  Koster  and  Schwelnler  are  carry- 
ing out  for  v;a*er,  which  we  have  mentioned  earlier,  can  be  very  valuable.  They  will  get  the 
enact  solution  of  the  complete  configuration  interaction  problem.  From  the  resulting  ground 
state  wave  function,  It  will  be  easy  to  find  the  contributions  from  tnose  states  corresponding 
to  Just  two  electrons  per  bond  (and  therefore  just  four  lone  pair  electrons).  If  these  slates 
really  lead  to  a practically  correct  wave  function,  we  should  have  a good  deal  of  confidence 
tliat  a similar  simplification  held  in  general,  while  if  the  assumption  fails  significantly  to  be 
justified  for  water,  we  should  expect  it  to  fall  in  other  cases  as  well,  and  in  that  situation  the 
method  of  directed  orbitals  would  have  no  particular  merit  in  simplifying  the  problem.  The 
answer  cannot  be  given  until  the  actual  case  is  worked  out. 

Let  us  proceed  to  sec  just  'now  the  method  of  directed  orbitals  could  be  incorporated 
into  our  procedure  for  handling  configuration  inter  action.  V.'c  rhall  start  by  considering  the 
case  of  methane,  since  this  is  an  interesting  case  in  which  the  simplification  resulting  from 
the  directed  orbital  method  might  be  quite  profound.  We  shall  first  describe  how  a set  of  or- 
thogonal directed  orbitals  could  be  set  up.  suitable  for  use  as  a sterling  point  for  the  con- 
figuration interaction  problem;  then  we  shall  describe  how  to  carry  out  that  configuration  in- 
teraction. 

n describing  these  orthogonal  directed  orb* cals,  we  could  start  with  the  type  of  or- 
bitals described  in  Section  6.  We  could  set  up  four  linear  combinations  of  the  carbon  2s  and 
2p  atomic  orbitals,  directed  along  the  four  tetrahedral  directions.  We  could  call  these  com- 
binations Cj,  <'■£.  c y c4.  Then  we  should  have  four  hydrogen  Is  orbitals,  which  we  could 
call  hj,  h^,  h3>  h^.  These  are  not  convenient  orbitals  to  use,  however,  for  though  the  carbon 
orbitals  = j . . are  orthogonal  tn  each  c her,  by  their  method  of  construction,  they  are  r.ot 
orthogonal  to  the  hydrogen  orbitals,  end  these  in  turn  are  not  orthogonal  tc  each  other.  Oiu 
first  step  must  be  to  set  up  orthogonal  linear  combinations  of  these  functions,  v.-hicr  have  tne 
required  tetrahedral  symmetry.  This  can  be  done  in  an  infinite  number  rf  ways,  and  to  get 
a ur.ique  way,  and  one  adapted  to  the  problem,  It  is  better  not  to  start  with  these  carbon  and 
hydrogen  orbitals  at  all,  bjt  instead  to  describe  the  procedure  in  terms  oi  tne  molecular  or 
bitals 


-174- 


1 
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«Te  i that  wb*n  <*e  were  discussing  the  molecular  orhitais  for  metnane,  we 
showed  that  they  had  symmetry  properties  similar  to  a or  p functions  of  an  atom.  That  Is. 
we  hod  o ™* -dimensional  irreducible  representation  whose  '.unctions  transformed  into  each 
other  under  any  of  the  operations  of  the  tetrahedral  group,  and  a three-dimensional  irreducible 
representation  who«e  functions  transformed  into  each  ether  like  the  three  degenerate  p func- 
tions. As  symmetry  orbitals  of  the  s-like  type,  we  had  orbitals  formed  Lonr.  the  carbon  Is, 
carbon  2s,  and  the  combination  of  the  hydrogens  v.  uIcm  had  proper  symm 1 1 r y , tuia  the  rcoui%~ 
ing  molecular  orbitals  resembled  the  carbon  Is,  a bonding  combination  of  the  carbon  2s  and 
the  hydrogens,  and  an  antibonding  combination.  Similarly  the  molecular  orhitais  of  the  p-llke 
type  were  a herding  and  a**.  antibonding  combination  of  carbon  and  hydrogen  orbitals.  Now  we 
can  take  the  bonding  orbitals  of  «-like  and  p-iike  type,  and  make  four  linear  combinations  of 
these  by  Just  the  some  procedure  used  to  set  up  the  directed  orbhals  of  carbon,  which  we  de- 
scribed in  the  preceding  section.  Similarly  v/e  can  take  the  antibonding  orbitals  of  s-like  and 
p-like  type,  and  make  four  directed  combinations.  The  result  will  be  a ls-ltke  orbital,  four 
bonding  directed  orbitals,  and  four  antibonding  directed  orbitals,  all  orthogonal  to  each  other. 
Since  the  molecular  orbitals  are  appi  oxlmated  as  linear  combinations  of  atomic  orbitals,  and 
these  directed  orbitals  we  have  just  been  describing  are  linear  combinations  o#  molecular  or- 
bitals, they  are  also  linear  combinations  of  atomic  orbitals,  and  could  be  described  directly 
in  that  language,  but  the  procedure  we  have  just  stated  is  the  simplest  way  of  visualizing  them. 
These  functions,  of  the  type  we  have  just  described,  are  related  to  the  ordinary  directed  or- 
bitals C|,  cj,,  c3,  c4,  and  to  the  hydrogen  orbitals  hj,  h2,  h3>  h^.  much  as  the  hydrogen  mo- 
lecular orbitals  a t b are  to  the  atomic  orbitals  a and  b in  the  hydrogen  problem. 

Before  using  these  bonding  and  antibonding  directed  orbitals,  let  us  see  a little  more 
in  detail  just  what  their  relation  is  to  molecular  orbitals.  The  molecular  orbitais  are  set  up 
in  such  a way  as  to  form  basis  functions  for  irredv.clble  representation!,  of  the  symmetry 
group  of  the  molecule.  They  diagonalize  the  ore -electron  energy  of  the  self-consistent  field. 
The  directed  orbitals  do  neither  of  these  things.  The  four  tetrahedrally  directed  orbitals  form 
a basis  for  a reducible  representation  of  the  symmetry  group;  w»  can  get  at  the  irred  .cible 
representations  out  of  which  it  Is  composed  by  undoing  the  linear  transformations  which  pro- 
duced the  directed  orbitals  out  of  the  s-  and  p-type  molecular  orbitals.  Furthermore,  the 
directed  orbitals  do  act  diagonalize  the  one -electron  Hamiltonian,  if  we  solve  a secular  equa- 
tion to  dlaguualtae  tills  Hamiltonian,  of  course  we  come  back  to  the  s-  and  p-type  o>  bltals, 
with  their  appropriate  one -electron  energies.  We  can  easily  find  the  non-diagonal  matrix  com- 
ponents of  energy  between  these  directed  orbitals,  but  shall  postpone  this  until  a later  time, 
when  we  shall  take  up  the  theory  of  such  functions  much  nr  ore  in  detail. 

The  characteristic  which  these  directed  orbitals  have,  from  the  pvUit  of  view  of  group 
theory,  is  that  under  every  symmetry  operation  of  the  group,  each  directed  orbital  either 
ti  an&forms  inio  itself,  or  into  another  directed  orbital.  Thus,  the  «v  o-:'oid  or  three-fold  ro- 
tations of  the  tetrahed-ol  group  interchange  the  directed  orbitals.  Orbitals  which  have  these 
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properties  are  called  equivalent  orbitals  in  recent  work  by  Lennard-Jones^0^  »nd  collabora- 
tors Their  general  theory,  and  the  matrix  components  cf  ttnergy  between  them,  have  b«*en 
discussed  in  a recent  paper  by  Koster.'11^  The  great  Lmpoi  of  such  orbitals  comes  riot 

so  much  in  molecules,  useful  as  they  are  there,  but  in  crystals,  and  for  this  reason  we  p-.»s*- 
f>onc  their  discussion  until  we  a**e  dealing  with  crystals.  There  the  W&nnier  function,  orbitals 
localized  on  single  atoms  of  the  crystal,  form  examples  of  equivalent  orbitals  which  trans- 
form into  each  other  by  the  symmetry  operations  which  sre  translations  in  the  iolUie.  These 
functions  are  Invaluable  in  discussing  properties  of  a crystal  which  take  place  in  a localized 
volume,  and  w * shall  postpone  our  general  discussion  until  we  are  concerned  with  that  problem. 

Let  us  now  go  back  to  the  directed  bonding  and  antibondlng  orbitals  in  methane.  We 
can  use  them,  just  as  well  as  the  original  molecular  orbitals,  in  setting  up  the  problem  of 
ronftgurstion  interaction.  S.ct  us  ?;rst  obs*!’ ve  Uial  Ihe  deierminanial  wave  function  repre- 
senting the  molecular  orbital  ground  state  will  be  Just  the  same  using  directed  orbitals  that 
it  is  using  molecular  orbitals.  In  terms  of  molecular  orbitals,  the  molecular  orbital  ground 
state  arises  when  two  electrons  are  in  the  Is  carbon  orbital,  two  in  the  s-type  bonding  orDltal, 
and  two  each  In  the  three  p-type  bonding  orbitals.  But  the  directed  bonding  orbitals  are  linear 
combinations  of  the  s-type  and  p-type  bonding  orbitals.  We  know  that  a determinantal  wave 
function  is  not  affected  by  introducing  new  orbitals  which  are  linear  combinations  of  the  or- 
bitals out  of  which  it  i»  constructed,  and  that  is  just  the  situation  which  we  have  here. 

In  other  words,  as  far  as  the  molecular  orbital  ground  state  is  concerned,  there  is  no 
real  difference  whether  we  use  molecular  orbitals  or  directed  bending  orbitals.  There  is  a 
formal  difference,  which  Las  been  pointed  out  by  Lennard-Jones  and  his  collaborators,  in  the 
references  made  above.  This  formal  difference  arises  because  the  various  coulomb  and  ex- 
change integrals  between  directed  orbitals  lock  quite  different  from  those  between  molecular 
orbitals,  and  it  is  natural  that,  since  the  directed  orbitals  are  much  more  concentrated,  these 
coulomb  and  exchange  integrals  between  electrons  in  the  same  directed  orbital  will  be  much 
larger  than  if  we  use  molecular  orbitals,  while  the  integrals  between  electrons  in  different 
directed  orbitals  will  be  smaller.  Lennard-Jones  and  his  associates  see  in  this  fact  the  Justi- 
fication of  the  use  of  directed  orbitals,  feeling  that  in  this  way  the  concentrated  nature  of  the 
covalent  bond  is  expressed.  Thu  writer  feels  that  the  more  real  justification  of  the  use  of  di- 
rected orbitals  may  come  when  we  ere  considering  configuration  lr.ter«wUoii.  in  ihe  wav  to  be 
described  immediately. 

When  we  come  to  considering  configuration  interaction  by  means  of  directed  orbitals. 

*o  must  proceed  rather  differently  from  the  way  we  did  when  we  used  molecular  orbitals,  on 
account  of  the  different  symmetry  properties.  We  know  that  we  are  looking  for  singlet  con- 
figurations which  possess  the  full  symmetry  of  the  group,  transforming  into  themselves  under 

,0J.  Lennard-Jones,  Proc.  Roy.  Soc.  (London)  A 198,  14  (1949);  J.  E.  Lennard-Jones 
and  J.  A.  Pople,  Proc.  Roy.  See.  (London)  A202,  TVS  (19^0). 

' 'G  r Koster,  Phya.  Rev.  89,  f>7  (19t>3). 
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1 able  XVU  (con'd. ) 

al  bl  *2  b2  a3 

13.  2 2 1 

14.  2 2 

15.  ?.  2 


1 

2 

2 


l 

1 


1 

1 


Of  the  fifteen  assignments  of  electrons  to  bonds  in  this  table,  those  in  which  each  or- 
bital has  two  electrons,  and  those  in  which  there  are  just  two  orbitals  with  one  electron  each, 
will  each  lead  to  one  singlet.  Those  with  four  orbitals  with  one  electron  each  will  lead  to  two 
singlets,  as  always  Li  a spin  degeneracy  of  four  electrons.  Those  with  six  orbitals  with  one 
electron  each  will  lead  to  five  singlets,  as  in  the  spin  degeneracy  of  si>:  electrons,  but  closer 
examination  of  the  wave  functions  shows  that  only  two  have  the  correct  symmetry  for  the 
ground  state,  und  those  with  eight  orbitals  with  one  electron  each  will  lead  to  14  singlets,  of 
which  three  prove  to  ha«e  the  correct  symmetry.  Thus  there  will  be  22  singlets  of  the  cor- 
rect symmetry  arising  from  the  configurations  In  Table  XVU.  We  have  thus  achieved  a great 
reduction  compared  with  the  total  of  104  configurations;  but  we  must  remember  (hat  this  re- 
duction is  only  justified  if  the  coefficients  multiplying  the  remaining  82  configurations,  which 
represent  cases  with  different  numbers  of  electrons  on  the  various  bonds,  are  really  small, 
and  this  can  be  verified  only  by  computation. 

it  U not  impossible  that  the  reduction  in  the  order  of  configuration  Interaction  can  be 
carried  considerably  further  than  this.  Let  us  consider  one  of  the  configurations  in  Table 
XVU,  which  contains  spin  degeneracy  between  more  thar.  two  electrons;  for  example,  state  4, 
Involving  spin  degeneracy  between  four  electrons.  It  is  possible  that  there  is  really  some 
virtue  in  the  vai;"c#>  bond  function,  which  assigns  the  spins  as  if  bonds  were  being  formed  be- 
tween certain  pairs  of  electrons.  It  is  possible,  in  other  words,  t'wt  of  the  two  singlet  func- 
tions which  can  be  set  up  from  the  spin  degeneracy  problem  in  romigurat.oj;  4,  the  valence 
bond  function  assigning  the  interaction  to  the  bonds  between  aj  and  bj,  ana  between  a,  and  l>>. 
will  come  in  with  a considerably  larger  coefficient  than  the  c.her  singlet  function  which  we 
could  form,  orthogonal  to  this  valence  bend  function.  If  such  «.  were  to  hold  in  gen- 

eral, it  might  prove  to  be  true  that  tn  eech  of  the  conligui  utions  in  Table  XVII  showing  spin 
degeneracy,  the  moa  mportant  contribution  would  '•nmm  from  ♦ valence  bond  function,  and 
in  ♦hat  c*se  we  might  be  able  to  disregard  the  others,  and  use  only  15  configurations,  one 
formed  f-orn  each  of  the  entries  in.  Table  XVII.  If  this  nrnvfH  tn  no*«lhU,  it  WO'.lld  bt  a 
useful  reduction  Indeed  in  the  order  of  the  configuration  interaction.  We  note  th  it  all  those 
configurations  in  Table  XVU  showing  spin  degeneracy  involve  one  electron.  ,n.  » bonding  orbital, 
one  in  an  antibonding  orblta’.,  of  the  same  bond.  Tnus,  these  ace  the  configurations  which 
uould  be  completely  m:.s«lng  if  toe  bonds  had  th;  inversion  symmetry  characteristic  of  hydro- 
gen, ar>  that  conflgurat.ons  wl<h  one  electron  n an  antiboncing  ar.u  one  in  a bonding  orbital 
were  non-combining  with  configurations  in  w!  ten  both  elect: on?  wer?  bonding,  or  anti- 
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bonding.  This  might  suggest  that  in  the  actual  case  the  coefficients  of  All  these  confirmations 
were  small,  so  that  we  should  be  doing  less  violence  to  the  problem  than  otherwise  by  using 
oiiiy  the  valence  bonu  conligucauon. 

As  we  have  emphasised,  this  section  Is  highly  specilailve,  merely  suggesting  direc- 
tions In  which  one  might  look  to  find  configurations  which  did  net  contribute  greatly  to  the  con- 
figuration interaction  problem.  Calculation  will  have  to  be  made,  on  simple  cases,  to  see 
whether  any  of  those  suggestions  are  Justified  enough  to  moke  such  methods  useful.  We  hrve 
mentioned  that  the  calculation  r.cw  being  made  for  water  may  well  furnish  a case  for  testing 
these  assumptions.  Let  us  therefore  examine  how  t{ie  water  problem  would  look,  when  set  up 
in  terms  of  directed  orbitals,  so  as  to  see  what  we  are  to  look  for. 

In  the  first  place,  If  our  hypothesis  t»  correct  that  the  Important  configurations  are 
those  in  which  each  bond  has  just  two  electrons,  we  should  conclude  at  once  that  in  the  impor- 
tant configuration*  there  should  be  two  w electrons,  in  the  notation  which  we  used  earlier  in 
discussing  water.  Thus  in  Table  XU,  we  should  conclude  that  the  only  important  configura- 
tions were  those  arising  from  the  states  marked  4,  8,  9,  10,  11,  12,  13,  14,  \5,  16,  17,  in 
which  there  are  two  « electrons.  These  eleven  states  result  in  twelve  out  of  the  eighteen 
configurations  of  the  molec»l*;  and  the  first  test  of  the  calculations  will  be  to  see  if  the  coef- 
ficients ox  the  remaining  six  configurations  are  recdly  small. 

Proceeding  further,  we  can  get  a table  of  cc?J* durations  for  water,  like  the  table  which 
wc  have  made  for  methane,  by  simply  leaving  out  the  columns  marked  a^,  bj,  b4  in  Table 
XVU,  and  by  Including  only  the  first  six  states  from  that  table.  These  six  states  lead  to  seven 
singlets.  out  of  the  twelve.  The  remaining  five  singlets  arise  from  the  assignments  of  elec- 
trons to  bonds  shown  in  Table  XVIII 

Table  XVIII 

Configurations  for  Water,  Involving  More  cr 
Less  than  Two  Electrons  per  Bond 

*1  bl  *2  b2 

2 1 1 

1 2 1 

2 1 1 

1 2 1 

2 2 

if  the  coefficients  of  the  five  co; .figurations  described  in  this  table  prove  to  be  smad,  we  shall 
t'w  Justified  in  our  hypothesis  that  the  Important  configurations  are  those  tn  which  mere  are 
just  two  electrons  In  each  covalent  bond,  and  should  feel  a certain  amount  of  assurance  In  us- 
ing this  :une  hypothesis  In  more  complicated  molecules,  In  which  the  comDlo.u  configuration 
Inter  action  pro  blem  was  too  ha~d  to  so'vr, 

iJn\fl  dbdtt'  • h i»st  *a  this  is  made  for  the  method  '.sing  directed  orbitals,  we  must 
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regard  this  method  with  a good  deal  of  suspicion.  It  is  by  no  means  obvious  that  this  method, 
ot  In  fact  i^,y  ruuji'Uiivaviuii  of  i’«  gcne/al  ...rliwd  of  configiu  ation  interaction  which  has  yet 
been  suggested,  will  rep-lly  prove  to  have  enough  quantitative  mituiiy  to  justify  its  use.  We 
may  only  hope,  however,  that  some  such  simplification  will  be  found  as  a result  of  the  detailed 
calculations  which  are  now  being 
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